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Introduction 


In this monograph the theory of boundary triplets and their Weyl functions is 
developed and applied to the analysis of boundary value problems for differential 
equations and general operators in Hilbert spaces. Concrete illustrations by means 
of weighted Sturm—Liouville differential operators, canonical systems of differential 
equations, and multidimensional Schrédinger operators are provided. The abstract 
notions of boundary triplets and Weyl functions have their roots in the theory of 
ordinary differential operators; they appear in a slightly different context also in 
the treatment of partial differential operators. 


Before describing the contents of the monograph it may be helpful to explain 
the ideas in this text by means of the following simple Sturm—Liouville differential 
expression 

d2 

L= Ta +V, (1) 
where it is assumed that the potential V is a real measurable function. The context 
in which this differential expression will be placed serves as an example as well as 
a motivation. The first step is to associate with L some differential operators in 
a suitable Hilbert space. Assume, e.g., that (1) is given on the positive half-line 
Rt = (0,00) and assume for simplicity that the real function V is bounded. Define 
the linear space Dmax by 


Dmax = {f € L?(R*): f, f’ absolutely continuous, Lf € L7(Rt)} 
and define the minimal operator S associated with L by 
Sf==" Vf dom S = { f E€ Dmax : F(0) = f'(0) = 0}. 


Then 9 is a closed densely defined symmetric operator L?(R*); in fact, it is the 
closure of (the graph of) the restriction of S to C° (R*+). It can be shown that the 
adjoint operator S* is given by 


ST ==" avy, dom S* = Dmax, 


which is usually called the maximal operator associated with L. Roughly speaking, 
S is a two-dimensional restriction of S* by means of the boundary conditions 
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f(0) = 0 and f’(0) = 0. Note that the maximal domain Dmax coincides with the 
second-order Sobolev space H? (R+). 

The notion of boundary triplet will now be explained in the present situation. 
For this consider f,g € dom S* and observe that integration by parts leads to 


(S*f, 9) r2¢at) — (F, 8" 9) nat) = —f' (x) 9 (2) ETOO j 


= f'(0)g(0) — f(0)g'(0), 


where it was used that the products f’g and fg’ vanish at oo. Inspired by the 
above identity, define boundary mappings 


To, [T1 : dom S* > C, f=Tof:= f0) and forif := f’(0), (2) 
so that for all f,g € dom S* one has 


(S* f, g)r2+) — (f, S*9)L2+) = (Tif, Tog)c — (Tof, Tig)e, (3) 


which is the so-called abstract Green identity in the definition of a boundary triplet; 
note that on the right-hand side of (3) the scalar product in the (boundary) Hilbert 
space C is used. This abstract Green identity is the key feature in the notion of 
a boundary triplet and it is primarily responsible for the succesful functioning of 
the whole theory. Note also that the combined boundary mapping 


(To, r1)" :domS* > C? 


is surjective, which is understood as a maximality condition in the sense that the 
image space of the boundary maps is not unnecessarily large. Observe that one 
has dom S = kerTo N kerT1. The operator realizations A of the Sturm-Liouville 
differential expression L which are intermediate extensions, that is, S C A C 9*, 
can be described by boundary conditions expressed via the boundary maps. More 
precisely, for r € CU {oo} the operator A, is defined by 


A, f= 5S" f, dom A, = ker (T1 — TTo), (4) 
which in a more explicit form reads 
A,f=—f"+Vf,  domA, = {f € Dmax : f'(0) = Tf(0)}; 
the case T = oo is understood as the boundary condition kerTo, that is, 
Axnf=—f"+Vf, dom Ag = {f € Dmax : f(0) = 0}. (5) 


In the definition (4) the quantity 7 plays the role of a boundary parameter 
that links the boundary values [of = f(0) and [;f = f’(0) of the functions 
f € dom S*, which determine the Dirichlet and Neumann boundary conditions, 
respectively. The properties of the boundary parameter are directly connected with 
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the properties of the corresponding operator A,;; in particular, the realization A, 
is self-adjoint in L?(R*) if and only if r € RU {oo}. 

The next main goal is to motivate and illustrate the definition of the Weyl 
function as an analytic object corresponding to a boundary triplet, which is indis- 
pensable in the spectral theory of the intermediate extensions. For this, let A € C 
and consider first the unique solutions p) and Y) of the boundary value problems 


-9y + Vy = Apy, pı (0) =1, p5 (0) =0, 
=y “ale Vya — Aw, wy(0) = 0, p, (0) = L, 


and note that in general p), Ya ¢ L? (R). It was shown by H. Weyl more than a 
century ago that for A € C \ R there exists m(A) € C such that 


z fale) = pala) + mA la) € LRT), (7) 


and it turned out that the function m : C \R — C is holomorphic and has a 
positive imaginary part in the upper half-plane C*. This function and its interplay 
with spectral theory were later studied extensively by E.C. Titchmarsh; hence the 
frequently used terminology Titchmarsh-Weyl m-function. It plays a key role in 
the spectral analysis of Sturm-Liouville differential operators. E.g., the (real) poles 
of m coincide with the isolated eigenvalues of the self-adjoint Dirichlet operator 
Aæ in (5) and the absolutely continuous spectrum of A. is, roughly speaking, 
given by those A € R for which Inm(A + i0) > 0. In a similar way one can 
also characterize the continuous spectrum, the embedded eigenvalues, and exclude 
singular continuous spectrum of Ago. 

Observe that for each A € C \ R the function x œ> f(x) in (7) belongs to 
dom S* = Dmax and that, in fact, —fY +V fa = Af, for A € C\R; in other 
words, fy € ker (S* — A). Let {C, To, I1} be the boundary triplet for S* with the 
boundary mappings defined in (2). From the choice of p) and y) in (6) it is clear 
that 


(6) 


m(A)To fa = m(A)fa (0) = m(A) = Ti fh, fo E€ ker (5* = A). (8) 


In the general theory this identity is used as the definition of the Weyl function 
corresponding to a boundary triplet. In other words, the Weyl function corre- 
sponding to the boundary triplet {C,T o, 1} is defined as the function m that 
satisfies (8) for all A € C \ R (and even for the possibly larger set of A belonging 
to the resolvent set of the self-adjoint Dirichlet operator As) and hence coincides 
with the Titchmarsh-Weyl m-function introduced via (7). Here the Weyl function 
maps Dirichlet boundary values of L?-solutions of the equation — f¥ +V fy = Af) 
onto the corresponding Neumann boundary values and therefore m(A) acts for- 
mally like a Dirichlet-to-Neumann map. Besides the Weyl function, one asso- 
ciates to the boundary triplet {C,%,11} the so-called y-field as the mapping 
(A): C 4 L?(R*) that assigns to a prescribed boundary value c € C the solution 
hy € dom $* of the boundary value problem 


—hX+Vhy = Ah, Toha = h, (0) = 


4 Introduction 


Since 7(A)c = hy = cfy, it is clear that m(A) = Tyy7(A). Moreover, one can show 
with the help of the abstract Green identity that the adjoint y(A)* : L? (Rt) > C 
is given by y(A)* = Tı (Aœ — à)~t. The Weyl function and y-field associated to the 
boundary triplet {C, To, T1} appear in the perturbation term in Krein’s formula 


(Ar = A)! = (Aco = A)T +. ANT = mA TA, 


where, for simplicity, it is assumed that A, is a self-adjoint realization of L as in (4) 
corresponding to some boundary parameter T € R and A € p(A+)Np(Aæ). Kreïn’s 
formula in this particular case provides a description of the resolvent difference of 
A, and the fixed self-adjoint extension A... It is important to note that y(A) and 
y(A)* in the perturbation term provide a link between the original Hilbert space 
L? (Rt) and the boundary space C, but do not affect the resolvents of A, and 
A,. Therefore, if A € p(Ao), then the singularities of the resolvent A => (A, —A)7! 
are reflected in the singularities of the term A > (T — m(A\))7! and vice versa. In 
fact, the function A > (T — m(A))~! is connected with the spectrum of A, in the 
same way as the function À œ> m(A) is connected with the spectrum of Ax. 

There is another efficient technique to associate differential operators with the 
differential expression L, which is based on the sesquilinear form t corresponding 
to L, 


tf g] = (f',9') nent) + (VS, 9) 22(R4+), (9) 
defined on, e.g., 


D = {f € L’(R*) : f absolutely continuous, f’ € L*(R*)}, (10) 


and the first representation theorem for sesquilinear forms. In fact, one verifies 
that t in (9)-(10) is a densely defined closed semibounded form in L? (Rt), and 
hence there exists a uniquely determined self-adjoint operator Sı with dom Sı C D 
such that 

(Sif, great) = tf, g], f € dom S1, g E€ domD. (11) 


Note that here the form domain Ð coincides with the first-order Sobolev space 
H + (Rt). It can be shown that the self-adjoint operator S$} is actually an extension 
of the minimal operator S. Instead of the domain D in (10) one may consider 
the sesquilinear form t on the smaller domain Do = {f € D : f(0) = 0}, which 
also leads to a densely defined closed semibounded form in L?(IRt+). Again, via 
the first representation theorem, there is a corresponding self-adjoint operator So 
with dom So C Do determined by 


(Sof, 9) 2+) = Hf, g], f € dom So, g € dom Dp. (12) 


One verifies that the self-adjoint operator Sı in (11) coincides with the self-adjoint 
realization of L determined by the boundary condition ker’; and that the self- 
adjoint operator So in (12) coincides with the self-adjoint realization of L deter- 
mined by the boundary condition kerTọo in (4), that is, Sı corresponds to the 


Introduction 5 


boundary parameter T = 0 and Sp is the Dirichlet operator corresponding to 
the boundary parameter T = oo. Furthermore, in the situation discussed here 
the self-adjoint operator So in (12) is the Friedrichs extension of the minimal (or 
preminimal) operator associated to L. 

The concept of boundary triplet is supplemented by the notion of boundary 
pair, which is inspired by the form approach indicated above. More precisely, in 
the present situation it turns out that {9, A}, where 9 = C and 


A:D >C, f= Af := f (0), (13) 


is a boundary pair for the minimal operator S (corresponding to S1). For this, one 
has to ensure that the mapping A defined on the form domain of S4 is continuous 
with respect to the Hilbert space topology generated by the closed form t on 9, 
and that ker A coincides with the form domain corresponding to the Friedrichs 
extension of S. Note also that in the present situation the mapping A in (13) is an 
extension of the boundary mapping Io : dom S* — C to the form domain D. With 
the help of the boundary pair {C, A} one can parametrize all densely defined closed 
semibounded forms corresponding to semibounded self-adjoint extensions of S via 


tf, g] = tf; g] ar (TAÍ, Ag)c, fg = Ð, (14) 


where T € RU {oo}, and the case T = œœ corresponds to the boundary condition 
Af = 0 in Do. The boundary pair and the boundary triplet are connected via the 
first Green identity 


(S*f, 9) L2(R+) = tf, g] F Tif, Ag)c, f € dom S™, gE D. 


The first Green identity makes it possible to identify the closed semibounded forms 
in (14) with the corresponding self-adjoint operator realizations A, of L described 
via boundary conditions in (4). For f € dom A, and g € D, the first Green identity 
reduces to 


(AJ: g)L2(R+) = tf, g] + (rTof, Ag)c = tf, g] + (TAf, Ag)c, 


and the expression (TA f, Ag)c on the right-hand side can also be interpreted as a 
sesquilinear form in the boundary space C. In this sense the theory of boundary 
pairs for semibounded symmetric operators complements the theory of boundary 
triplets in a natural way: it provides a description of the closed semibounded forms 
corresponding to semibounded self-adjoint extensions of the minimal operator S. 


Methods to treat Sturm—Liouville problems such as the one discussed above 
go back to H. Weyl [758, 759, 760], whose papers on this topic appeared in 
1910/1911; see also [761]. The interpretation of a Sturm—Liouville expression as an 
operator in a Hilbert space can already be found in the 1932 book of M.H. Stone 
[724]. In this monograph Stone gave an abstract treatment of operators in a Hilbert 
space including the work of J. von Neumann [610, 611] from 1929 and 1932, who 
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had also introduced the extension theory of densely defined symmetric operators 
and found the formulas which carry his name: self-adjoint extensions correspond 
to unitary mappings between the defect spaces. The von Neumann formulas are 
abstract, since they are formulated in terms of the defect spaces of the symmetric 
operator, and they needed to be related to concrete boundary value problems. 
With this in mind another approach involving abstract boundary conditions was 
developed by J.W. Calkin [187] in his 1937 Harvard doctoral dissertation, which 
was written under the direction of Stone, who suggested the topic. Calkin was 
also advised by von Neumann. Calkin’s work on boundary value problems did not 
receive the attention it might have deserved. It seems that he never returned to 
it; his later mathematical work was related to World War II and the Manhattan 
project in Los Alamos. 


Another way to deal with the self-adjoint extensions of a symmetric operator 
is via Krein’s resolvent formula. The early background of this formula can be found 
in the idea of perturbation of self-adjoint operators. Krein’s formula describes the 
resolvent of a self-adjoint extension in terms of the resolvent of a fixed self-adjoint 
extension and a perturbation term which involves a so-called Q-function and a 
parameter describing the self-adjoint extension. The Q-function uniquely deter- 
mines the underlying symmetry and the fixed self-adjoint extension, up to unitary 
equivalence, and thus reflects their spectral properties. The original Krein formula 
for equal finite defect numbers goes back to M.G. Krein [491, 492] in the middle 
of the 1940s; only in 1965 it was finally established for the case of equal infinite 
defect numbers by S.N. Saakyan [679]. In fact, the self-adjoint extensions were al- 
lowed to be in a Hilbert space which contains the original Hilbert space as a closed 
subspace. This type of extension appeared after 1940 in papers by M.G. Krein and 
M.A. Naimark [605, 606, 607]. Later A.V. Straus in the 1950s and 1960s described 
such exit space extensions in the framework of the von Neumann formulas via holo- 
morphic contractions between the defect spaces [731]. The Q-function in Krein’s 
formula can be seen as an abstract analog of the Titchmarsh—Wey] function in the 
above Sturm—Liouville example; it was extensively studied in the 1960s and 1970s 
by M.G. Kreïn and H. Langer [497]-[504], also in the context of Pontryagin spaces. 


From the early 1940s on E.C. Titchmarsh turned his attention to the singular 
Sturm-—Liouville equation. He put aside Weyl’s method of handling the Sturm- 
Liouville problem on the basis of integral equations and also bypassed the use 
of the general theory of linear operators in Hilbert spaces as in Stone’s book 
[739]. Instead, Titchmarsh used contour integration and the Cauchy calculus of 
residues, influenced by the work of E. Hilb [417, 418, 419], a contemporary of 
Weyl. In this way he found a simple formula to determine the spectral measure; 
this last formula was also discovered by K. Kodaira around the same time [469, 
470]. A complete survey of the work of Titchmarsh, both for ordinary and partial 
differential operators, is given in his two books on eigenfunction expansions [740, 
741]. A different approach, followed by B.M. Levitan [541, 542], N. Levinson [539, 
540], and K. Yosida [780, 781], is based on the fact that the resolvent operator of the 
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self-adjoint realization of a singular differential operator can be approximated by 
compact resolvents corresponding to Sturm—Liouville problems for proper closed 
subintervals. Closely connected with this is an abstract approach to eigenfunction 
expansions generated by differential operators that was introduced by Krein [495] 
in the form of directing functionals. 


Influenced by questions from mathematical physics, von Neumann posed the 
following problem in the middle of the 1930s: can one extend a densely defined 
semibounded symmetric operator to a self-adjoint operator with the same lower 
bound? There were contributions by M.H. Stone [724] and K.O. Friedrichs [310] 
(whose work was simplified by H. Freudenthal [309]). The Friedrichs extension 
was the solution to von Neumann’s problem. For Sturm—Liouville operators the 
Friedrichs extension was determined in various cases by K.O. Friedrichs [311] in 
1935 and by F. Rellich [654] in 1950. Another semibounded extension, the so-called 
Krein—von Neumann extension (going back to Stone) has particularly interesting 
properties. It was Krein [493, 494] who established a complete theory of semi- 
bounded extensions. In the middle of the 1950s this circle of ideas was carried 
forward, and it inspired contributions by M.S. Birman [139], and also M.I. Vishik 
[747], who was particularly interested in the case of elliptic partial differential 
operators. Building on the work of J.L. Lions and E. Magenes [544] on Sobolev 
spaces and trace mappings G. Grubb [352, 353] gave a characterization of all closed 
extensions of a minimal elliptic operator by nonlocal boundary conditions in her 
1966 Stanford doctoral dissertation, written under the direction of R.S. Phillips. 


The context of symmetric operators which are densely defined was soon felt 
to be too restrictive. Already in 1949 M.A. Krasnoselskii [490] described all self- 
adjoint operator extensions of a not necessarily densely defined symmetric oper- 
ator. The appearance of the work on linear relations by R. Arens [42] in 1961 
made all the difference. B.C. Orcutt [619] in a 1969 dissertation written under 
the direction of J. Rovnyak treated the spectral theory of canonical systems of 
differential equations in terms of linear relations. Subsequently, E.A. Coddington 
[202] in 1973 gave a description of all self-adjoint relation extensions of a sym- 
metric relation. In fact, it turned out that many of the earlier results concerning 
extensions of symmetric operators could be put in the framework of relations. The 
new context made it also possible to consider nonstandard boundary conditions 
(involving integrals, for instance). Furthermore, in terms of relations the Krein— 
von Neumann extension of a semibounded relation could be simply expressed in 
terms of the Friedrichs extension. There has been an abundance of papers devoted 
to linear relations in Hilbert spaces, and later also to linear relations in indefinite 
inner product spaces. 


In the middle of the 1970s boundary triplets were introduced independently 
by V.M. Bruk [176] and A.N. Kochubei [466] as a convenient tool for the descrip- 
tion of boundary values of abstract Hilbert space operators; they applied them 
to, e.g., Sturm—Liouville operators with an operator-valued potential. The main 
feature is that under a given boundary triplet there is a natural correspondence 
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between self-adjoint extensions of a symmetric operator and self-adjoint relations 
in the parameter space. An overview of the theory with applications to differential 
operators is contained in the 1984 book by M.L. Gorbachuk and V.I. Gorbachuk 
[346]. Around the same time V.A. Derkach and M.M. Malamud [244, 246] con- 
tinued the work on boundary triplets by associating the notion of Weyl function 
to a boundary triplet; their later work was written in the context of symmetric 
operators that are not necessarily densely defined. The Weyl function is a very 
useful tool in spectral analysis; it turns out to be a special choice of a Q-function 
(which is uniquely determined by the boundary triplet) and hence the analytic 
properties and the limit behavior of the Weyl function towards the real line reflect 
the spectral properties of the self-adjoint extensions. Broadly speaking, boundary 
triplets and Weyl functions placed the work of Titchmarsh, and others, in a more 
abstract setting while retaining the flavor of concrete boundary value problems. 
The link to form methods and the Birman—Krein—Vishik approach to semibounded 
self-adjoint extensions is made with the help of so-called boundary pairs. The ori- 
gin of the concept of boundary pair lies in the work of Krein and Vishik; it was 
formalized and studied by V.E. Lyantse and O.G. Storozh [552] in the early 1980s. 
Its connection with boundary triplets was later established by Yu.M. Arlinskii [44]. 


It is the main objective of this monograph to present the theory of boundary 
triplets and Wey] functions in an easily accessible and self-contained manner. The 
exposition is detailed and kept as simple as possible; the reader is only assumed to 
be familiar with the basic principles of functional analysis and some fundamentals 
of the spectral theory of self-adjoint operators in Hilbert spaces. The monograph 
is divided into the abstract part Chapters 1-5, the applied part Chapters 6-8, and 
Appendices A-D. The heart of the monograph is Chapter 2 and it is complemented 
by Chapter 5; for a rough idea on the general techniques the reader may first look 
through these chapters and examine one of the applications (which may also be 
read independently) afterwards: Sturm—Liouville operators, canonical systems, or 
Schrödinger operators — up to personal taste and preferences. 


The monograph opens in Chapter 1 with a detailed introduction to the theory 
of linear operators and relations in Hilbert spaces. A large part of this material is 
preparatory and may be used for reference purposes in the rest of the text. 
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The heart of the matter in this book is contained in Chapter 2, where bound- 
ary value problems are presented as extension problems of symmetric operators 
or relations. Here the notions of boundary triplets and their Weyl functions are 
introduced, and the fundamental properties of these objects are provided. Par- 
ticular attention is paid to the question of existence and uniqueness of boundary 
triplets. Closely connected with a boundary triplet is Krein’s resolvent formula for 
canonical extensions and self-adjoint extensions in larger Hilbert spaces. 


Chapter 3 is a continuation and further refinement of the techniques in the 
previous chapter. Here the main objective is to give a detailed description of the 
complete spectrum of the self-adjoint extensions of a symmetric relation in terms 
of the Weyl function. The connection between the limit properties of the Weyl 
function and the spectrum of the self-adjoint extension is explained via the Borel 
transform of the spectral measure. 


Most of the topics in Chapter 4 are supplementary to the main text as they 
are concerned with a certain type of inverse problem. More precisely, it will be 
shown that any (uniformly strict) operator-valued Nevanlinna function can be 
realized as the Weyl function corresponding to a boundary triplet for a symmetric 
relation in a reproducing kernel Hilbert model space. Of independent interest is 
the discussion around the orthogonal coupling of boundary triplets with a view to 
exit space extensions. 


Another central theme in this monograph is presented in Chapter 5, where 
the important case of semibounded symmetric relations is treated in more detail; 
here the general methods from Chapter 2 are further developed. The chapter starts 
with an introduction to closed semibounded forms and the corresponding represen- 
tation theorems, and continues with the Friedrichs extension, the so-called Krein 
type extensions, and the Krein-von Neumann extension. The ultimate result is a 
description of the semibounded self-adjoint extensions of a semibounded relation 
via the notions of a boundary triplet and a boundary pair; this establishes the 
connection with the Krein-Birman-Vishik theory. 


The general theory is applied to boundary value problems for differential 
operators in Chapters 6-8 in three different situations. In each case the presen- 
tation follows a similar scheme: After the necessary preparations to keep these 
chapters mostly self-contained, explicit boundary triplets and Weyl functions for 
the particular operators or relations under consideration, are provided. A further 
spectral analysis, depending on the nature of problem is presented. The class of 
Sturm-—Liouville operators that is discussed in Chapter 6 covers also the example 
given earlier in this introduction. A good deal of preparation is needed to construct 
closed semibounded forms and corresponding boundary pairs in the singular situ- 
ation. Chapter 7 deals with 2 x 2 canonical systems of differential equations and 
also illustrates the role of linear relations in the analysis of such systems. Finally, 
in Chapter 8 Schrödinger operators on bounded domains Q C R” are treated, 
where one of the main challenges is to construct Dirichlet and Neumann traces on 
the maximal domain. 


10 Introduction 


For the reader’s convenience a number of appendices have been added: they 
contain material concerning Nevanlinna functions and some useful elementary ob- 
servations on operators and subspaces in Hilbert spaces. At the end of the text a 
few notes and some (historical) comments, as well as a list of recent and earlier 
references, can be found. Here the reader is also referred to some recent literature 
for topics that go beyond this monograph. 


Open Access This chapter is licensed under the terms of the Creative Commons Attribution 4.0 
International License (http://creativecommons.org/licenses/by/4.0/), which permits use, sharing, 
adaptation, distribution and reproduction in any medium or format, as long as you give appropriate 
credit to the original author(s) and the source, provide a link to the Creative Commons license and 
indicate if changes were made. 

The images or other third party material in this chapter are included in the chapter’s Creative 
Commons license, unless indicated otherwise in a credit line to the material. If material is not 
included in the chapter’s Creative Commons license and your intended use is not permitted by 
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from 
the copyright holder. 


Check for 
updates 


Chapter 1 


Linear Relations in Hilbert Spaces 


A linear relation from one Hilbert space to another Hilbert space is a linear sub- 
space of the product of these spaces. In this chapter some material about such 
linear relations is presented and it is shown how linear operators, whether densely 
defined or not, fit in this context. The basic terminology is provided in Section 1.1 
and afterwards the spectrum, resolvent set, the adjoint, and operator decompo- 
sitions of linear relations are discussed in Section 1.2 and Section 1.3. Linear 
relations with special properties, such as symmetric, self-adjoint, dissipative, and 
accumulative relations, are investigated in Sections 1.4, 1.5, and 1.6. More details 
on self-adjoint and semibounded relations can be found in Chapter 3 and Chap- 
ter 5. Intermediate extensions and the classical von Neumann formulas describing 
self-adjoint extensions of symmetric operators and relations can be found in Sec- 
tion 1.7. In Section 1.8 it is shown that there is a natural indefinite inner product 
by means of which the notion of adjoint relation corresponds to the notion of or- 
thogonal companion. Strong graph convergence and strong resolvent convergence 
of sequences of linear relations are discussed in Section 1.9 and parametric repre- 
sentations of linear relations are studied in Section 1.10. Finally, in Section 1.11 
some useful properties of a resolvent-type operator of a linear relation are given, 
and in Section 1.12 the class of so-called Nevanlinna families, a natural extension 
of the class of Nevanlinna functions (see Appendix A) is studied. 


1.1 Elementary facts about linear relations 


Let H and R be Hilbert spaces over C. The Hilbert space inner product and 
the corresponding norm are usually denoted by (-,-) and ||- ||, respectively, and 
sometimes a subindex will be used in order to avoid confusion. The inner product 
is linear in the first entry and antilinear in the second entry. The orthogonal 
complement will be denoted by L, sometimes a subindex will be used to indicate 
the relevant space. The product § x & will often be regarded as a Hilbert space 
with the standard inner product (-,-)5 +(-,-). and all topological notions in § x & 
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are understood with respect to the topology induced by the corresponding norm. 
The product space § x & will also be written as § @ KR, and and K are then 
regarded as closed linear subspaces in § © & which are orthogonal to each other. 

A linear subspace of § x & is called a linear relation from ģ to K. If H is 
a linear relation from 9 to & the elements h € H will in general be written as 
pairs {h, h’} with components h € § and h’ € K. If R = H one speaks simply of a 
linear relation in 9. After this introductory section the adjective linear is usually 
omitted and one speaks of relations when linear relations are meant. 

The domain, range, kernel, and multivalued part of a linear relation H from 
§) to K are defined by 


dom H = {h € 9: {h,h'} € H for some W € R}, 
ran H = {h' € R: {h,h'} € H for some h € H}, 
ker H = {h € $ : {h,0} € H}, 
mul H = {h' € R: {0,h'} € H}, 
respectively. The closure of the linear space dom H will be denoted by dom H and, 
likewise, the closure of the linear space ran H will be denoted by ran H. Note that 
each linear operator H from § to & is a linear relation if the operator is identified 


with its graph, 
H = {{h, Hh}: h € dom H}, 


and that a linear relation H is (the graph of) an operator if and only if the 
multivalued part of H is trivial, mul H = {0}. The inverse H7! of a linear relation 
H from 9 to & is defined by 


H = {{h',h}: {h,h’} € H}, 
so that H~! is a linear relation from £ to 9. In the next lemma some obvious 
facts concerning the inverse relation are collected. 


Lemma 1.1.1. Let H be a linear relation from 9 to R. Then the following identities 
hold: 


dom H~! = ran H, ran H~' = dom H, 
ker H7! = mul H, mul H`! = ker H. 
There is a linear structure on the collection of linear relations from § to £K. 


For linear relations H and K from § to & the componentwise sum is the linear 
relation from § to R defined by 


H+ K={{h+k,h' +k}: {h,h’} € H, {k,k'} € K}, (1.1.1) 


while the product AH of H with a scalar A € C is the linear relation from 9 to R 
defined by 
AH = {{h, Ah’} : {h,k} E€ H}. 
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Note that the componentwise sum H + K is the linear span of the graphs of H 
and K, and 


dom (H + K)=domH+domK, ran(H + K) = ran H + ran K. 
Likewise, if A € C, one has 
dom AH = dom H and for AAO ranàH = ran H. 


Note that by definition 0 H = Odom #, where Ogom p stands for the zero operator 
on dom H. It is useful to note that 


" m 1 
(HF K)'!=H FK”, (AH) = C à #0. 


Let H and K be linear relations from § to &. If H C K, then H is called a 
restriction of K and K is an eztension of H. 


Proposition 1.1.2. Let H and K be linear relations from 9 to R and assume that 
H C K. Then 


dom H =domK «= K =H +({0} x mulK), (1.1.2) 
and, analogously, 
ranH=ranK & K=H (ke K + {0}). (1.1.3) 


Proof. Note that H C K is equivalent to H7! C K~1. Hence, in order to prove 
(1.1.3) one just applies (1.1.2) with H and K replaced by H~! and K~, respec- 
tively. Thus it suffices to show (1.1.2). The implication (<) is trivial. To show 
(=), observe that H C K yields H +({0} x mul K) C K and hence it suffices to 
show that K c H +({0} x mul K). Let {h,h’} € K. Since h € dom K = dom H, 
there exists an element k’ € R such that {h,k’} € H and from H C K it follows 
that also {h,k’} € K. Hence, with y’ = h’ — k’ one has 


{h, h’} — {h, k'} F {0, p'}, 


and thus {0,y’} € K, i.e., y’ € mul K. 


Corollary 1.1.3. Let H and K be linear relations from 5 to R and assume that 
H C K. Then 


dom H = dom K and mul H =mlK e H=K, (1.1.4) 
and, analogously, 


ranH =ranK and ker H=krK @& H=K. (1.1.5) 
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Proof. It suffices to show (1.1.4), as (1.1.5) follows by taking inverses in (1.1.4). 
Clearly, the implication (<) is trivial. For the implication (=) apply (1.1.2). Then 
dom H = dom K and mul H = mul K give successively 


K =H + ({0} x mul K) = H + ({0} x mul H) C H, 


which together with H C K implies H = K. 


Let H and K be linear relations from § to R. The usual (operatorwise) sum 
H + K is defined by 


H+K ={{h,hl +h"}: {hh} € H, {h,h"} € K}, 


where dom (H + K) = dom H N dom K. Note that mul (H + K) = mul H + mul K. 
If H is a linear relation in 9, then for A € C the sum H + XI, where J denotes the 
identity operator in 9, is usually simply written as H + A and has the form 


H +A = {{h,h' + Ah}: {h,h'} € H}, 


with dom (H + A) = dom H. Note that mul (H + A) = mul H. 

Let H be a linear relation from § to K and let K be a linear relation from & 
to 6, where 6 is another Hilbert space. Then the product KH of K and H is the 
linear relation from § to 6 defined by 


KH = {{h,h"} : {h,h’} € H, {h',h"} € K}. 


Note that for A € C the notation AH agrees with (AIJ)H, where I denotes the 
identity operator in &. It is straightforward to check that (K H)~! = HIK. 

The following lemma shows an important feature of sums and products of 
linear relations. The notation Iņ stands for the identity operator on the linear 
subspace M, while O stands for the zero operator on W. 


Lemma 1.1.4. Let H be a linear relation from 9 to R. Then 


H + (—H) = Oaomu + ({0} x mul H), (1.1.6) 
where the sum is direct. Moreover, the identities 
HA = Ian H + ({0} x mul H) (1.1.7) 
and 
HH = Igomu + ({0} x ker H) (1.1.8) 


hold, and both sums are direct. 


Proof. First the identity (1.1.6) will be shown. For an element on the left-hand 
side of (1.1.6) one has 


{h, h — hl} = {h,0} + {0, h — h”}, 
where {h, h’}, {h, h"} € H, so that {h,0} € Oaom g and {0, h'—h”} € {0} x mul H. 
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Conversely, let {h, k} € Odom g + ({0}xmul H). Then {h, k} = {h,0}+{0, k} 
with h € dom H and k € mul H. Hence, {h,h’} € H for some h’ € & so that also 
{h, h' — k} € H. Consequently, 


{h,k} = {h,h' — (h' — k)} € H+ (-H), 


which completes the proof of (1.1.6). 

The assertion (1.1.8) follows from (1.1.7) by replacing H with H~!. Hence, 
only the identity in (1.1.7) has to be proved. By definition, the linear relation 
HH" is given by 


HH™ = {{h,h"} : {hh} eH *, {hh} € H}. 
Therefore, if {h,h”} € HH! with some {h,h’} € H~! and {h',h"} € H, then 
{h,h"} = {h, h} + {0, h” — h}. 
As {h',h} € H, it follows that h € ran H and 
{0,h” — h} = {h',h”} — {h',h} € H, 

i.e., h” — h € mul H. Thus, {h, h"} € Iran g + ({0} x mul H). 

Conversely, given an element {h, h} + {0, k} € Irany + ({0} x mul H) with 
h € ran H and k € mul H, there exists h’ € dom H such that {h’,h} € H or, 


equivalently, {h,h’} € H~*. Since {0, k} € H it follows {h’,h + k} € H, so that 
{h,h + k} € HH™!. 


Thus far the Hilbert space structure of the spaces has not been used; only the 
linear space structure played a role. Now an interpretation of the componentwise 
sum H + K in (1.1.1) will be given as an orthogonal componentwise sum. Let 91, 
H2, Kı, and Ry be Hilbert spaces and let H = H1 P He and R = Kı G R2. Here and 
in the following 5; and Hz are viewed as closed linear subspaces of 9, and Kı and 
Rə are viewed as closed linear subspaces of R. Assume that H is a linear relation 
from $1 to Kı and that K is a linear relation from 92 to K2. The orthogonal sum 
H & K is defined as 


HO K = {{h+k, h +k}: {h,h'} € H, {k,k'} € K}. 


In other words, H © K is just the componentwise sum H + K of H and K, when 
these linear relations H and K are interpreted as linear relations from 9 = 9,692 
to R= Kı O Ro. If H = K and Hı = Kı, H2 = Ko, then this definition implies 


(H 6 KP = H? Ô K?. (1.1.9) 


A linear relation H from § to & is called bounded if there is a constant 
C > 0 such that ||h’||q@ < Cl|Al|s5 for all {h,h’} € H. In this case it is clear that 
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mul H = {0}, so that H is a bounded operator. Thus, there is no distinction be- 
tween bounded linear relations or bounded linear operators. The set of everywhere 
defined bounded linear operators from § to £ will be denoted by B(8, £). If H = K 
the notation B(S) is used instead of B(5, 9). 

A linear relation from § to £ is called closed if it is closed as a linear subspace 
of H x K. The closure H of the linear relation H as a linear subspace of § x & 
is itself a closed linear relation. It follows that mul H C mul H; if mul H = {0} 
implies that mul H = {0}, then the operator H is called closable (as an operator). 
The following useful observations are easily verified. 


Lemma 1.1.5. Let H be a linear operator from 9 to R. Then the following state- 
ments hold: 

(i) Let H be closable. If dom H is closed, then H is closed. 

(ii) Let H be bounded. Then H is closable. 

(iii) Let H be bounded. Then dom H is closed if and only if H is closed. 

A linear relation H from § to K is called contractive if ||h’||@ < ||hll|5 for 
all {h, h’} € H and it is called isometric if ||h’||.@ = ||h||5 for all {h,h’} € H. In 
each case mul H = {0} and H is an operator which is bounded and thus closable; 
cf. Lemma 1.1.5. Hence, there is no distinction between contractive relations or 
operators. Likewise, there is no distinction between isometric relations or opera- 
tors. Clearly, the closure of a contractive or isometric operator is again contractive 


or isometric. Recall that a contraction H has the following useful property: if 
|| Zk||.¢ = ||k||ġ for some k € dom H, then 


(Hh, Hk)g =(h,k)s for all h € domH. (1.1.10) 

To see this, note that for all A € C 
0< |h + Akl = [LH (h + ARI 
= ||Al5 — || FAl|k — 2Re (A [(Hh, Hk) a — (h, k)s]), 


which implies that (1.1.10) holds. 

For many combinations of linear relations the closedness is preserved. For 
instance, if H is a closed linear relation from § to R, then H~! is a closed linear 
relation from & to 9. Likewise, for A # 0 the product AH is closed. If H and K 
are closed linear relations from § to &, then the componentwise sum H + K is 
not necessarily closed (see Appendix C), while the orthogonal componentwise sum 
H @ K of H and K is closed. The sum H + K of two closed linear relations H 
and K is not necessarily closed. However, in the special case that H is closed and 
K € B(9, &) the sum 


H +K ={{h,h'+ Kh}: {h,h'} € H} 


is also closed. In particular, the linear relation H in § is closed if and only if H +A 
is closed for some, and hence for all A € C. The product KH of closed linear 
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relations K and H is not necessarily closed. However, in the special case that K 
is closed and H € B(S,R) the product 


KH = {{h,h"} : {Hh, hl} € K} 


is also closed. 

The above material will be used throughout the text. The rest of this section 
will be devoted to two specific items, namely, a discussion of questions around the 
so-called resolvent identity, and one involving Mobius transformations of linear 
relations. 


For a linear relation H in § and À € C, the resolvent relation is defined by 
(H — d)7!. Clearly, H is closed if and only if (H — \)~1 is closed for some, and 
hence for all A € C. The resolvent relation has a number of properties which will 
now be explored. First the \-independence of ker (H — \)~! and mul (H — A) is 
stated. 


Lemma 1.1.6. Let H be a linear relation in § and let A€ C. Then 
ker (H — d)~! = mul (H — A) = mul H. 


For practical purposes it is worthwhile mentioning the analogs of (1.1.7) and 
(1.1.8) for the resolvent relation of H. Using Lemma 1.1.6 one sees that 


(aa) = A)! = lran (H-A) F ({0} x mul H), 
and, likewise, 
(H — A) HH — A) = Iaom y + ({0} x ker (H — A)). 
In particular, when ker (H — A) = {0} for some A € C, one has 
(H — A) (H — A) = Iaom H- 


The resolvent identity in the next proposition involves a combination of the sum 
and the product of the resolvent relations (H — \)~+ and (H — p)7?. 


Proposition 1.1.7. Let H be a linear relation in H and let A, u E€ C. Then 

(H =A)? = (Hp) * = (H = A) (A = u)(H = p). (1.1.11) 
If ker (H — ) = {0} and ker (H — u) = {0}, then (H — \)~+ and (H — p)™} are 
linear operators defined on ran (H — A) and ran (H — u), respectively, with the same 


kernel mul H. Moreover, if A 4 u, then (1.1.11) may be written as 


(B-J — (Hp)? AE EE (1.1.12) 
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Proof. For the inclusion (C) in (1.1.11) let 


{h,h’—h"} € (H - A) — (Hp), 


with {h,h’} € (H —A)~! and {h, h”"} € (H — p)~1. This gives 


{h h+ AW} EH and {h",h+ph"} € H, 


which shows {h! — h”, \h! — uh” } € H, and thus {h! — h”, (A— p)h”} € H — à and 
{(A — u)h”, h! — h"} € (HA). 


Since {h,h"} € (H — u)™t, one sees that {h, (A — p)h”} € (A — u)(H — u)™t, as 
{h" (A= ph} € (A= u)I. Hence, the element {h, h’ — h” } belongs to the linear 
relation (H — \)~1(A — p)(H — p)~!, which shows the inclusion. 


For the inclusion (D) in (1.1.11), let {h,h’} € (H — A)7“1(A — pp) (A — p)~1. Then 
by definition there exists k € § such that 


{h,k}e(H—p)* and {(A—y)k,h’} € (H -At 


as {k, (A — u)k} € (A— pl. In addition, it is clear from {k,h} € H — p that 
{k,h+(uw—A)k} € H — À and 


{h+ (u — A)k, k} € (H — A). 


Thus, it follows that {h,h’ + k} € (H —A)~1. Hence, {h,h’} = {h,h’ +k — k} 
belongs to (H — A)~! — (H — )~1, which shows the inclusion. This completes the 
proof of (1.1.11). If A Æ u this leads to (1.1.12). 

The remaining statements follow directly from Lemma 1.1.6. 


Note that in general the identity in (1.1.12) is not valid for A = pu. In this 
case the right-hand side of (1.1.12) clearly equals Oagom(H—a)-2, While by (1.1.6 
the left-hand side equals Ogom (H—))-1 + ({0} x mul (H — A)~!). Hence, in (1.1.12) 
the right-hand side is contained in the left-hand side. 

The following result shows that every linear relation H can be represented by 
means of a pair of operators expressed in terms of its resolvent operator (H —.)71. 
This kind of representation of a linear relation will be considered in this text in 
various situations. 


Lemma 1.1.8. Let H be a linear relation in § and assume that ker (H — A) = {0} 
for some A€ C. Then 


H = {{(H —\)-'k, (I + A(H — A)")k} : k € ran (H — ))}, (1.1.13) 


where the right-hand side is well defined since dom (H — \)~! = ran (H — A). 
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Proof. Denote the linear relation on the right-hand side of (1.1.13) by K. To see 
that H C K, let {h,h’} € H. Then {h’ — Ah,h} € (H — A)! and from the 
assumption mul (H — \)~! = ker (H — A) = {0} it follows that 


h = (H —2)-1(h! — Ah). 
Therefore, 
{h,h’} = {h,h’ — Ah + Ah} 
= {(H — A) (h' — Ah), (I + ACH — A)~")(h! — Ah) }, 


where h’— Ah € ran (H — A). Hence, {h,h’} € K, so that H C K. Now the equality 
follows from Corollary 1.1.3, since 


dom K = ran (H — \)~! = dom (H — A) = dom H, 


while 
mul K = ker (H — à)™t = mul (H — \) = mul H. 


This completes the proof. 


Another algebraic identity involving the resolvent relations (H — \)~! and 
(H — )~+ is contained in the next lemma; see also Corollary 1.2.8 in the next 
section. The formula in the lemma can also be checked via the Mobius transform 
to be defined below. 


Lemma 1.1.9. Let H be a linear relation in 9 and let A, u E€ C. Then 
(1+ (A—p)(H- 7)! =+ (u -A (H — p). (1.1.14) 

Proof. It is easy to see that 

I+(\-p)(H —A)7! = {{h! — Ah, h’ — uh} : {h,h'} € H}, 

and by symmetry 

T+ (u A)(H — u)“ = {{h! — uh, h' — Ah}: {h,h'} € H}. 

This yields (1.1.14). 


Next, Möbius transformations of linear relations will be defined. For a Hilbert 
space §) and a 2 x 2 matrix 


n= (° a a,b, y, EC, (1.1.15) 


the scalar Möbius transform M in H? = H x H is given by 
M:52357, {h,h’} 4 {ah+ Bh’, yh + ôh'}. 


The meaning of M, either as a matrix or as a transformation, will be clear from 
the context. The scalar Möbius transform of a linear relation is defined as follows. 
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Definition 1.1.10. Let H be a linear relation in § and let M be a 2 x 2 matrix as 
in (1.1.15). Then the scalar Mobius transform of H is the linear relation M[H] in 
§) defined by 

M[H] = {{ah+ Bh’, yh + ôh'}: {h,h'} € H}. (1.1.16) 


Note that the domain and range of the scalar Möbius transform M[H] are 
given by 
dom M[H] = {ah + Bh’: {h,h'} € H}, 
ran M[H] = {yh + 6h’: {h,h'} € H}. 


If the 2 x 2 matrix M in Definition 1.1.10 is multiplied by a constant 7 € C \ {0}, 
then the corresponding Mobius transform M[H] and (nM)[H] coincide. 
Let M and N be 2 x 2 matrices. Then the identity 


NIM[H]] = (No M) [H] (1.1.17) 


holds for any linear relation H in §. If det M Æ 0, then 


a, fl 5 -£ 
i -77S S) 


and the Möbius transform corresponding to MT! is given by 
MHH] = {{6h — Bh',-yh+ah'}: {h,h'} € H}. 
Thus, for any linear relation H one has 
MMH] = H = M[M [H]; 


cf. (1.1.17). Note that in general M~1![H] and M[H]~! are different relations. In 
the case det M Æ 0 it clearly follows that 


M[H] is closed if and only if H is closed. (1.1.18) 


Observe that the linear relations AH, H — A, H~! correspond to the Möbius 
transforms determined by the following matrices 


1 0 1 0 0 1 

0 AJ’ —à 1)?’ T. Op 
respectively. Thus, for instance, the linear relations J + (A — )(H — \)~+ and 
I+ (u—A)(H — u)~+ correspond to Möbius transforms of H determined by the 


ae Coa it ee 


1.1. Elementary facts about linear relations 21. 


1 O 1 0 0 1 1 0\_/=p 1 
1 1/0 pw-A/\1 OJ \-p 1} \-A 1)’ 
respectively. This also confirms the identity (1.1.14). 
For a 2 x 2 matrix M as in (1.1.15) with det M ¥ 0 define the function 


ytd 


AH MA] ot AB? 


atrAB £0. (1.1.19) 


Since the linear relation M[H] — M[A] corresponds to the matrix 


1 0\ fa A a B 
-ma 1) (7) (aby ata) 


one sees from (1.1.16) that for a+ A8 4 0, 


M[H] — M[A] = {Lan + Bhi, 2M (A! — Ah) } : {h,h'} € H} . 


This identity yields, in particular, for a + BA Æ 0, that 
ker (H — A) = ker (M[H] — MIAJ), 
ran — = ran a — a uy) 
If, in addition, 6 4 0, then it follows from (1.1.16) that 
mul M[H] =ker(H+a87'), mul H = ker (M[H] — 687"), 
and in the case 8 = 0 it is easy to see that mul M[H] = mul H. 


Proposition 1.1.11. Let H be a linear relation in 5 and let M be a2 x 2 matrix 
as in (1.1.15) with det M #0. Then for a + AGB 40 


at+AB)B | (a+)? 
detM € deM 


Proof. Use the abbreviation A = det M. It suffices to see that the left-hand side 
corresponds to the matrix 


EDC 6 J-C =P). 


while the right-hand side corresponds to the matrix 


(ans J , enat (i o) ( ; 1) ( ae ) 
a+AB)B a+aAp)? = = | a(ataps B(atAB) |- 
( A E. a}\o 6 +8) 1 0 X g ( = ) ( t ) 


Since these matrices coincide up to a nonzero multiplicative constant the assertion 
follows. 


(MLE) — M[A])~* = ( (H-A). (1.1.21) 
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It is clear that the following useful consequence of Proposition 1.1.11 is ob- 
tained by means of the special choice 


0- 1 
ai. 
so that det M = —1, M[H] = H~}, and M[A] = 1/A, A 4 0. 
Corollary 1.1.12. Let H be a linear relation in 9 and let A € C \ {0}. Then 


(f= 49) = AA (9 =ay. (1.1.22) 


Next the Cayley transform and inverse Cayley transform of a linear rela- 
tion will be introduced. These special Möbius transforms will be used later in 
Sections 1.5, 1.6, and 1.7. 


Definition 1.1.13. Let H and V be linear relations in § and let u € C \ R. Then the 
Cayley transform C, of H and the inverse Cayley transform F,, of V are defined 
by 

C [H] = {{h' — wh, h’ — Bh} : {h,h’} € H}, 


,[V] = {{k —k', Fk — uk'} : {hy hi} E V} (1.1.23) 


Notice that the domain and range of the Cayley transform €,, and the inverse 
Cayley transform F, are given by 


dom @,,[H] 
dom F,,[V] 


= ran (H — n), ran C [H] = ran (H — p), 
= yən 


ran (I — V), ran F [V] = ran (A — pV). (1.1.24) 


It is clear that the Cayley transform €, and the inverse Cayley transform F, 
are Möbius transforms corresponding to the matrices 


f= 1 _fl Sl] aep =1 
C= ( ii i) and F,, = e =) =(H—p)C,, (1.1.25) 
where det €, = E — p was used. Note also that 
A-H 
CAL =, A : 
ul | X _ w £ H 

Thus, Proposition 1.1.11 leads to the following result. 
Corollary 1.1.14. Let H be a linear relation in and let u € C\ R. Then 


A] =H? oy Xo, AA (1.1.26) 
-u P-H 


(e [m] -= eA) = 


€I 
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1.2 Spectra, resolvent sets, and points of regular type 


The resolvent set, spectrum, point, continuous, and residual spectrum, and the 
points of regular type of a linear relation or operator are defined. A priori it is not 
assumed that the linear relation is closed. Here and in the rest of the text linear 
relations will be referred to simply as relations and linear subspaces as subspaces. 


Definition 1.2.1. Let H be a relation in §. Then A € C is said to be a point of 
regular type of H if (H — \)~! is a (in general not everywhere defined) bounded 
operator. The set of points of regular type of H is denoted by 7(H). 


Some straightforward consequences of Definition 1.2.1 are presented in the 
next lemma. 


Lemma 1.2.2. Let H be a relation in H. Then A € y(H) if and only if there exists 
a positive constant c, depending on A, such that 


Iall < clh’ — Ahli, {h,k} € H. (1.2.1) 


Moreover, if y(H) #0, then H is closed if and only if ran (H — A) is closed for 
some, and hence for all A € y(H). 


Proof. Assume that A € 7(H), so that (H — A)~! is a bounded operator. Let 
{h,h’} € H; then {h' — Ah, h} € (H — \)7} and 


IRI = (H = A) (R — Ah) I < ellk’ — An], 


which gives (1.2.1). Conversely, assume that (1.2.1) holds. To see that (H — A)! 
is a bounded operator let {f, f’} € (H — A)~!. Then {f, f’} = {h’ — Ah, h} for 
some {h,h’} € H and (1.2.1) shows || f’|| < cll f|| for all {f, f’} € (H — A)71. This 
implies that (H — A)T} is an operator that is bounded or, equivalently, \ € y(H). 

Assume that H is closed, so that also (H — )~1 is closed. Then the relation 
(H — A)! is a closed and bounded operator for all A € y(H). This immediately 
implies that ran (H — A) = dom (H — A)~! is closed; cf. Lemma 1.1.5. Conversely, 
if ran (H — à) = dom (H — A)~! is closed for some À € 7(H), then (H — A)! 
is a bounded operator defined on a closed subspace. It follows that (H — A)~+ is 
closed, cf. Lemma 1.1.5, and hence H is closed. 


Definition 1.2.3. Let H be a relation in §. A point A € C is said to belong to the 
resolvent set p(H) of H if (H — X)~} is a bounded operator and ran (H — A) = 9. 
The spectrum o(H) of H is the complement of p(H) in C. The spectrum o(H) 
decomposes into three disjoint components: the point spectrum o,(H), continuous 
spectrum o.(H), and residual spectrum o,(H), defined by 


op(H) = {A €C: ker(H — A) # {0}}, 
o-(H) = {AX €C: ker (H — A) = {0}, ran (H — A) =H, A¢ p(H)}, 
o,(H) = {A € C: ker(H — à) = {0}, ran (H — A) # H}. 


= 
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Let H be a relation in §. It follows from Definition 1.2.1 and Definition 1.2.3 
that p(H) c y(H). Moreover, it follows from (1.2.1) that 7(H) = y(H) and the 
equivalence 

ran(H -A)=H e 


implies p(H) = p(H). 

The following state diagram is useful when discussing the spectral subsets 
and the resolvent set of H. The top row shows all possibilities for the range of 
H-— . The first (second) rows show all possibilities for points A such that (H—A)7! 
is a bounded (unbounded) operator and the bottom row shows all possibilities for 
eigenvalues À. 


ran(H =A) | ran(H =A) | ran(H =A) 
=) dense, 4 9 not dense 
H-A) 
err oe py) AH) ea ey 
(H-A) 
unbounded operator oc(H) oc(H) allt) 
H-A! 
i oie Toli) alt) apt) 


Now assume that H is a closed relation. Then it follows with the help of the closed 
graph theorem and Lemma 1.1.5 applied to the operator (H — A)T} that two cases 
(marked by X below) in the above state diagram are not possible: 


H ran (H — à) | ran (H — à) | ran(H — 4) 
closed relation =H dense, # 9 not dense 
Ma ae p(H) X (H) N or) 
e X o-(H) o,(H) 

Koao | a | ent) | o 


In particular, for a closed relation the continuous spectrum is given by 
oc(H)= {AX €C: ker (H — X) = {0}, ran (H — A) =H, ran (H — A) ZH}. 


Lemma 1.2.4. A relation H in 9 is closed if and only if ran (H — à) = 9 for some, 
and hence for all A € p(H). In this case the following statements hold: 
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(i) p(H) = {A € C: (H— A) € BIH) }; 
(ii) H = {{(H —A)*f, (1+ MH —d)“")f}: f 5} ford € p(H). 
Proof. If H is closed, then for all A € C also (H—A)~! is closed. Hence, if A € p(H), 
then (H — \)~} is a bounded and closed operator, and therefore 
dom (H — \)~! = ran (H — A) 


is closed and coincides with §; cf. Lemma 1.1.5. Conversely, if A € p(H) and 
ran (H — à) = 9, then (H — \)~1 is a bounded operator defined on § and hence 
(H — \)~? is closed by Lemma 1.1.5. This implies that also H is closed. Assertion 
(i) is now immediate and assertion (ii) follows from (1.1.13) in Lemma 1.1.8. 


In the next theorem the so-called defect of a relation H is studied. The proof 
uses the notions of opening and gap of closed subspaces from Appendix C. 


Theorem 1.2.5. Let H be a relation in H. Then the set y(H) of points of regular 
type of H is an open subset of C and the defect 


ny(H) := dim (ran (H — ))~ (1.2.2) 
of H is constant for all A in a connected component of y(H). 
Proof. Step 1. Let u € y(#) and let c, > 0 be any positive constant such that 
Ill < cpl = phil, {h,h'} € H; (1.2.3) 
cf. Lemma 1.2.2. Hence, if A € C and |A — plc, < 1, then 
JA plllall < JA — pleg lA! — uhl] < I} — phl. 
In this case h’ — Ah = h! — uh — (A— p)h yields 
||! — Al] > [ho = whl] — |A = ulli] > 9, 
and together with (1.2.3) this leads to 
Cyll’ — Ahl] > cyll — whl] — [A= pep |All 
> |All = [A = pew lll 
=(1= [A= e) lA]: 
Since all elements of (H — A)~1 are of the form {h' — Ah, h} with {h,h'} € H, it 


follows from this inequality that (H — A)T} is a bounded operator. In fact, one has 
for [A= pep <1 


= Cc = 
IHE = A)~*gl| < ——"*——llg|l, g € dom(H — A). (1.2.4) 
1—|A— pl ey 


In particular, it follows that A € y(H) for |A — plc, < 1. Therefore, y(#) is an 
open subset of C. 
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Step 2. Let u € 7(H) and let P, be the orthogonal projection onto ran (H — p). 
For each f € § one obtains 


P f, g i hi — uh 
IPafi= sp A p MN 
geran (H—p)\{0} Ilgll {h,h'}E€H\ {0,0} | =H | 
since ran (H — u) = {h’ — wh: {h,h’} € H}. Now choose à € C and write 
h! — ph = h' — Ah + (A= ph. 


If, in particular, f € ran (H —A)+, then |(f,h’—h)| = |A—yI|(f, h)| and it follows 
that 


(f; h)| 
| P, f| = |A- H sup Ws 
| H | | ee ||% — uh || 


IA] 
< JA — al IliZ sup c. 
{h,h'}EH\ {0,0} IR — uhl] 


Let c, be as in Step 1, so that ||A|| < c,||h’ — uh|| for {h,h'} € H; cf. (1.2.3). 
Thus, for any À € C one has 


IP.fll <|A—aleyllfll, f € ran (H -— A)+. (1.2.5) 
Step 3. Let u € (H) and |A — plc, < 1. By Step 1, A € y(H). Therefore, by 
symmetry, one obtains from Step 2 that 
IPagll < JA = leall, g € ran (H -= u)*, (1.2.6) 
where c) is any positive constant such that 
||(H — )~*k|| < ey llk|| for ke dom(H — A)7. 


Due to the estimate (1.2.4) one may take 


o= — eh 
A 1 -= |à- pl ey’ 


and then one concludes from the estimate (1.2.6) that 


|A = blew 


Pyg\| < gll, g € ran(H — p)*, 1.2.7 
Psa Spy ell (H — n) (1.2.7) 


for [A — ple, < 1. 


Step 4. Let u € y(H) and assume that |A — pu|c,, < C for some number 0 < C < L, 
Then à € 4(H) by Step 1, and 


IPufll < CIII, f € ran (H -= à)*, 


C 
Pagll < 5g loll, g eran (H — ny", 
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by (1.2.5) and (1.2.7) in Step 2 and Step 3. Therefore, 
w(tan (H — p),ran(H — )*) = |P,- Py)|| <C <1 


and 


w(ran (H — à), ran (H — u)*) = ||P, — P,)|| < < <1, 


where w stands for the opening between closed linear subspaces; cf. Definition C.5. 
For the gap in Definition C.9 one obtains 


g(ran (H — u), ran (H — »)) <1 


from Proposition C.10, and hence Theorem C.12 applied to the closed linear sub- 
spaces IN = ran (H — u) and N = ran (H — A)+ implies 


dim (ran (H — d))> = dim (ran (H — u))~ (1.2.8) 
for u € y(H) and |A — Ic, < C for some 0 < C < 5. 


Step 5. Now let [ be a connected open component of y(H). Then I is arcwise 
connected and each pair of points {A1, A2} in F can be connected by a (piecewise) 
connected compact curve. Each point u of the curve is the center of an open disc 
such that (1.2.8) holds for all À in the disc. By compactness, finitely many such 
open discs form a cover of the curve and hence 


dim (ran (H — à1)) = dim (ran (H — ae 


that is, the defect of H is constant in each connected component of y(H). 
The next theorem is concerned with the properties of points in the resolvent 
set of a relation. This leads to the resolvent identity. 
Theorem 1.2.6. Let H be a relation in H. The resolvent set p(H) is an open subset 
of C. The resolvent identity 
(aay (Bap = (H = A) Vem = p) (1.2.9) 


holds for Aå, u € p(H); here (H — d)~! and (H — 1)~+ are bounded operators 
defined on ran (H — à) and ran (H — u), respectively. If, in addition, H is closed, 
then (H — \)~1,(H — p)~! € B(9) for A, u € p(H), and (1.2.9) can be written as 


(H-A)! = (Hp) = (A — p)(H — 1 = u)? (1.2.10) 
for all A, € p(H). 
Proof. Recall that the inclusion p(H) C y(#) holds. In fact, the resolvent set p(H) 
of H is made up of the components of y(H) where the defect n)(H) in (1.2.2) is 
zero. It follows in the same way as in Step 1 of the proof of Theorem 1.2.5 that 


for u € p(H) and A € C such that |A — p|||(H — )~1|| < 1 one has à € p(H), and 
hence p(H) is open. The identity (1.2.9) follows from Proposition 1.1.7. 
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Corollary 1.2.7. Let H be a closed relation in 9 and assume that u € p(H) and 
[A — pul ||(H = px) “+ I] < 1. Then A € p(H) and 


co 


(H-A) =X A- p) (H — wy, (1.2.11) 
n=0 


where the series converges in B(S). In particular, the mapping 
AH (H-A)! 
is holomorphic on p(H) and the limit 


mal =(= 
lim 
A> UL A u 


=(H-p)? 
exists in B(S). 


Proof. With the notation R(\) = (H — A)~! it follows from the resolvent identity 
(1.2.10) and induction that 


k 
= 2 (A — WP RU + (A — a) RR. (1.2.12) 


The last term on the right-hand side of (1.2.12) obeys the estimate 


; ; tti 

IA = WT ROAR) < ROIA = alll R)I) 

and hence the condition |A — u|||R(u)|| < 1 implies that it tends to 0 in B(S) as 
k — oo. This implies (1.2.11) and the holomorphy of \ ++ (H — A)~1. The last 
assertion follows from (1.2.10). 


Corollary 1.2.8. Let H be a closed relation in § and let Aå, u € p(H). Then the 
operator I + (A — p)(H — A)~! € B(9) is invertible and 
(T+ A-H =.) =1 + (u AH aa. 


Proof. The formal identity in terms of relations follows from Lemma 1.1.9. Since 
both I+ (A— u)(H —A)~1 and I+ (u— A)(H —p1)~+ belong to B(5), the assertion 
is clear. 


The resolvent identity in (1.2.10) characterizes the closed relation H in a 
specific way. 


Proposition 1.2.9. Let € C C be a nonempty set and assume that the mapping 
At B(A) from € to B(H) satisfies the identity 


B(A) — Blu) =(A-WBOA)B(u), AWE. (1.2.13) 
Then there exists a closed relation H in 9 such that E C p(H) and 
BOA) =(H-A)y, AEE. 
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Proof. Define for À € € the relation H(A) by 
H(d) = BOA) +4. 


Since B(A) € B(S), one sees that B(A) and thus also B(A)~! are closed. Hence, 
also the relation H(A) is closed. Note that 


ran (H(A) — 4)) = ran B(A)~! = dom B(A) = $, 


while 
ker (H(A) — X)) = ker B(A)~! = mul B(A) = {0}, 


so that A € p(H()). 
Now let À, u € € and let {h,h’} € H(A). Then h = B(A)(h! — Ah) and due 
to the identity (1.2.13) (with u and AÀ interchanged) one gets 


(1)(h! — Ah) — (u — A) B(w)B(A)(h! — Ah) 
(u)(k' — ph). 


This implies {h,h’} € H(p). Therefore, H(A) C H(w) which, by symmetry, leads 
to H(A) = H(z). One concludes that H(A) does not depend on A € €. Thus, one 
sees that 

(H-A)! = B(A) and d€ p(H), 


which completes the proof. 


Let again H be a relation in §, let M be a 2 x 2 matrix as in (1.1.15) such 
that det M Æ 0, and let 


M[H] = {{ah + Bh’, yh +6h'}: {h,h'} € H} 


be the corresponding Möbius transform of H in Definition 1.1.10. The question is 
how the spectrum of H behaves under the Mobius transformation. Let the function 
MA] be defined by (1.1.19). 


Proposition 1.2.10. Let H be a relation in 5 and let M be a 2 x 2 matrix as in 
(1.1.15) with det M 4 0. Then the following statements hold for a+ AB 40: 


? 


(i) A € o(H) if and only if M[A] € p(M[H]) 
(ii) A € y(H) if and only if M[A] € y(M[H]); 
(iii) A € o;(H) if and only if M[A] € o;(M[H]), where i = p,c,r. 


If the relation H is closed and the equivalent assertions in (i) hold, then the oper- 
ators in the identity (1.1.21) belong to B(S). 
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Proof. (i) Assume that A € p(H), that is, ran (H— A) is dense in § and (H—A)~1 is 
a bounded operator. Then the identities in (1.1.20) imply that ran (M[H] — M[)]) 
is dense in § and that (M[H] — M[A])~+ is an operator. It follows with (1.1.21) 
that (M[H] — M[A])~! is a bounded operator. This shows M[A] € p(M[H]). The 
converse statement follows by applying M71. 


(ii) and (iii) are now straightforward consequences from (1.1.20), (1.1.21), and the 
above considerations. 


Let H be a relation in § and let A € C. Then it follows from Proposition 1.2.10 
that for A #0 
A€p(H) & A'ep(H"), (1.2.14) 


in which case the resolvent operators in (1.1.22) belong to B(). Likewise, it 
follows from Proposition 1.2.10 that for A 4 u 


AE pH) & Cy [A] € o(C,[H]), 


in which case the resolvent operators in (1.1.26) belong to B(S). 


1.3 Adjoint relations 


Here the adjoint of a relation will be introduced, again as a relation, which will be 
automatically linear and closed. If the original relation is the graph of an operator, 
its adjoint will be the graph of an operator precisely when the original operator is 
densely defined. 


Definition 1.3.1. Let H be a relation from § to &. The adjoint H* of H is defined 
as a relation from & to 9 by 


H* := {{f, F} ERX H : (F',h)s =(f,h')e forall {h,h'} € H}. 
Let J be the flip-flop operator from § x K to R x H defined by 


HEP eR afis TP enxek (1.3.1) 
Then it is clear from Definition 1.3.1 that 
H* = (JH)+ ai; (1.3.2) 


where the orthogonal complements refer to the componentwise inner product in 
Rx H and H x KR, respectively. Note that 


RxH=JHO(JH)* and H#xR=HOHA-. 


Clearly, if H and K are relations with H C K, then K* C H*. It also follows from 
(1.3.2) that H* is a closed linear relation from to §. Note that (1.3.2) gives 
J-'H* = H+, ie, 

(JH = H+ = H. 
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Since J~! is the flip-flop operator from £x H to H x &, the left-hand side coincides 
with H** and hence 


H** == H, 
so that the double adjoint of H gives the closure of H in § x &. As a byproduct, 


one obtains H* = (H)*. It follows directly from the definition that 
(Ht) = (H71), (1.3.3) 


and sometimes the notation H~* := (H*)~! = (H~')* will be used. These facts 
and some further elementary properties of adjoint relations are collected in the 
next proposition. 


Proposition 1.3.2. Let H be a relation from 9 to R. Then the following statements 
hold: 


(i) H* is a closed linear relation, (H)* = H*, and H = H**; 
(ii) (dom H)+ = mul H* and (dom H*)+ = mul H; 
(iii) ker H* = (ran H)+ and (ker H*)+ = ran H. 
It is a direct consequence of Proposition 1.3.2 that 


dom H = dom H** and ranH =ranH™. 


The domain and range of the adjoint relation can be characterized as follows. 


Lemma 1.3.3. Let H be a relation from 9 to R. Then dom H* C R and ran H* C H 
are characterized by 


dom H* = { f € (mul H)* : |(f,h’)| < Myl|Al] for all {h, h'} € H}, 
and 
ran H* = { f' € (ker H)* : |(f’,h)| < My-||h’|| for all {h, h’} € H}, 
where My and My are nonnegative constants depending on f and f', respectively. 


Proof. The first identity will be proved; the second identity follows from the first 
one by using H`! instead of H, and (1.3.3). So let f € dom H*. Then there exists 
an element f’ € with {f, f’} € H*. For {0,h’} € H there exists {hn,hi,} € H 
with {h,,,hi,} > {0,h’}. Hence, it follows from 


Cus hn) = (f, hi.) 


that (f,h’) = 0. Thus, f L mul F. Furthermore, for all {h, h’} € H it follows that 
(F, h| = (f, 2)| < Myl|h||. Hence, dom H* is contained in the right-hand side. 

To prove the converse inclusion, let f belong to the right-hand side. Since 
f € (mul H)+, the linear relation from § to C given by 


© = {{h,(h', f)}: {h,h'} € H}}, dom = dom H, 
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is the graph of a linear functional, which is bounded because 
\(h’, f)| < My||hl| for all {h, h’} € H. 


Its closure ® is a bounded linear functional on dom H, and by the Riesz represen- 
tation theorem there exists an element f'€ dom H such that 


Sh = (h, f), he domH. 


In particular, this shows that (h’, f) = (h, f’) for all {h,h'} € H, which means 
that {f, f} € H*. 


Proposition 1.3.2 and Lemma 1.3.3 immediately yield the following corollary. 


Corollary 1.3.4. Let H be a relation from 9 to R. Then the following statements 
hold: 


(i) H* is an operator if and only if dom H is dense in 9; 

(ii) H is an operator if and only if dom H* is dense in &; 

(iii) if H € B(H, 8), then H* € B(R,5). 
Proof. Items (i) and (ii) are immediate from Proposition 1.3.2. To prove (iii), 
assume H € B(5,8). Since dom H = 9 it follows that H* is a (closed) opera- 


tor. Moreover, since mul H = {0} and H is bounded, Lemma 1.3.3 shows that 
dom H* = . Now the closed graph theorem implies H* € B(&, 9). 


Occasionally the following situation comes up. Let M C H and N C K be 
(not necessarily closed) linear subspaces and let H = M x N. Then 


H* = (J(M x NJ)” = (N x nt = N+ x ont. (1.3.4) 


Note that by the same argument H** = M++ x ++ = M xN, which is of course 
clear from H** = H. 

Let H and K be closed linear relations from § to £. Then the componentwise 
sum H + K is closed if and only if H+ + K+ is closed (see Theorem C.3). Since 
H* = JH+ and K* = JK+, this implies 


H+K closed & H*+K* closed. (1.3.5) 
The next theorem is a variant of the closed range theorem in the general context 
of linear relations. 


Theorem 1.3.5. Let H be a closed relation from 9 to R. Then the following state- 
ments hold: 


(i) dom H is closed if and only if dom H* is closed; 


(ii) ran H is closed if and only if ran H* is closed. 
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Proof. Since H and {0} x & are closed linear subspaces in § x £, it follows from 
the equivalence (1.3.5) that 
H F ({0} x 8) = dom H x & 


is closed if and only if 


H* F ({0} x 5) = dom H* x § 


is closed; cf. (1.3.4). This implies that dom H is closed if and only if dom H* is 
closed, that is, (i) holds. Assertion (ii) follows immediately by applying (i) to the 
inverse H71. 


An operator H from § to & is unitary if H is isometric and dom H = § and 
ran H = R. The next result gives criteria for a relation from § to & in terms of its 
adjoint to be the graph of an isometric or unitary operator. 


Lemma 1.3.6. Let H be a relation from 5 to KR. Then the following statements 
hold: 


(i) H7! c H* if and only if H is an isometric operator; 
(ii) Ht = H* if and only if H is a unitary operator. 


Proof. (i) Assume that H~! C H*. For {h,h’} € H one has {h’,h} € H“! c H* 
which implies ||A|| = ||h’|| for {h,h'} € H. This shows that H is an isometric 
operator. Conversely, let H be an isometric operator and {h’,h} € H~!. Then 
{h,h’} € H and one has (h, k) = (h’,k’) for all {k,k’} € H by polarization. This 
implies {h’,h} € H* and hence H~! c H*. 


(ii) Assume that H~! = H*. Then H is closed and by (i) H is an isometric 
operator. Therefore, dom H is closed by Lemma 1.1.5, and 


(dom H)+ = mul H* = mul H~! = ker H = {0} 


implies dom H = §. Note that H-t! satisfies (H~')~! = (H*)~! = (H7—')* and 
hence by the above argument dom H~! = &. This implies ran H = £ and it follows 
that H is a unitary operator. Conversely, assume that the operator H is unitary. 
Then H € B($, 8), H7! € B(R, 9), and H* € B(R,9) by Corollary 1.3.4. Since 
H is isometric, one has H~! C H* by (i) and equality follows as both H~! and 
H* belong to B(&, 9). 


Unitary operators are often used to identify different relations or Hilbert 
spaces. 


Definition 1.3.7. Let H be a relation in H and let K be a relation in &. Then 
H and K are said to be unitarily equivalent if there exists a unitary operator 
U € B(9, £) such that K = UHU% or, equivalently, 


K = {{Uh,Uh’} : {h,h'} € H}. (1.3.6) 
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Assume that the relations H in § and K in & satisfy (1.3.6). Then one has 
{k,k'} € K* if and only if (U*k’,h) = (U*k,h’) for all {h,h'} € H, that is, 
{U*k, U*k'} € H*. By setting {k,k’} = {Uh,Uh’} it also follows from this that 
{Uh, Uh’} € K* if and only if {h, h’} € H*. Hence, one has 

H* = {{U*k,U*k'} : {k,k'} € K*} 
and 


K* = {{Uh,UKW'} : {hh} € H*}. (1.3.7) 


Lemma 1.3.8. Let H be a closed relation in 9, let K be a closed relation in R, 
assume that p(H) N p(K) #9, and that U € B(9, K) is unitary. Then H and K 
are unitarily equivalent if and only if 


(K =>) * =U(H =d) 'U* (1.3.8) 
for some, and hence for all A € p(H) N p(k). 
Proof. Assume that K = UHU*. Then for all A € p(H)/ p(K) one has 
K-\=U(H-\U*. 


Taking inverses yields (1.3.8). Conversely, assume that the identity (1.3.8) holds 
for some À € p(H)N p(K). Then 


H ={{(H -Af +A - A) )F} sf eH} 


and 


K = {{(K—))-*9, 1+ XK —A)™*)g} sg E R) 
by Lemma 1.2.4. Therefore, 
K = {{(K —d) Uf, 2 +A(K -ADUSI fe 9} 
= {{U(H -AF UU AH -ADAH fe 5} 


= {{Uh,Uh'} : {h,h’} € H} 
= UHU*, 


which completes the argument. 


The next proposition concerns the adjoint of the sum and of the product of 
relations in Hilbert spaces. 


Proposition 1.3.9. Let H and K be relations from 9 to R, and let L be a relation 
from & to &. Then the following statements hold: 


(i) H*+K* c (H+K)*, and if K € B(5,8), then H* + K* = (H + K)*; 
(ii) H*L* c (LH)*, and if L € B(&,6), then H*L* = (LH)*. 
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Proof. (i) To show the inclusion H* + K* C (H + K)* assume that 
{Ff +g} E H*+K*, where {f, f'} € H*, {fg} € K*. 
Next consider {h,h’ + k'} € H + K, where {h,h'} € H and {ħh,k'} € K. Then 
(f",h) = (f, h’) and (g', h) = (f, k'), and hence 
(F +9',h)—(f, h +k) = (F, h) — (f, h’) + (g'h) — (F, k') =0, 
that is, {f, f'+g'} € (H+K)*. Now it will be shown that K € B(, £) implies the 
inclusion (H + K)* C H* + K*. Let {f, f'} € (H+K)*. Then (f’,h) = (f, h' +k’) 
for all {h,h’} € H and {h,k'} € K. Since K € B(9, £) and K* € B(£, $9), it 
follows that k’ = Kh and 
(fh) = (fh) + (F, Kh) = (F, h’) + (K* f, h), 
and hence (f'— K*f,h) = (f,h’) holds for all {h,h'} € H. Therefore, one sees 
{f, f! — K* f} © H* and {f, f'} € H* + K*. 


(ii) First the inclusion H*L* C (LH)* will be shown. Let {f, f’} € H*L*, so 
that {f,g'} € L* and {g', f'} € H* for some g' € &. Consider {h,l/} € LH, 
where {h,h'} € H and {h’,l’} € L for some h’ € &. Then (g',R') = (f, 1’) and 
(f',h) = (g',h') and hence 


(Fh) = (f, v) = (g',h’) B (g', h’) =0 
for any {h, l} € LH. This shows {f, f’} € (LH)*. Assume now that L € B(R, 6) 


and hence L* € B(6,8). In order to show the inclusion (LH)* C H*L*, let 
{f, f} € (LH)*. For {h,h’} € H one has {h, Lh'} € LH and hence 


(Fh) = (f; Lh’) = (L* f, h’). 


This implies {L*f, f'} € H* and together with {f,L*f} € L* one concludes 
{J J} © H*L*. 


Let H be a relation from § to R and A € C. The following consequences of 
Proposition 1.3.9 will prove useful: 


(\H)* = XH", 


and for § = &, 7 
(H — \)* = H*—- 2. 


Hence, according to Proposition 1.3.2 (iii) one has 
ker (H* — X) = (ran (H —))~ and tan(H — A) = (ker(H*—))~. (1.3.9) 
Furthermore, by (1.3.3), 
(H-A = (=). 


In the next proposition the connection between the spectra of H and H* is 
discussed. 
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Proposition 1.3.10. Let H be a relation in § and let A € C. Then the following 
statements hold: 
(i) A € p(H) & à € p(H*); 
(ii) à € o(H) & à € o(H*). 
If, in addition, the relation H is closed, then 
(iii) A € op(H) and Tan (H —A)AH & A €o,(H*) and ran(H* —A)# 9; 
(iv) \ € o (H) and ran(H —A) =H & €o (H*); 
(v) \€0.(H) & à € o(H*). 


Proof. (i) & (ii) If A € p(H), then (H — A)~? is a bounded operator with dense 
domain ran (H — A), and hence it admits a continuous extension 


(H —d)-1 = (H — A) € B(S). (1.3.10) 


Thus, also (H* — \)~! = ((H—)~!)* € B(S) and À € p(H*) follows. Conversely, 
for À € p(H*) one has (H* — \)~! € B(S) since H* is closed. Hence, also (1.3.10) 
holds and from this it is clear that (H — \)~+ is a bounded operator with dense 
domain ran (H — A). This gives (i), and (ii) follows immediately from (i). 


(iii)-(v) are direct consequences of (1.3.9). 


In the next lemma it turns out that the scalar Möbius transform in Def- 
inition 1.1.10 behaves under adjoints as scalar multiplication does. In order to 
formulate the result, let the conjugate of a 2 x 2 matrix M be defined by 


z ap _(a B 
m= (3 3 when m= (° An 


The scalar Möbius transform corresponding to M will be denoted by M. The 
special case of the following lemma for the Cayley transform is particularly useful. 


Lemma 1.3.11. Let H be a relation in § and let M be a 2x2 matrix as in (1.1.15), 
and assume that M is invertible. Then 


(M[H])* = M[H"]. 


In particular, for any u € C\R, 


Proof. First observe that (M[H])* c M[H*]. To see this let, {f, f} € (M[H])*. 
Then, by definition, one has for all {h,h’} € H 


0=(f',ah+ Bh’) — (f, yh + oh’) = (-7f +af’,h) — (8f — BF, h’), 
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which shows that 


aS 
=s 
Sa 
M 
es 
2I OI 
aD 


5) i] = MR", 


and so (M[H])* c M[H*]. 
To see the reverse inclusion M[H*] C (M[H])*, let {f, f'} € M[H*], so that 
for some {y, y’} € H* 
{ff = {ae + By’, Fy + dy}. 
Then for all {h,h’} € H one has that 
(F ah + Bh’) — (f, yh + dh’) = (aô — B7)[(y',h) — (y,h')] =0. 


This implies that M[H*] c (M[H])*. 
The statement about the Cayley transform follows with the special choice 
a= =u y= -=u and G = 6 = 1; cf. (1.1.25). 


The adjoint of the componentwise sum of linear relations is determined in 
the following proposition. Here the notation clos H is used for the closure of a 
relation H. Recall that if H and K are closed, then H + K is closed if and only if 
H* + K* is closed; cf. (1.3.5). 


Proposition 1.3.12. Let H and K be relations from 5 to R. Then one has 
(HFK) =H*NK* and clos(H+K) = (H*n K*)’. (1.3.11) 


Proof. To verify the inclusion (H + K)* c H* A K*, let {f, f'} € (H F K)*. Then 
for every {h,h'} € H and {k,k’} € K one has 


(fi h+k)=(f,h' +k’). 


In particular, (f’,h) = (f,h’) for all {h,h’} € H and (f’,k) = (f,k’) for all 
{k,k’} € K. It follows that {f, f’} € H* A K*. Conversely, if {f, f} € H* A K*, 
then 
(fi h)=(fh') and (fk) = (fF) 

hold for all {h, h’} € H and {k,k’} € K. Adding these two identities one obtains 
(f! h+k) = (f,h’ +k’) and hence {f, f’} € (H + K)*. This shows the first identity 
in (1.3.11). The second identity in (1.3.11) follows from the first identity by taking 
adjoints. 


The adjoint of an orthogonal sum of relations behaves like the orthogonal 
complement of a sum of orthogonal subspaces. 
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Proposition 1.3.13. Let H be a relation from 9, to Kı, let K be a relation from 
Hq to Ro, and let H & K be their orthogonal sum. Then 


(H @ KY = H* & K*, 
where the adjoint in each case is taken in the corresponding Hilbert spaces. 


Let H be a relation from § to K. Recall that the closure of H is given by H** 
and that H is a closable operator if and only if mul H** = {0}. The orthogonal 
decomposition 

& = dom H* © mul H** 


implies a related range decomposition of the relation H itself. 


Theorem 1.3.14. Let H be a relation from 9 to R and let Q be the orthogonal 
projection in R onto dom H*. Then H admits the sum decomposition 


H = QH + (I - Q)H, (1.3.12) 
where the relations QH and (I — Q)H have the following properties: 


(i) QH is a closable operator; 

(ii) clos (U — Q)H) = dom H x mul H**. 
Proof. As to the decomposition (1.3.12) it is clear that H C QH + (I - Q)H. 
For the converse, consider {h, Qh’ + (I — Q)h"} for some {h,h’}, {h,h”} € H. 


Observe that {0,h’ — h”} € H, i.e., h’—h” € mul H C mul H** = ker Q. Hence, 
Q(h’ — h”) = 0 and this leads to 


{h,Qh' + (I — Q)h"} = {h,Q(h' — h”) +h” } = {h,h"} € H. 
Hence, also QH + (I — Q)H c H. Thus, (1.3.12) holds. 


(i) By Corollary 1.3.4, it suffices to show that dom (QHĦ)* is dense in £. Observe 
that (QH)* = H*Q by Proposition 1.3.9, and hence 


dom (QH)* = dom H*Q = dom H* @ ker Q. (1.3.13) 


To see the last identity in (1.3.13) first observe that h € dom H*Q if and only 
if Qh € dom H*. Hence, if h € dom H*Q, then h = Qh + (I — Q)h shows that 
h € dom H* © ker Q. Conversely, if h € dom H* @ ker Q, then h = f + g, where 
f € dom H* and g € ker Q. Hence, Qh = f € dom H* and thus h € dom H*Q. 
This shows the last identity in (1.3.13). Now observe that ker Q = (dom H*)+ and 
the identity (1.3.13) takes the form 


dom (QH)* = dom H* @ (dom H*)+, 


which implies that dom (QH)* is dense in &. 
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(ii) First it will be shown that 
H*(I = Q) = dom H* x mul H”. (1.3.14) 


For the inclusion (C), let {h, h’} € H*(I—Q). Then {(1—Q)h, h’} € H* and since 
(I —Q)h € (dom H*)+, it follows that (T — Q)h = 0. Thus, h = Qh € dom H* and 
h’! € mul H*. For the inclusion (D) in (1.3.14), let h € dom H* and h’ € mul H*. 
Then (I — Q)h = 0 and hence {(I — Q)h,h’} = {0,h’} € H*. This implies that 
{h,h'} € H*(I - Q). 

It follows from Proposition 1.3.9 that ((7— Q)H)* = H*(I — Q) and together 
with (1.3.14) one obtains 


ae 


dom H* x mul H*)* 
= (mul H*)+ x (dom H*)+ 
= dom H x mul H**; 


here (1.3.4) was used in the last but one step. This completes the proof of (ii). 


The sum decomposition in (1.3.12) is called the Lebesgue decomposition of 
the relation H into the regular part QH and the singular part (I — Q)H. The 
closure of the regular part QH is (the graph of) an operator, while the closure of 
the singular part (J — Q)H is a product of closed subspaces. This decomposition 
is the abstract variant of the Lebesgue decomposition of a measure. 

The Lebesgue decomposition (1.3.12) for a relation H from § to & gives rise 
to a componentwise direct sum decomposition when mul H = mul H**. 


Theorem 1.3.15. Let H be a relation from 9 to R and let Q be the orthogonal 
projection in R onto dom H*. Assume that 


mul H = mul H**, (1.3.15) 


so that R can be decomposed as R = dom H* $ mul H. Then QH C H and the 
relation H has the direct sum decomposition 


H = QH + ({0} x mul H), (1.3.16) 


where QH is a closable operator from § to R and {0} x mul H is a purely mul- 
tivalued relation in mul H. Moreover, if the relation H is closed, then (1.3.15) is 
automatically satisfied and the operator QH is closed. 


Proof. Note that any element {h, h’} € H can be written as 


{h, W} = {h, Qh'} + {0, (I — Q)h’}. (1.3.17) 
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Under the assumption (1.3.15) the orthogonal projection J — Q maps onto mul H 
and hence the relation H is contained in the right-hand side of (1.3.16). The 
identity (1.3.17) also implies QH C H and it follows that the right-hand side of 
(1.3.16) is contained in H. According to Theorem 1.3.14, QH is a closable operator 
and hence the sum in (1.3.16) is direct. 

Now assume that the relation H is closed. In order to show that QH is closed, 
let {hn, hi, } E H be a sequence such that {hn, Qhi, } > {9, Y}. Since QH C H, 
it follows that {y,w} € H. Moreover, Qhi, > y implies Y = Qw and hence 
{0.0} = {v, Qu} € QH. 


According to the above theorem, the closable operator QH acts as an operator 
part of the relation H in the direct sum decomposition (1.3.16). Note that 


dom QH =domH and ranQH C dom H*. (1.3.18) 


The following theorem continues this line of thought in the special but useful 
situation where £ = 9, i.e., when H is a relation in §. Recall from Theorem 1.3.15 
that if the relation H is closed then actually the operator QH is closed. 


Theorem 1.3.16. Let H be a relation in 9, let Q be the orthogonal projection onto 
dom H*, and assume mul H = mul H**. Suppose, in addition, that 


dom H C dom H* or, equivalently, mul H C mul H*. (1.3.19) 


Then the closable operator QH acts in the Hilbert space dom H* and H has the 
orthogonal sum decomposition 


H = QH 6 ({0} x mul H). (1.3.20) 
Moreover, QH is densely defined in dom H* if and only if mul H = mul H*. 


Proof. Since the condition (1.3.15) is assumed, Theorem 1.3.15 applies, and so the 
direct sum decomposition (1.3.16) holds, where QH is a closable operator in § 
and {0} x mul # is a purely multivalued relation in mul H. 

Now the equivalence in (1.3.19) will be shown. If dom H C dom H*, it follows 
by taking orthogonal complements that mul H = mul H** C mul H*. Conversely, 
if mul H = mul H** C mul H*, it follows by taking orthogonal complements that 
dom H** C dom H* and, in particular, dom H C dom H*. 

The conditions (1.3.19) and (1.3.18) imply that the closable operator QH 
acts in the Hilbert space dom H* and hence the componentwise decomposition 
of H in (1.3.16) is actually a componentwise orthogonal sum, i.e., (1.3.20) holds. 
Furthermore, since dom QH = dom H by (1.3.18), it follows that the operator QH 
is densely defined in dom H* if and only if dom H = dom H*, which is equivalent 
to mul H = mul H*. 
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The message of this theorem is that when mul H = mul H**, the Hilbert 
space decomposes in § = dom H* @ mul H, and the regular part of the relation H 
serves as a not necessarily densely defined (orthogonal) operator part of H in the 
Hilbert space dom H*. In the rest of this text the following notation will be used: 


Hop =dom H*, Hanu = mul H = mul H, 


and, similarly, 
Hop = QH, Ayu = {0} x mul H. 


With these notations one has 
H= Hop ® Amul; H= Hop & Ayu; 


cf. Theorem 1.4.11, Theorem 1.5.1, and Theorem 1.6.12. The relation Hy) is 
purely multivalued and self-adjoint in the Hilbert space Hmu by (1.3.4), that is, 


Amu = (Hmu )*. 
From Proposition 1.3.13 one then obtains 
H* = (Hop )* @ Hmu 
and hence the adjoint (Hop )* of Hop in Hop satisfies 
(Hop )* = H*N (Sop x Hop ) 
and its multivalued part in Hop is mul H* N Hop. Note that 


mul H* = mul (A.,)* 6 mul Amu = (mul H* Si.) ® mul H. 


This section ends by introducing the Moore-Penrose inverse of a relation; cf. 
Appendix D. 


Definition 1.3.17. Let H be a relation from § to K. Then the Moore-Penrose 
inverse HOC) of H from & to $ is defined as the relation 


HOY) = Pisoni a Pu g- H7. 


In fact, the Moore-Penrose inverse H‘—") of H is an operator. To see this, let 
{0,k} € HCY. Then {0,h} € H~! and {h,k} € Piker g). for some h € §. Since 
k = Pxer m)+h and h € ker H, it follows that k = 0. Furthermore, if H is closed, 
then Theorem 1.3.15 applied to H~! (in which case Q = Piker g) ) shows that 


H! = Per g) H~' F ({0} x ker H). 


Hence, the Moore-Penrose inverse H(® coincides with the operator part of H~!. 
Moreover, if H is closed then ran H is closed if and only if H‘-!) takes ran H 
boundedly into (ker H)+, in which case HY € B(ran H, (ker H)+). Note that for 
H € B(S,8) the Moore-Penrose inverse coincides with the usual Moore-Penrose 
inverse, see Appendix D. 
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Example 1.3.18. Let T be a closed relation in § and assume that A € p(T). Then 
H = (T — \)71 € B(S) with ker H = mulT and ran H = domT, so that the 
Moore-Penrose inverse of H is the operator given by 


HC) = Tap =, 


which maps dom T into (mul T)+. 


1.4 Symmetric relations 


Symmetric relations are the building stones of this text. Here the basic properties 
of such relations will be developed. The special case of self-adjoint relations will 
be treated in more detail in the next section. 


Definition 1.4.1. A relation S in 9 is called symmetric if S C S*, and self-adjoint 
if S = S*. A symmetric relation S in 9 is said to be maximal symmetric if every 
symmetric extension S’ of S in § satisfies S’ = S. 


It follows immediately from the definition of the adjoint relation that a rela- 
tion S is symmetric if and only if 


(fg =(.9') foral {f, f}, {9:9} € S. (1.4.1) 


The following lemma provides a slightly stronger statement and an easily 
verifiable condition for the symmetry of a relation. 


Lemma 1.4.2. A relation S in 9 is symmetric if and only if 


Im (f’, f) =0 forall {f,f} eS. (1.4.2) 


Proof. If S C $*, then (1.4.1) implies (1.4.2). Conversely, assume that (1.4.2) 
holds. Let {f, f’},{9,9’} € S and let A € C. Then {f + Ag, f’ + Ag’} € S and it 
follows from 


(E +g FE Ag) = (Ff) EAG 9) AGA) + IAP’, g), 
and the assumption Im (f’ + Ag’, f + Ag) = 0 that 
Im [X(f",9) +g", AY] = 0. 
By putting \ = 1 and A = 7, respectively, one obtains 
Im(f’,g) = -Im (g', f),  Re(f‘,g) = Re(g’, f), 


which leads to the equality (f’,g) = (g', f) = (f,9'). Hence, the relation S$ is 
symmetric by (1.4.1). 
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If S is symmetric, then clearly also S C $*, since S* is closed. Hence, the 
closure S is also symmetric. In particular, if S is maximal symmetric, then S is 
closed. Thus, every self-adjoint relation is maximal symmetric. 


Lemma 1.4.3. Let S be a symmetric relation in H. Then mul S C mul S*. If S is 
maximal symmetric, then mul S = mul S*. 


Proof. Let S be symmetric. Then it follows directly from Definition 1.4.1 that 
mul S C mul S*. 


Now assume S is maximal symmetric. It suffices to show mul S* C mul S. If 
k € mul S* = (dom S)+, then 


S F span {0, k} = {{h,h' +k}: {h,h'} € S} 
is a symmetric extension of S, as Im (h’+k,h) = Im (h’,h) = 0 for all {h,h’} € S. 


Since S' is maximal symmetric, it follows that {0, k} € S and k € mulS. Thus, 
mul S* C mul S. 


As an example consider the relation S defined by S = {0} xN, where NC H 
is a linear subspace. It follows from (1.3.4) that S* = N+ x H and S** = {0} x N. 
Hence, S is symmetric, while 


milS=t, mulS=N, muls =H, 


which shows that if S is closed the inclusion mul S C mul S* in Lemma 1.4.3 is 
in general strict. Moreover, in the present example S is self-adjoint if and only if 
N = H. If S is maximal symmetric then according to Lemma 1.4.3 one has N = 9, 
so that S is self-adjoint. 


In the rest of this text the interest will often be in extensions that are closed; 
in particular, in relations H that are self-adjoint extensions of a given symmetric 
relation S, 

SCH=H* cS. 


Observe that H is a self-adjoint extension of S if and only if H is a self-adjoint 
extension of the closure S. In that sense it will often be assumed without loss of 


generality that S' is closed; recall that y(S) = y(S). 


Proposition 1.4.4. Let S be a symmetric relation in H. Then C \ R is contained in 
(S) and, in particular, the defect ny(S) = dim (ran (S — \))+ is constant for all 
A € Ct and all A€ C~. Furthermore, op(S)Uo-(S) CR and 


= 1 
NS -ATH < Il (1.4.3) 


for all h € dom (S — A)! = ran (S — A) and `AE C \R. 


44 Chapter 1. Linear Relations in Hilbert Spaces 


Proof. Let A€ C\R and {f, f’} € S, so that {f’ — Af, f} € (S —A)71. As S is 
symmetric, one has Im(f’, f) = 0 by Lemma 1.4.2, and hence 


0 < |Im\(f, f) = [Im (F = AF, PIS If — ASIII 
and for f Æ 0 this implies 
0 < [Im AFI < lf’ — AFI 


Therefore, (S — A)T} is an operator and (1.4.3) holds for all h € dom (S—A)~! and 
A € C\R. This also shows C \ R C (S) and it follows from Theorem 1.2.5 that 
the defect n)(S') is constant on C* and C~. It is clear that the point spectrum 
op(S) is contained in R, and since (S — \)~! is bounded for A € C \ R, also the 
continuous spectrum o,() is contained in R. 


The defect numbers n(S') of a symmetric relation S are defined as 


na(S) := dim (ran (S F i))™ = dim (ker (S* +4), (1.4.4) 


where according to Proposition 1.4.4 the point +i in (1.4.4) can be replaced by 
any A € CF. 

In the case where the symmetric relation S is bounded from below in the 
sense of the next definition it follows that y(S) N R # @ and thus 7(S) consists 
of one component only; cf. Proposition 1.4.6. In particular, the defect numbers 
n+(S) and n_(S) coincide in this case. 


Definition 1.4.5. Let S be a relation in §. Then S is said to be bounded from below 
if there exists a number 7 € R such that 


(ff) Zn, f) forall {f, f} es. (1.4.5) 
The lower bound m(S) of S is the largest number 7 € R for which (1.4.5) holds: 
aoe) td) ; \ 
m(s) =int ED: res, soy. 


The inequality (1.4.5) will be written as S > J, which will be further abbreviated 
to S > n. If S > 0, then S is called nonnegative (and S may have a positive lower 
bound). 


For a relation S that is bounded from below also the terminology semibounded 
relation will be used. If S is bounded from below, then it follows directly from 
Lemma 1.4.2 that S is symmetric. Moreover, if (1.4.5) is satisfied for all 7 € R, 
then ni| fl]? < IZII] for {f, f} € S and n € R shows that dom S = {0} and 
hence S is a purely multivalued relation. 
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Proposition 1.4.6. Let S be a symmetric relation in H which is bounded from below 
with lower bound m(S) € R. Then C\[m(S), co) is contained in y(S) and the defect 
na (S) = dim (ran (S — \))+ is constant for all A € C \ [m(S),0o). Furthermore, 
opl S) U a-(S) C [m(S), œ) and 


I(S -= v) hll < | (1.4.6) 


=o 
m(S)—v 
for all h € dom (S —v)~+ and v < m(S). 

Proof. For {f, f'} € S and v < m(S) the assumption (f’ — m(S)f, f) > 0 implies 


(m(S) = VF, F) < (F = m(S)f + (m(S) =v) f, f) = (F = vf, f) 
< IF = vN- 


Hence, if f 4 0 it follows that (m(S) — v)||f|| < || f’ —vf|| holds for all {f, f'} € S 
and v < m(S). This shows that (S—v)~+ is an operator and (1.4.6) holds. Recalling 
Proposition 1.4.4, one has C \ [m(S), oo) C y(S$), and Theorem 1.2.5 implies that 
the defect n,(S) is constant on C \ [m(S$),0o), and op(S) U a(S) C [m(S), co) 
holds. 


Lemma 1.4.7. Let S be a closed symmetric relation in § and let A € y(S). Then 
ran(S* — A) = 9. 


Proof. Let A € 7(S), then also A € 7(9) (for A € C \R this follows from Propo- 


sition 1.4.4). This implies that ran (5 — A) is closed according to Lemma 1.2.2. 


Hence, ran (9* — A) is closed by Theorem 1.3.5. Moreover, A € (9) implies 
ker (S — A) = {0} and therefore 


(ran (S* — i) = ker (S — \) = {0}, 
that is, ran (.S* — A) is dense in §. It follows that ran (S* — A) = 9. 


In the next proposition the Cayley transform and the inverse Cayley trans- 
form of symmetric relations are considered. 


Proposition 1.4.8. Let u € C\R and let C, and F, be the Cayley transform and 
inverse Cayley transform in Definition 1.1.13. Let S and V be relations in § such 
that V = C [S] or, equivalently, S = F,,[V]. Then the following statements hold: 


(i) S is a (closed) symmetric relation if and only if V is a (closed) isometric 
operator; 

(ii) S is a maximal symmetric relation if and only if V is an isometric operator 
such that dom V = 9 or ran V = 9%. 


Proof. (i) Let S and V be relations such that V = C,,[S] with u € C \ R. Then 
(1.1.23), (1.1.25), and Lemma 1.3.11 show that 


yt = Cals] and V*= CalsS*]: 
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These equalities and an application of the inverse Cayley transform give 
Vicv* & @,[S]ce@,[S*] = SCs". 


Now Lemma 1.3.6 shows that S is a symmetric relation if and only if V is an 
isometric operator. Moreover, by (1.1.18), S is closed if and only if V~! = €;[5] 
is closed, which completes the proof of (i). 


(ii) Let S be maximal symmetric and let V = C,,[S]. Assume that V’ is an isometric 
extension of V in §. Then S’ = F,,[V’] is a symmetric extension of S and hence 
S’ = S. This implies V’ = V and hence dom V = § or ran V = §. The converse 
statement is proved by the same argument. 


It follows from Proposition 1.4.8 (ii) and (1.1.24) that a symmetric relation 
S in § is maximal symmetric if and only if 


ran (S — yw) =H (1.4.7) 


for some, and hence for all u € C* or for some, and hence for all u € C7. 


Definition 1.4.9. Let S be a symmetric relation in § and let A € C. The spaces 
Mta(S*) = ker (S*—A) and PAS) = {{fa, Af}: fr € Wa(S")} 
are called defect subspaces of S at the point A € C. 
Note that the defect numbers n($) in (1.4.4) satisfy 


nz(S) = dim N+;(S*) = dim Ma (9*), = AE CF. 


Since the adjoint relation 9* is closed by Proposition 1.3.2, the defect sub- 
spaces Na (S*) C dom S* and 9t\(.S*) C S* are closed subspaces of H and $7, 
respectively. The notation in Definition 1.4.9 will be used throughout the text. 
Besides the defect subspaces 9t,(5*) and 3t,(S*) also the spaces 


NA(S) = ker(S—A) and Hy(S) := {{ fa Afa} : fr € Ma(S)} 
for a symmetric relation S will be used. Moreover, let 
Noo(S):=mul$ and Naels) := {{0, f}: f € No(S)}. 


Lemma 1.4.10. Let S be a closed symmetric relation in 9 and let H C S* be a 
closed extension of S such that p(H) #0. Then for A, u € p(H) 


I+(A—p)(H - A) (1.4.8) 


is boundedly invertible with inverse I + (u — \)(H — p)~!. For u € p(H) the 
mapping (1.4.8) is holomorphic in A. Moreover, for A, € p(H) the operator in 
(1.4.8) maps N (S*) bijectively onto Na (S*). 
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Proof. Let A, u € p(H). Then the first assertion follows from Corollary 1.2.8. The 
holomorphy of A ++ I+ (A — u)(H — A)7! follows from the holomorphy of the 
resolvent; cf. Corollary 1.2.7. As to the defect spaces, it is first verified that for 
fu E Ny(S*) one has 


fx := (1+ (A p)(A — d)7*) fy E€ NA(S*) = ran (S — At. (1.4.9) 


To see this, let {g,g'} € S and consider 
(ag — Ag) = (OA = 2)(H =A) fu g — Ag) 
= (fu, (T+ (A = B)(H* = A) )(g' — àg)). 
Since ` € p(H*) according to Proposition 1.3.10 and S C H* it follows that 
(H* — \)~1(g' — Ag) = g, and so 
(fr. 9! — Ag) = (Fag — Ag + (A — ig) = (fu. g' — fig) = 0. 


Hence, (1.4.9) is clear. It follows that the operator in (1.4.8) maps 9t,,(S*) to 
N, (S*). The same reasoning with À and p interchanged shows that the map is in 
fact onto. 


Closed symmetric relations can be written as orthogonal sums of closed sym- 
metric operators and self-adjoint purely multivalued linear relations. This is a 
straightforward consequence of Theorem 1.3.16. 


Theorem 1.4.11. Let S be a closed symmetric relation in H. Decompose H as 
H = Hop © mul; Hop := (mul S)+ and Hmua := mul S, and denote the orthog- 
onal projection from 9 onto Hop by Pop. Then S is the direct orthogonal sum 
Sop ® Smul of the closed symmetric operator 


Sop = {{F, Po fh {Ff € St 


in Hop and the self-adjoint purely multivalued relation 
Smul = {{0, f} : P E Himi) = {{0, (I — Pop) f} : {FFG = S} 


in mu. Moreover, the operator Sop is densely defined in Hop if and only if 
mul S = mul S*. If the relation S is maximal symmetric, then Sop is a densely 
defined maximal symmetric operator in Hop - 


Proof. By assumption the relation S is closed and symmetric, which implies that 
mul S = mul S** and dom S$ C dom S*. Thus, Theorem 1.3.16 applies and yields 
the indicated decomposition and the criterion for the denseness of Sop follows. 

If S is maximal symmetric, then mul S = mul.$* by Lemma 1.4.3. Hence, 
in this case the operator Sop is densely defined. Assume that Sı is a symmetric 
extension of Sop in Nop. Then Sı B Simi is a symmetric extension of S' and hence 
coincides with S. This implies Sop = S1 and therefore Sop is a maximal symmetric 
operator in Nop - 


48 Chapter 1. Linear Relations in Hilbert Spaces 


1.5 Self-adjoint relations 


For self-adjoint relations there is always an orthogonal decomposition into a self- 
adjoint operator and a self-adjoint purely multivalued part. This reduction allows 
one to apply the spectral theory for self-adjoint operators in the present context, 
see also Chapter 3. This section contains a brief introduction and a number of 
consequences of this approach; in particular, nonnegative and semibounded self- 
adjoint relations will be considered. 


The following reduction result is a specialization of Theorem 1.4.11 for self- 
adjoint relations. 


Theorem 1.5.1. Let H be a self-adjoint relation in H. Decompose the space H as 
= Hop ® Hoo; where 


Nop := dom H = (mul H)+ and mu := mul H, 


and denote the orthogonal projection from H onto Hop by Pop. Then H is the 
direct orthogonal sum Hop © Hu of the (densely defined) self-adjoint operator 


Hop z= Tf Paf : LFF = H} 
in Hop and the self-adjoint purely multivalued relation 
Anu = {{0, F3} : f € Git => {{0, (I = Pdf 3 : tf, ft = H} 
in Nmul . 


Observe that for A € C \ R the resolvent of H in Theorem 1.5.1 admits the 
matrix representation 


Cee a = (H m D = ~ y o) (15.1) 


with respect to the space decomposition § = Nop P Nmu- Here top denotes the 
canonical embedding of Hop in 9. 

In the following it is explained how the spectral theory and the functional 
calculus for self-adjoint operators extend via Theorem 1.5.1 to self-adjoint rela- 
tions. First of all it is clear that the finite (real) spectrum of a self-adjoint relation 
H = Hoy ® Hmu is the same as that of the self-adjoint operator part Hop. Note 
that p(Hmu) = C and that o( H7} ) consists only of the eigenvalue 0. The es- 
sential spectrum Ooss(H) and discrete spectrum oa(H) of a self-adjoint relation H 
are defined as the essential spectrum and discrete spectrum of its operator part 
Hop , respectively. Recall that the discrete spectrum consists of all isolated eigen- 
values of finite multiplicity and the essential spectrum is the remaining part of 
the spectrum; it consists of the continuous spectrum, eigenvalues embedded in the 
continuous spectrum, and isolated eigenvalues of infinite multiplicity. It is useful 
to observe that A € og(H) if and only if dim ker (H — A) < oo and ran (H — A) is 
closed. 
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The spectral measure Eop (-) of the self-adjoint operator Hop is defined for the 
Borel sets in R with orthogonal projections in op as values, and the corresponding 
spectral function is defined as t+ Eo)((—oo,t)). Then one has 


Hopf = | taBop (Of, 


nee { f © Bop : I 2 d(Eo (t) f, f) < co 5 
R 


Furthermore, for a bounded measurable function h : R + C the bounded operator 
h(Hop ) € B(Hop ) is defined via the functional calculus for self-adjoint operators 
in Nop: 


h(Aop ) = 1 h(t) dEsp (t): (1.5.2) 
R 
In particular, the spectral calculus leads to the formula 
1 
(Hop — A) = f pay tbo (t), 2A€ p(Hop). (1.5.3) 
Rt 


The spectral projection Fop ((a, b)) can be obtained with the help of the resolvent 
of Hop and Stone’s formula 


b—e 


r A 1 an1 La 1 
aim, lim, 55 m ((Hop — (t + iô)) (Hop — (t— iô)) ~) dt, (1.5.4) 


E 


where the limits exist in the strong sense. 
The spectral measure of a self-adjoint relation will be defined on R as the 
orthogonal sum of the spectral measure of Hop and the zero operator in mul - 


Definition 1.5.2. Let H = Hop & Ham be a self-adjoint relation in the Hilbert 
space Ñ = Hop PBHmui and denote the spectral measure of the self-adjoint operator 
Hop in Hop by Eop (+). Then the spectral measure E(-) of H is defined as 


E(.) = eu al 


with respect to the decomposition § = Hop S Hmu- 


Now the functional calculus for the self-adjoint operator Hop yields the func- 
tional calculus for the self-adjoint relation H = Hop ® Hmu. More precisely, for 
a bounded measurable function h : R > C one defines 


h(H) = Í h(t) dE (t) 


in accordance with (1.5.2). It follows directly from Definition 1.5.2 and (1.5.2) that 


h(H) = h( Hop ) ® Ormul H (1.5.5) 
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is an everywhere defined bounded operator in §. In particular, for the resolvent 
of H in (1.5.1) one has 


co me 1 El), A € p(H); (1.5.6) 


cf. (1.5.3). Note that the spectral projection E((a,b)) of H is also given by Stone’s 
formula 


. : a ael sayi 
Jm ee ((H — (t+ 16)) (H — (t —%6)) ~) dt, (1.5.7) 


which again follows from the decomposition of the resolvent of H in (1.5.1); as in 
(1.5.4), the limits are understood in the strong sense. A proof of Stone’s formula 
(in the weak sense) can also be found in Example A.1.4. 

The next lemma on the strong convergence follows from the properties of the 
functional calculus of self-adjoint operators; cf. [649, Theorem VIII.5] and (1.5.5). 
It will be used in Chapter 3. 


Lemma 1.5.3. Let hn : R —> C be a sequence of bounded measurable functions 
which converge pointwise to h such that ||hn||œ is bounded. Then 
jim, hn(Hop )f = h(Hop)f, f © Hop ; 


and 
lim h,(H)g = h(H)g, gE%. 
n— oo 
The next proposition on the Cayley transform of self-adjoint relations com- 
plements Proposition 1.4.8. 


Proposition 1.5.4. Let u € C\R and let C,, and F, be the Cayley transform and 
inverse Cayley transform defined in (1.1.23). Let S and V be relations such that 
V = C [S] or, equivalently, S = F [V]. Then S is a self-adjoint relation if and 
only if V is a unitary operator. 


Proof. As in the proof of Proposition 1.4.8 one obtains for V = €, [S] and u € C\R 
that 
Vo=sV* = lS] = GS] e S= 5*, 


and now the assertion follows from Lemma 1.3.6. 


The following theorem is useful when one needs to prove that a given relation 
is self-adjoint. It is often easy to check that a relation is symmetric and hence it is 
convenient to have equivalent conditions for a symmetric relation to be self-adjoint 
available. 


Theorem 1.5.5. Let S be a closed symmetric relation in H. Then the following 
statements are equivalent: 
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(i) S=S*; 
(ii) ker (S* — A) = {0} = ker (S* — u) for some, and hence for all X € Ct and 

EC; 
(iii) ran (S — \) = § = ran (S — u) for some, and hence for all X € C* and 

EC; 


(iv) C\RC (8). 


If the closed symmetric relation S is bounded from below by m(S) € R or, more 
generally, y(S)AR 4 @, then X, u in (ii) and (iii) can also be chosen in (—co, m(S)) 
or ¥(S)OR, respectively, such that A = u. In the case S > m(S) item (iv) can be 
replaced by C \ [m(S),o0) C p(S). 


Proof. (i) = (ii) From Proposition 1.4.4 it follows that ker(S — A) = {0} for 
A € C \ R, and as S = S* one concludes (ii). 


ii) & (iii) follows from the identity (ran (S — A))+ = ker ($* — A) and the fact 
that ran (S — A) is closed for A € C\R by Proposition 1.4.4 and Lemma 1.2.2. 
Note also that ran (5 — A) = § for some A € C* implies ran (S — A) = § for all 
A € C* by Theorem 1.2.5 and C* C 7(S). 


iii) > (iv) Since C \ R C (8S) by Proposition 1.4.4 and ran (S—A) = §,rA€C\R, 
is closed, it follows that (S — à)! € B(%), à € C\ R. Now Lemma 1.2.4 implies 
C\RC p(S). 


iv) = (i) It suffices to show S* C S. For this let {f, f'} € S* and À € C \ R. As 
A € p(S), there exists {g, g'} € S such that 


f'—Af =g — Ag. 
Hence, {f — g, A(f — 9)} ={f, £3 — {9,9} € S* and 


f — g € ker(S* — A) = (ran (S —))t. 


Since with À € p(S) also à € p(S), it follows that f = g and hence f’ = g', that 
is, {f, f’} € S. 


If S is bounded from below with lower bound m(S), then C \ [m(S), 00) c y(S) 
by Proposition 1.4.6. Hence, if A = u < m(S), then ran (S — A) = § implies 
ran (S — A) = § for all A € C \ [m(S), oo) by Theorem 1.2.5. It is also clear that 
for \ = u < m(S) one has (ran (S — \))+ = ker (S* — A), and that ran (S — A) is 
closed. This shows the equivalence of (ii) and (iii), and the argument remains true 
in the more general situation y(S) AR 4 Ø. As above one concludes in the case 


S > m(S) from C \ [m(S), o0) C 7(S) that (iii) implies C \ [m(S), co) c p(S). 


Note also that if a closed symmetric relation S' is self-adjoint and bounded 
from below with lower bound m(S) € R, then one has o(S) C [m(S),0o) by 
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Theorem 1.5.5 (iv). In fact, one verifies with the help of the spectral measure of 
S or of its operator part Sop that 


m(S) = mino(S). 


In some cases it is useful to have the following variant of the equivalence of 
(i) and (iii) in Theorem 1.5.5 in which S' is not assumed to be closed. 


Proposition 1.5.6. Let S be a symmetric relation in H. Then S is self-adjoint if 
and only if ran(S — A) = § = ran (S — u) for some, and hence for all A € Ct 
and p € C-. If S is semibounded with lower bound m(S) or, more generally, 
(SJ OR # O, then A and u can also be chosen in (—oo,m(S)) or 7(S) NR, 
respectively, such that \ = m. 


Proof. Note that by Lemma 1.2.2 the condition ran (S — A) = § for some A € 7(5) 
implies that S is closed. Now the assertions follow from Theorem 1.5.5. 


Let S be a symmetric relation in §. Then it is easy to see that 
SFRS), cER, and SFR(S*) 


are also symmetric relations in §. The next lemma provides a necessary and suffi- 
cient condition for the self-adjointness of these relations, which applies, in partic- 
ular, when 7(S)N RF 0. 


Lemma 1.5.7. Let S be a symmetric relation in § and let x € R. 
(i) The symmetric relation S + Na (S*) is self-adjoint if and only if 
ran (S =x] =ran(S — x) Mran(S* — 2). 
In particular, if ran (S — x) is closed, then S + m(5") is self-adjoint. 
(ii) The symmetric relation S + No. (S*) is self-adjoint if and only if 
dom S = dom § N dom S*. (1.5.8) 
In particular, if dom S is closed, then S + Tt (S*) is self-adjoint. 
Proof. (i) This assertion is a consequence of item (ii). In fact, consider the sym- 
metric relation T = (S — x)~!, note that T* = ($* —)~! and mulT* = %,(S*), 
and observe that the following statements (a)—(c) are equivalent 


(a) SEM F Na(S*) is self-adjoint; 
(b) i —a) FN (mt 2(S*) x {0}) is self-adjoint; 
(c) (S —a)~1 + ({O} x Na(S*)) = T + ({0} x mul T*) is self-adjoint. 
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Now (ii) shows that (a)—(c) are equivalent to 
(d) dom T = dom T N dom T*; 
(e) ran (S — x) = Tan (S — x) N ran (S* — x), 


which implies (i). 


(ii) Observe first that the relation S + T(S) = S F ({0} x mul $*) is symmetric 
and by Proposition 1.3.12 and (1.3.4) its adjoint is given by 


(S F Ral5*))* = (9 F ({0} x mul S*))* = 9* n (dom S x 9). (1.5.9) 
Now assume that S + Mls”) is self-adjoint. Then 
S F ({0} x mul S*) = S* N (dom S x %5), 


which implies (1.5.8). Conversely, assume that (1.5.8) holds. Since S + Noo (S*) 
is symmetric, it suffices to show that 


S* N (dom S x §) c S +({0} x mul S*); (1.5.10) 


cf. (1.5.9). Let {f, f’} belong to the left-hand side of (1.5.10). Then it follows 
from (1.5.8) that f € dom S, so that {f,g} € S C S* for some g € H. Therefore, 


{0, f’-g} ={f, f'} — {f.g} € S*, so that f’ — g € mul S* and 
{ff} = {6.9} + {0,2 — g} € S F ({0} x mul 3*). 


This shows that (1.5.10) holds. Hence, S + 3,,(S*) is self-adjoint. 


The rest of this section is devoted to self-adjoint relations that are semi- 
bounded; cf. Chapter 5. In particular, the square root of a nonnegative self-adjoint 
relation is constructed. The material presented here will play an essential role later 
in the text. 


Lemma 1.5.8. Let H be a closed relation from 9 to R. Then the relations H* H 
and HH* are nonnegative and self-adjoint in H and R, respectively. 


Proof. In order to see that H*H > 0, let {h,h’} € H*H. Then {h,l} € H and 
{l,h’} € H* for some l € R, so that 


(h’,h) = (1,1) > 0. 


Hence, H* H is nonnegative and, in particular, symmetric. 

In order to show that H*H is self-adjoint in 9 it suffices to verify the identity 
ran(H*H + I) = 9; cf. Proposition 1.5.6. For this let f € Ý and note that 
HxR= HO5xRH", as H is closed. It follows that there is a unique decomposition 


{f,0}={h, W} + {kk}, {hh} eH, {k,k'} e H+. 
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Hence, 

f=ht+k, 0=A'+RK, 
which leads to {—k, h'} = {—k, —k’} € H+ and {h', k} = J{—-k,h’} € JH+ = HY, 
where J is the flip-flop operator in (1.3.1). Thus, {h,h’} € H and {h’,k} € H* 
imply {h,k} € H*H and 


{h, f} = {h,k +h} € H*H +I, 


so that f € ran (H*H + I). Thus, ran (H*H +I) = $. 

Applying what was established above to H* (instead of H) and taking into 
account Proposition 1.3.2 (i) one concludes that HH* = H** H* is also nonnega- 
tive and self-adjoint. 


In the next theorem it will be shown that a nonnegative self-adjoint relation 
possesses a unique nonnegative square root. 


Theorem 1.5.9. Let H be a nonnegative self-adjoint relation in H. Then there exists 

a unique nonnegative self-adjoint relation K in §, denoted by K = H>? , such that 
l 

K? = H. Moreover, H? has the representation 


H? = (Ha)? © Hmu- (1.5.11) 


Proof. If H is a self-adjoint relation in §, then by Theorem 1.5.1 one has the 
orthogonal decomposition 
H = Hop ® Ayn : (1.5.12) 


Since H is assumed to be nonnegative, it follows that Hop is a nonnegative self- 
adjoint operator in Hop which possesses a unique nonnegative square root (Hop )3 
in Hop. Now clearly K defined by the right-hand side of (1.5.11) is a nonnegative 
self-adjoint relation with mul K = mul H. Since dom Hmu = {0}, it is clear that 
(Hmu )? = Hmu. It follows from (1.1.9) that 


tole 


K? T ((Hop ) )? & (Haar = Hop & Hivi =H 


In order to show uniqueness, let K be a nonnegative self-adjoint relation in 
§ such that K? = H. Then mul K = mul A. In fact, the inclusion mul K C mul H 
is clear as {0,~} € K and {0,0} € K show {0,y} € K? = H. To show that 
mul H C mul K, let {0, p} € H = K?. Then {0, Y} € K and {4, Y} € K for some 
p eH. As K is self-adjoint, (Y, Y) = (0, p) = 0, that is, y = 0 and {0, yp} € K, as 
needed. Therefore, 


mul K = mulH and dom K = dom H. 
Decompose the self-adjoint relation K as in Theorem 1.5.1 


K = Kop & Kinis (1.5.13) 
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where Kop is a nonnegative self-adjoint operator in dom K = dom H. Furthermore, 
observe from (1.5.13) and (1.1.9) that 
H = K? = (Kop )? @ Baal = (Kop)? © Koa: (1.5.14) 
Moreover, comparing (1.5.14) with (1.5.12) shows that 
Hop =(Kop)?, Hmi = Kmo, 


and since the square root of a nonnegative self-adjoint operator is uniquely deter- 
mined, it follows that Kop = (Hop )?. 


Let H be a nonnegative self-adjoint relation in §. Since Theorem 1.5.9 implies 
that mul H? = mul H, it follows that 


ail 
so that the notation Hóp is unambiguous. 

In the next lemma the square root of H — x for a semibounded relation H is 
considered. 


Lemma 1.5.10. Let H be a semibounded self-adjoint relation in H with lower bound 
1 = m(H) and let x <n. Then the following statements hold: 


i) dom Hop is a core for the operator (Hop — x 2, that is, the closure of the 
P p 
restriction i 
(Hop — x)? | dom Hop (1.5.15) 
coincides with (Hop — £)? ; 
(ii) dom (H — x)? = dom (H — n)2; 
(iii) for all h € dom (H — x)? = dom (H —n)?, 


i i 
I|(Hop = 2)? hl? + zla? = (Hop — 0)? All? + nhh. (1.5.16) 


Proof. (i) First observe that Hop is a self-adjoint operator in Hop with the same 
lower bound as H, and hence Hop — x, £ < 7, is a nonnegative operator in Hop. 
It suffices to show that the graph of the operator in (1.5.15) is dense in the graph 
of the operator (Hop — x)2. Therefore, assume that for some k € dom (Hop — x)? 
and all h € dom Hop one has 


0 = (h,k) + ((Hop — £)?h, (Hop — x)? k) = (h, k) + ((Hop — £)h, k). 


Then k is orthogonal to ran ((Hop — x) + I) and as z — 1 < 7, it follows that 
ran ((Hop — £) + I) = Nop. Hence, k = 0. This implies (i). 


(ii) & (iii) Note first that for h € dom H = dom H,, the identity 


((Hop = z)h, h) TF z(h, h) = ((Hop > mh, h) F n(h, h) 
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can be rewritten in the form 
||(Hop — 2) 2 All? + zla? = (Hop — 0) 2A)? + n]|Al/?, hedomH, (1.5.17) 


which coincides with (1.5.16) on dom H. 
In order to show the inclusion (C) in (ii), assume that 


Nie 


h € dom (H — x)? = dom (Hop — x)?. 


According to (i), there exists a sequence h,, € dom Hop such that 


hn +h and (Hop —£)? hn > (Hop — 2)? h. (1.5.18) 


Therefore, it follows from (1.5.17) that (Hop — 7)2 hn is a Cauchy sequence in 
Hop. Since hn — h and the operator (Hop — n) is closed, one concludes that 
h € dom (Hop — n)? = dom (H — ņ)2. The other inclusion in (ii) is shown in the 
same way. 

It remains to verify (1.5.16). Choose h € dom (H — x)? = dom (H — n)? and 
use (i) to get a sequence hn € dom Hop as in (1.5.18). Then (1.5.17) shows that 
(Bop. = n)? hn is a Cauchy sequence in op, and as (Hop — n)2 is closed one has 


(Hop — 1)? hn > (Hop —n)?h, n— 00. (1.5.19) 


From (1.5.17) applied with An, together with (1.5.18) and (1.5.19) one obtains 
(1.5.16). 


In the next proposition two semibounded self-adjoint relations are considered. 
It turns out that the inclusion of the square root domains implies a strong norm 
inequality for the operator parts. 


Proposition 1.5.11. Let Hı and H be semibounded self-adjoint relations in 9 
with lower bounds m( Hı) and m(H2) and let x < min {m(H1),m(H2)}. Then the 
inclusion 


tole 


dom (Hz — x)? C dom (Hy — x)?, (1.5.20) 


together with the inequality 
\l(Hiop — 2)? ll < pll(H2aop — 2)? yl], p € dom (Ha — x)?, (1.5.21) 
where p > 0, are equivalent to the inequality 
(Ho — 2)! < (H —2)!. (1.5.22) 


Moreover, if the inclusion (1.5.20) holds, then there exists p > 0 for which the 
inequality (1.5.21) is satisfied. 
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Proof. Let x < min {m(H;,),m(H2)}, so that 
A=(H2-2)' and B=(H,-2)' 


are nonnegative operators in B(). Note that their square roots are given by 
A? = (H — x)=? and B? = (Hı — x)~?. Hence, the Moore-Penrose inverses of 
A? and B? are given by 


= 


N= 
N= 


AC?) = (Hoo) — £)?, BO? = (Hi op —2)?, 
cf. Definition 1.3.17 and Example 1.3.18, where it was used that 
ker A? = ker A = mul H> and ker B? = ker B = mul H}. 


In terms of the operators A and B, the statements in (1.5.20) and (1.5.21) mean 
that 


ran A? CranB? and ||BOÐY|| < p ACPpl], pE xan A?, (1.5.23) 
while the statement in (1.5.22) means that 

A<p’B. (1.5.24) 

The equivalence of (1.5.23) and (1.5.24) follows from Proposition D.8. Moreover, 


Proposition D.8 also shows that (1.5.20) implies (1.5.21) for some p > 0, which 
completes the proof. 


The next lemma characterizes the domain of the square root of a nonnegative 
self-adjoint relation. 


Lemma 1.5.12. Let H be a nonnegative self-adjoint relation in 9 and let p E€ H. 
Then the function 


aH ((H7'—2)"'y,y), x €(-co,0), 


is nondecreasing, and 


1 2 i 
lim (H~! — z) tp, p) = | Holl, ¢ € dom H?, 1.5.25 
170 (( ae p) l OO; otherwise. ( ) 


Proof. Since H is a nonnegative self-adjoint relation, so is H~', and each resolvent 
operator in the identity 


r x? 


—1 
(H t= cT. G ~) , @ <0, (1.5.26) 
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belongs to B() by Corollary 1.1.12 and (1.2.14). Since ker (H —1/z)~! = mul H, 
it follows from (1.5.26) that for each x < 0 and pe H 


e = 1 1 
(H7 = 2), 4) = = <I - Pop Jol? = = Pop l 


i Wr? (1.5.27) 
-4((#-3) PoP) 


where Po, is the orthogonal projection from § onto dom H. Let E(-) be the 
spectral measure of H, so that Hop = fy tdEop (t). Then the formula (1.5.27) 
can be rewritten for each x < 0 and y € § as 


(E7 — 2) 49,9) = = ŽE- Pep oll? 


oe t 
= f g thor (t) Pop pP; Pop p). 


(1.5.28) 


In particular, (1.5.28) shows that the function in (1.5.25) is nondecreasing for 
x € (=00,0). 

Furthermore, by the nonnegativity of the terms in (1.5.28), the limit as x + 0 
of the left-hand side in (1.5.28) is finite if and only if the limit of each of the 
terms on the right-hand side of (1.5.28) is finite. The first limit is finite if and 
only if (I — Pop )p = 0, i.e., Popp = y and hence y € dom H. By the monotone 
convergence theorem, the limit of the second term is equal to So t d(Eop (t)y, p), 
which is finite and equal to 


1 
\| Hcp yll? 


if and only if y € dom H?. 


1.6 Maximal dissipative and accumulative relations 


In this section the basic properties of dissipative and accumulative relations are 
discussed. Of special interest are dissipative and accumulative relations which are 
maximal with this property. Such relations admit an orthogonal decomposition 
into a maximal dissipative or maximal accumulative operator and a self-adjoint 
purely multivalued part. 


Definition 1.6.1. A relation H in § is said to be dissipative (accumulative) if 
Im(f’, f) > 0 (Im(f’, f) < 0) for all {f, f’} € H. The relation H is said to 
be maximal dissipative (maximal accumulative) if every dissipative (accumulative) 
extension H’ of H in § satisfies H’ = H. 


It is easy to see that if a relation H in § dissipative or accumulative, then so 
is the closure H. Hence, maximal dissipative or maximal accumulative relations 
are automatically closed. 


1.6. Maximal dissipative and accumulative relations 59 


Note that a linear relation H is dissipative (maximal dissipative) if and only 
if the relation —H is accumulative (maximal accumulative). Thus, it suffices to 
state results for dissipative relations; the corresponding results for accumulative 
relations follow immediately. 


Lemma 1.6.2. Let H be a dissipative relation in H. Then mul H C mul H*. If H 
is maximal dissipative, then mul H = mul H*. 


Proof. Let k € mul H and let {h,h’} € H. Since {0, Ak} € H for every  € C, one 
has {h, h’ + Ak} € H. Since H is dissipative one has 


Im (h’,h) + Im (A(k, h)) = Im (h' + Ak,h) > 0, AEC. 


In this inequality A € C is arbitrary and hence one concludes (k, h) = 0. Therefore, 
mul H C (dom H)+ = mul H*. 
If H is dissipative and k € mul H* = (dom H)+, then it follows that 


H F span {0, k} 


is a dissipative extension of H. Hence, if H is maximal dissipative, then {0, k} € H 
and k € mul H. 


The next proposition is the analog of Proposition 1.4.4. Its proof is almost 
the same, and depends on the estimate 


0<—ImX(f, f) < Im (F = Af, f) < IE — AFIL 
which is valid for A € C~ and {f, f’} € H such that Im(f’, f) > 0. 


Proposition 1.6.3. Let H be a dissipative relation in H. Then C~ is contained in 
(H) and, in particular, the defect n\(H) = dim (ran (H — A)Ł) is constant for 
all A€ C~. Furthermore, 


1 


= JIRI < 
IE -Ahl s = 


[h| 


for all h € dom (H — A)~' = ran (H — A) and à € C7. 
For dissipative relations Theorem 1.5.5 reads as follows. 


Theorem 1.6.4. Let H be a closed dissipative relation in 5. Then the following 
statements are equivalent: 
(i) H is maximal dissipative; 
(ii) ker (H* — A) = {0} for some, and hence for all A € C7; 
(iii) ran (H — A) = 9 for some, and hence for all A € C7; 
(iv) C= c p(A). 
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Proof. (ii) <= (iii) > (iv) follow with the same arguments as in the proof of The- 
orem 1.5.5. 


(i) > (iii) As H is closed, also ran (H — A) is closed for all A € C~ by Lemma 1.2.2 
since C~ C y(H) by Proposition 1.6.3. Now assume that ran (H — A) is a proper 
subspace of § for some A € C7 and define the relation H’ in § by 


H' := {F + fx FAF: {S'I EH, fx E€ NH"), 
where 9tx(H*) = ker (H* — A) = (ran (H — A))+. Then clearly H C H’, and as 


ran (H'— A) = ff’ -Af + A-AA: FEH, fa EN (H*)} 
= ran (H — 4) M (H*)= 9 


and Nz (H*) # {0}, it follows that H’ is a proper extension of H in 9, H # H’. 
Since fx € Ny (H*) implies { fx, Afx} € H*, one sees that 


(f', fx) = (FAP) = ACF, fa) 
for all {f, f’} € H. Hence, 
(EHAR E+ P) = PH E) EAG F) + AGA) 
= (F, f) + 2Re (AC, fx) + ACK, fx) 
and from the assumptions that H is dissipative and A € C~ one concludes that 
Im (F + Afx, f + fx) = Im (F, f) + Im A(fx, fx) = 9, 


i.e., H’ is a proper dissipative extension of H in §. Thus, H is not maximal 
dissipative. This proves (iii) for all A € C7. 


(iv) = (i) Suppose that H’ is a dissipative extension of H, and let {f, f’} € H’ 
and à € C~. As C7 C p(#), there exists {g, g'} € H such that 


F -Af =g — àg. 


This implies {f — g, f’ — g'} € H’ and hence f — g € ker (H' — A). As H’ is 
dissipative and A € C7, it follows from Proposition 1.6.3 that f = g, which also 
gives f’ = g'. This shows { f, f’} € H and hence H’ = H. Therefore, H is maximal 
dissipative. 


Corollary 1.6.5. Let H be a relation in H. Then the following statements hold: 


(i) If H is maximal dissipative (maximal accumulative), then (H — A)! € B(S) 
is accumulative (dissipative) for each A € C7 (A € Ct). 

(ii) If H is closed, C~ C p(H) (Ct C p(H)), and (H — A)~! € B(S) is accumu- 
lative (dissipative) for all A € C7 (A € Ct), then H is maximal dissipative 
(maximal accumulative ). 
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Proof. (i) Assume that H is maximal dissipative, which implies C~ C p(H). Let 
{f, f} € H. Then for A € C7 the identity 


Im ((H = AHF = Af), F — Af)) = Im (f, f — AP) 
= —Im(f’— Af, f) (1.6.1) 
= -Im (f', f)+ImX(f, f) 
shows that (H — A)~! € B(9) is accumulative. 


(ii) Assume that H is closed, C~ C p(H), and (H — A)~1 € B(S) is accumulative 
for all A € C~. Then (H — X)~1(f’ —Af) = f for all {f, f’} € H and à € C7, and 
hence the identity (1.6.1) shows that 


Im(f’, f) >ImA(f, f) forall AEC. 


This implies that H is dissipative and, since H is closed and C7 C p(#), it follows 
from Theorem 1.6.4 that H is maximal dissipative. 


In the next proposition the Cayley transform and the inverse Cayley trans- 
form of accumulative, dissipative, maximal accumulative, and maximal dissipative 
relations are considered. This proposition is the counterpart of Proposition 1.4.8 
and Proposition 1.5.4. 


Proposition 1.6.6. Let u € C\ R and let C, and F, be the Cayley transform and 
inverse Cayley transform in Definition 1.1.13. Let H and V be relations in § such 
that V = C [H] or, equivalently, H = F,,[V]. Then the following statements hold: 


(i) If u € C~ (u € Cr), then H is a dissipative (accumulative) relation if and 
only if V is a, in general not everywhere defined, contractive operator. 


(ii) If u € C (u € C*), then H is a maximal dissipative (maximal accumulative ) 
relation if and only if V is a contractive operator defined on 9. 


Proof. (i) Let H be dissipative or accumulative and for u € C \ R define 
V = ¢,[H] = {ff — uf, fF — af}: {ff} EH}. (1.6.2) 
Then a straightforward computation shows that 
IF — AEP — If’ — wf ll? = 2Re ((Z— n, f)) 
= 4(Im p1) Im (f", f) 


for all {f, f"} € H. Hence, |f — Af < |f — ufl| when u € C~ and H is 
dissipative, or when u € Ct and H is accumulative. This implies that V in (1.6.2) 
is a contractive operator. 

Conversely, let V be a contractive operator and for u € C \ R define 


H = F,[V] = {{k — k' fk — uk'} : {k,k'} E V}. (1.6.3) 
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Then a computation shows 
(ak — uk’, k — k') = i(k, k) — 2Re (u(k’, k)) + p(k’, k’), 
and consequently 


Im (fk — pk’, k — k") = —Im 4 (|k? — |[k"]?). (1.6.4) 


Since ||k’|| < ||k]| for {k,k’} € V, it follows from (1.6.4) that H in (1.6.3) is 
dissipative for u € C~ and accumulative for u € CY. 


(ii) If H is maximal dissipative or maximal accumulative, then ran (H — u) = 
for u € C~ or u € Ct, respectively; cf. Theorem 1.6.4. Hence, V in (1.6.2) satisfies 
dom V = 9. 

Conversely, if dom V = §, then (1.6.3) implies ran (H — u) = §, and Theo- 
rem 1.6.4 then implies that H is maximal dissipative or maximal accumulative. 


The following result is sometimes useful. 


Proposition 1.6.7. Let H be a closed relation in H. Then H is maximal dissipative 
if and only if H* is maximal accumulative. 


Proof. Let H be a maximal dissipative relation. Then Proposition 1.6.6 shows that 
for p € C~ the Cayley transform @,,[H] is a contractive operator defined on §. 
But then also the adjoint is a contractive operator defined on all of §. Observe 
that by Lemma 1.3.11 

(Cy[H])* = Ca[H"], 


which, since p € Ct, implies by Proposition 1.6.6 that H* is maximal accumula- 
tive. The converse is proved in the same way. 


The next proposition is of a slightly different nature than the previous results 
and complements Lemma 1.5.7. It shows that a closed symmetric relation always 
admits maximal dissipative and maximal accumulative extensions. 


Proposition 1.6.8. Let S be a closed symmetric relation in 9, let A€ C\ R, and 
let 
H=SFM(S"*). (1.6.5) 


Then H is a closed extension of S and the sum is direct. Moreover, 


(i) if A € Ct, then H is maximal dissipative; 


(ii) if A € C7, then H is maximal accumulative. 


Proof. Since the eigenvalues of S are real, the sum in (1.6.5) is direct. In order to 
verify (i) and (ii) note that a typical element in H is of the form {f+ fy, f/ Afr} 
with {f, f} € S and { fy, Afa} € S*. Therefore, as S is symmetric, 


a fx) a (f, Afa) 
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Hence, the identity 
(F +Afx. E+ fa) = (ff) + Re (A(fa, f)) + ACA fr) 
together with Im(f’, f) = 0 shows that 
Im (f’ + Afy, f + fx) = Im A)(fy, fy). 


Therefore, H is dissipative for A € Ct and accumulative for A € C7. Finally, 
observe that (1.6.5) implies 


ran (H — \) = ran (S — A) @ ker (S* — A) = $, 


and Theorem 1.6.4 shows that H is maximal dissipative for A € C+ and maximal 
accumulative for A € C~. In particular, H is closed. 


The next proposition provides a direct sum decomposition of § based on the 
construction in Proposition 1.6.8. 


Proposition 1.6.9. Let S be a closed symmetric relation in § and let p € C\R. 
Then for à in the same half-plane as u there is the direct sum decomposition 


§ = ran (S — A) + ker (S* — fi). (1.6.6) 


Proof. Let the relation H(ji) be defined by H(p) = S + Ral S*). A straightfor- 
ward calculation involving the Cayley transform 


C lE (@)] = {{h' — uh +n, h' — ph}: {h,h’} E S, n E Nals“) } 
yields the identity 


(1.6.7) 


2 {fw ph 4 nah Ah) 4 n} : {h,h'} € 5, nE a(S») }. 
Note that the domain and the range of this relation are given by 
ran (S — u) @ker(S* - m) =H and ran(S-— à) + ker (S* — 7), (1.6.8) 


respectively. 

Now observe that by Proposition 1.6.8 the relation H(z) is maximal dissi- 
pative for u € C~ or maximal accumulative for u € C*, and thus the Cayley 
transform C,,[H(j)] is a contraction defined on 9; cf. Proposition 1.6.6. Due to 
the assumption about A, one has |A — u| < |A — g| and hence the left-hand side of 
(1.6.7) is a bijection from § onto §. Therefore, the decomposition (1.6.6) in the 
lemma is now concluded from the second identity in (1.6.8). To see that the de- 
composition (1.6.6) is direct, assume that the second component on the right-hand 
side of (1.6.7) is zero. Then the first component must be zero, so that h’ = uh and 
n = 0. Since S is symmetric, it follows from {h,h’} € S and h’ = uh that h = 0 
and h’ = 0. Thus, indeed, the sum in (1.6.6) is direct. 
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The next assertion is a special case of Lemma 1.4.10 for maximal dissipative 
and maximal accumulative extensions. 


Lemma 1.6.10. Let S be a closed symmetric relation in 9 and let H C S* be a 
maximal dissipative (maximal accumulative) extension of S. Then for A, u € C7 
(à, u € CH) 

I+ (A-u)(H -A (1.6.9) 
is boundedly invertible with inverse I + (u — A)(H — p)~!. For fized p € C7 


(u € Ct), the mapping (1.6.9) is holomorphic in A € C~ (A € Ct). Moreover, the 
operator in (1.6.9) maps N, (9S*) bijectively onto Na (9*). 
The following useful fact about the closed span (denoted by span) of the 


defect spaces of a symmetric relation will be used in Chapter 3. 


Lemma 1.6.11. Let S be a closed symmetric relation in H. Let UT C C7 be a set 
which has an accumulation point in C~, and let Ut C C* be a set which has an 
accumulation point in C+. Then 


span {%,(S*): A c UT} = span {M,(S*): AEC} (1.6.10) 


and 


span {N (S*): A € Ut} = span {M (9*): AE CT}. (1.6.11) 


Proof. The equality (1.6.10) will be shown, the proof of (1.6.11) is analogous. Note 
also that the inclusion (C) in (1.6.10) is clear and hence it remains to verify the 
inclusion (>) in (1.6.10). It is sufficient to show that 


(span {9t,(S*) : A € UTH c (span {Na (S*) : A € C7})~ (1.6.12) 


holds. Fix a maximal dissipative extension H of S, see Proposition 1.6.8, and 
assume that f € § belongs to the left-hand side of (1.6.12). Then for all A € U7 
and fa E Na (S*) one has (fy, f) = 0. By Lemma 1.6.10, for u € C~ the mapping 


Ate I+ (A- p)(H- A)" (1.6.13) 


is holomorphic in C~ and the operator in (1.6.13) maps 9,,(S*) bijectively onto 
My (S*). Fix u € C% and fu E N,(S*), and consider the element 


fa = (+ Alaa) he 
Then for all A € UT one has 
(+A uH =a) fu f) = Ga f) = 0. 


Since the function À > ((I + (A — u)(H — A)~) fa, f) = (fy, f) is holomorphic on 
C7 and vanishes on U7, one must have for all A € C7 


(2+ (A 4)(H -d)™) f) = (fa f) = 0. 
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Since f, E€ N, (S*) was arbitrary and (1.6.13) maps 9t,(S*) bijectively onto 
N, (S*) it follows that (fy, f) = 0 for all fy € 9t\(S*) and all A € C7. Therefore, 
f belongs to the right-hand side of (1.6.12). 


Here is a variant of the decomposition in Theorem 1.3.16 for closed dissipative 
(accumulative) relations; cf. Theorem 1.4.11 and Theorem 1.5.1. 


Theorem 1.6.12. Let H be a closed dissipative (accumulative) relation in 9 and 
decompose 9 as 9 = Hop D Hmul; Hop := (mul H)+ and Smu := mul H, and 
denote the orthogonal projection from 9 onto Hop by Pop. Then H is the direct 
orthogonal sum Hop ® Hui of the closed dissipative (accumulative) operator 


Hop = {{f, Po F}: {FF} E E} 


in Hop and the self-adjoint purely multivalued relation 


Ayu = {{0, F}: FE Hmui } = 101 = Pall bite} €H} 


in Hmu- Moreover, the operator Hop is densely defined in Hop if and only if 
mul H = mul H*. If the relation H is maximal dissipative (maximal accumulative ), 
then Hop is a densely defined maximal dissipative (maximal accumulative) oper- 
ator in Hop - 


Proof. The proof follows the proof of Theorem 1.4.11 for symmetric relations. 
In order to apply Theorem 1.3.16 now one has to recall that mul H = mul H** 
and the inclusion mul H C mul H* holds by Lemma 1.6.2. The assertion about 
maximality follows from Lemma 1.6.2. 


1.7 Intermediate extensions and 
von Neumann’s formulas 


In this section intermediate extensions of a symmetric relation will be studied, with 
special attention paid to disjoint and transversal extensions. Furthermore, some 
important decompositions of intermediate extensions and the adjoint relation will 
be discussed. In particular, these investigations lead to the von Neumann formulas 
in the context of relations, which provide a description of accumulative, dissipa- 
tive, symmetric, and self-adjoint extensions in terms of contractive, isometric, and 
unitary operators between the defect spaces of the symmetric relation. 


The first result is a decomposition of a relation in a Hilbert space which has a 
closed restriction with nonempty resolvent set. As in Definition 1.4.9, the following 
notations are associated with the eigenspace of a relation T at \ € C: 


MN (T) =ker(T—A) and R(T) = {{fr, Afr}: fa E MA(T)}. 
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Theorem 1.7.1. Let T be a relation in § and let the relation H be a restriction of 
T. Ifran(H — à) = 9 for some \ € C, then 


T=HFMR(T) and HAR (T) =Ù (A). (1.7.1) 


Assume, in addition, that H is closed and A € p(H). Then the decomposition in 
(1.7.1) holds, the sum is direct, and 


T is closed if and only if Ny(T) is closed. 


Proof. Since 3t,(T) C T, one has the inclusion H F %(T) c T. To see the 
opposite inclusion, let { f, f’} € T. Since ran (H — A) = 8, there exists an element 
{h,h'} € H CT such that f’ — Af = h’ — Ah. It follows that 


{Af }-{hh'} = {f h, f- K} = {f h, AS h)} E HHT), 


which shows that {f, f'} € H F S(T) and thus T c H F R(T). The statement 
HART) = M(H) is immediate. 

Now assume that the relation H is closed and A € p(H). Then the conditions 
ran (H — A) = § and ker (H — A) = {0} are satisfied and hence the decomposition 
in (1.7.1) holds and the sum is direct. If T is closed, then clearly Na (T) is closed. 
To prove the converse implication consider the linear mapping B : H x H > H 
defined by B{f, f’} = f’ — Af. Clearly, B is a bounded operator with ran B = 9 
and 


ker B = {{f, Af}: f€ H}. 
Consider the relation H as a closed subspace of H x §. Then 


BH =ran(H—2)= and HNkerB =f (H) = {0} 


since À € p(H). Hence, BH is closed, which implies that the sum H + ker B is 
closed by Lemma C.4. Moreover, the sum H + ker B is direct. By_assumption, 
N, (T) is a closed subspace of ker B, which implies that also H + 3t\(T) = T is 
closed; cf. Corollary C.7. 


The next preliminary lemma contains some useful observations. 
Lemma 1.7.2. Let H and K be closed relations in H. Then, for all A € p(H)Np(K), 
ran ((H N K) — A) = ker ((K — A) — (H — )") 
and 
ker ((H + K) — à) = ran ((K —A)7!-(H-A)7?). 


Proof. In order to prove the first equality let A € p(H)/M p(K) and assume that 
g € ran ((HN K) — A). Then g = h’ — Ah for some {h, h’'} € HN K and it follows 
that 

(H —)"\(h'- AR) =h and (K—A)71(h’-Ah) =A. 
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Hence, ((K — A)~! — (H — A)~1)g = 0 and this shows the inclusion 
ran ((H N K) — A) C ker ((K — A)7! — (H — ))"). 


To prove the opposite inclusion, let g € ker ((K — A)~! — (H — \)~1). Then with 
k = (H—A)~'g = (K —A)71q it follows that {k,g + Ak} € HN K. Consequently, 
g € ran ((H N K) — åA) and therefore 


ker ((K — 4)~* — (H — d)~") C ran ((H N K) — A). 


As to the second equality, let \ € o(H) N p(K) and {f, f'} € H + K. Then 
according to Lemma 1.2.4 one has the representation 
{F F} = {K — A) th, h + AK — A) th} 
+ {(H —A)~")k,k + A(H — d)~")k} 
for some h,k € S. Clearly, {f, Af} € H + K if and only if h + k = 0 or, equiv- 


alently, f = (K — A)~'h — (H — A)~th for some h € §. This proves the second 
equality. 


Let H and K be closed relations in §. Then the intersection H A K is closed, 
but the componentwise sum H + K is in general not closed; cf. Proposition 1.3.12 
and (1.3.5). An application of Theorem 1.7.1 and Lemma 1.7.2 gives the following 
characterization. 


Theorem 1.7.3. Let H and K be closed relations in 9 such that p(H)N p(K) 40. 
Then the sum H + K is closed if and only if 


ran ((K — \)~' — (H — 4)7") 
is closed for some, and hence for all X € p(H)N p(k). 
Proof. Let A € p(H) p(k). Then by Lemma 1.7.2 


ran ((K — A)~! — (H — d)~") 


is closed if and only if ker (H + K — åA) is closed. Now note that the relation 
H is closed, that \ € p(H), and that H is a restriction of H + K, so that by 
Theorem 1.7.1 A 

HFẸK=HFN(HFK). 


Moreover, it follows from Theorem 1.7.1 that ker (H + K -—A) is closed if and only 
if H + K is closed. 


Next follow some consequences of Theorem 1.7.1 and Theorem 1.7.3 in the 
context of closed symmetric relations. They are stated in terms of intermediate 
extensions. 
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Definition 1.7.4. Let S be a closed symmetric relation in §. A relation H is said 
to be an intermediate extension of S if S c H c S*. 


For instance, H defined in (1.6.5) is an intermediate extension of S. In gen- 
eral, an extension H of S need not be a restriction of S*. However, if H is sym- 
metric, then H C H*, and it follows from S C H and H* C S* that Sc HC S*. 
Hence, symmetric and self-adjoint extensions of S are intermediate. 

For intermediate extensions with nonempty resolvent set one obtains the 
following decomposition from Theorem 1.7.1. 


Corollary 1.7.5. Let S be a closed symmetric relation in 9. If H is a closed inter- 
mediate extension of S such that p(H) #0, then 


S* =H F M(S*) (1.7.2) 


for all X € p(H), and the sum in the decomposition (1.7.2) is direct. Furthermore, 
if H € B(H), then 


S* = H F lS”), (1.7.3) 


and the sum in the decomposition (1.7.3) is direct. 


Proof. The direct sum decomposition (1.7.2) follows from Theorem 1.7.1. In order 
to prove (1.7.3), note that the inclusion (D) is clear. For the inclusion (C) take 
{f, f'} € S*. Then {f, Hf} € H C S* and hence {0, f'— Hf} € S*. Thus, 


a 


{FF} =(f, Hf} +10, f- Hf} EH F Rls”). 


Next the notions of disjointness and transversality of two intermediate ex- 
tensions are defined. 


Definition 1.7.6. Let S be a closed symmetric relation in §. If H and K are closed 
intermediate extensions of S, then they are called disjoint if H N K = S, and they 
are called transversal if they are disjoint and H + K = S*. 


Let H and K be closed intermediate extensions of S. By Proposition 1.3.12, 
(H N K)* = clos(H* + K*) and hence H and K are disjoint if and only if 
S* = clos (H* + K*). In the next lemma self-adjoint intermediate extensions are 
considered. 


Lemma 1.7.7. Let S be a closed symmetric relation in § and let H and K be 
self-adjoint extensions of S. Then the following statements hold: 


(i) H and K are disjoint if and only if S* = clos(H + K); 
(ii) H and K are transversal if and only if S* =H + K. 


Consequently, if H and K are disjoint, then they are transversal if and only if 
H + K is closed. 
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Proof. (i) follows from the discussion before the lemma and the assumption that 
H and K are self-adjoint. 


(ii) The implication (=) is clear and hence only the implication (<) has to be 
checked. But if S* = H + K, then Proposition 1.3.12 implies 


S= (H F Ky = H*AK*=HAK 


and hence H and K are disjoint. Together with S* = H + K this shows that H 
and K are transversal. 


The next theorem provides useful criteria for disjointness and transversality 
of self-adjoint extensions. 


Theorem 1.7.8. Let S be a closed symmetric relation in § and let H and K be 
self-adjoint extensions of S. Then the following statements hold: 


(i) H and K are disjoint if and only if 
ran (S — À) = ker ((K — A)~! — (H — \)"') (1.7.4) 
for some, and hence for all X € p(H) N p(k); 
(ii) H and K are transversal if and only if 
ker (S* — A) = ran ((K — A)~' — (H — A)“1) (1.7.5) 
for some, and hence for all A € p(H)N p(k). 


Proof. (i) If S = HAK, then (1.7.4) holds for all A € p(H)Np(s) by Lemma 1.7.2. 
Conversely, if (1.7.4) holds for some \ € p(H) N p(x), then Lemma 1.7.2 shows 
that 

ran (S — A) = ran ((H N K) — A). 


Since \ € p(H) and both H N K and S are restrictions of H, one has 
ker ((H N K) — A) = {0} = ker (S — A). 


Clearly, S— Ac (H N K) — à and now the equality S — \ = (H N K) — X follows 
from Corollary 1.1.3. This implies $= HN K. 


(ii) If S* = H + K, then (1.7.5) holds for all  € p(H) N p(K) by Lemma 1.7.2. 
Conversely, assume that (1.7.5) holds for some À € po(H) N p(K) and let 


T=H+K. 
Since H C S* and H C T, it follows from Theorem 1.7.1 that 
S* =H FM(S*) and T=H F R(T). 


By Lemma 1.7.2, the assumption (1.7.5) means that ker (S* — A) = ker (T — A). 
Therefore, 3t,(S*) = Na (T) and S* = T = H + K. Now Lemma 1.7.7 (ii) implies 
that H and K are transversal. 
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In the next result a closed intermediate extension H with p(H) 4 0 of S is 
decomposed into the direct sum of S and another closed subspace in H. Recall 
that in Proposition 1.6.8 it was shown that there always exist closed intermediate 
extensions with this property. 


Proposition 1.7.9. Let S be a closed symmetric relation in § and let X € C\R. 
Let H be a closed intermediate extension of S with A € p(H). Then 


H=S +{{(H- ) "fy, (+ MA -ATDA : fy € 1(S")} (1.7.6) 
and the sum is direct. 


Proof. In order to show (1.7.6) observe that by Lemma 1.2.4 and S C H the 
right-hand side is contained in H. To see the opposite inclusion, let {h, h’} € H. 
Since A € C \ R, one has 


$ = ran (S — A) @ ker (S* — X) = ran (S — à) @ Nx(S*). 
Due to this decomposition, there exist {f, f’} € S and fy E€ Ng (S*) such that 
hi —Ah= fi Af +h. 
Hence, it follows from {h — f,h’ — f’} € H that {h — f, fy} E€ H-A, 
h—f=(H—-A) "fx, and K- fl = fy +H -A fy, 
and therefore 
{hh} — {ff} ={h— fh -FE -ANHA -A 


Thus, {h, h’} belongs to the right-hand side of (1.7.6). 
In order to show that the sum in (1.7.6) is direct, assume that 


{(H — >)" fx, (P+ MH - A)" ) fx} € 8 
for some fx € Nz (S*). Then since { fx, \fx} € S* it follows that 
(U HAH = A) ) fs, fa) = (H -AT AS), 


which leads to fx = 0. 


The next statement is a consequence of Corollary 1.7.5 and Proposition 1.7.9. 


Corollary 1.7.10. Let S be a closed symmetric relation in 9 and let A € C\ R. Let 
H be a closed intermediate extension of S with A € p(H). Then 


S*=SF{{(H-d)*fx, (E+ MHA) Sa} fy E Nals) } F MACS") 


and all sums are direct. 


1.7. Intermediate extensions and von Neumann’s formulas 71 


The following result is von Neumann’s first formula, stated in the context of 
a closed symmetric relation S. This decomposition of S* into the direct sum of 
S and two defect subspaces corresponding to two points in the upper and lower 
half-plane can be viewed as a consequence of Corollary 1.7.5 and Proposition 1.6.8. 


Theorem 1.7.11. Let S be a closed symmetric relation in 9 and let A, u E€ C\R 
be in the same half-plane. Then 


S*=S FMR (S*) F NalS*), direct sums. (1.7.7) 


The sums are orthogonal in H? when À = u = +i. 
Proof. Assume that A, € C*. By Proposition 1.6.8, the relation 
H = S F a(S”) 

is a maximal accumulative intermediate extension of S, and the sum is direct. 
Since Ct C p(H) by Theorem 1.6.4 and À € C*, it follows from Corollary 1.7.5 
that S* = H + Na(S*) and the sum is direct. Hence, (1.7.7) follows. The case 
where A, u € C~ is completely similar. 

It is a simple calculation to show that 3t;(S*) and N—;(S*) are orthogonal 
in 9°. The orthogonality of S and N4;(9*) in H? follows from 


(Ff, f+) + itz +i f+i) = (i f+i) =P Cw f+) = (f, f+i) F i(f, +i fsi) = 0, 
where it was used that {f, f’} € S and N;(S*) Gor: 


The next result is von Neumann’s second formula, stated in the context of a 
closed symmetric relation S. It describes all symmetric extensions of S in terms 
of isometric operators between the defect spaces Jtq(.S*) and 9t,,(*) appearing 
in Theorem 1.7.11. The following notation will be useful. Let A € C \ R and let 
MM, be a closed linear subspace of 9t,(S*). Then Ma denotes the closed linear 
subspace of Na (S*) defined by 


My = {{fr,Afa} €S*: fx E Ma}. 
Now let u € C\ R and let W be a bounded linear mapping from a closed linear 
subspace Ma of Ng(S*) to N, (9*). Then W induces a linear mapping W from 
Ma to N,(S*) by pi 
W{ fa: fp} ={W fa, uW fab- 

Clearly, W is bounded and Maal = ||W||. In fact, every bounded linear mapping 
from Mz to Na (S*) is of this form. To see this, it suffices to observe that if 
W{ fa, Tifa} = {9,49}, then the mapping fa € Ma > gy E Np (S*) is linear. 
Moreover, this mapping is also bounded since 


V1+ lal? Igull < IWiv1 + le? Ifall 


thanks to the boundedness of W and the structure of the standard inner product. 
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Theorem 1.7.12. Let S be a closed symmetric relation in 9 and let u € C \ R. Then 
H is a closed symmetric extension of S if and only if there exists an isometric 
operator W mapping a closed subspace Mg C Na(S*) onto a closed subspace 
M, C W,(S*), such that 

H=SFI1-W)Mp. (1.7.8) 
The closed symmetric extension H is maximal if and only if Ma = Np(S*) or 
M, = Wt.(S*) holds. Furthermore, the extension H is self-adjoint if and only if 
Ma = Ng(S*) and M, = N,(S*) hold. 


Let Ma C Np(S*) and Mt, C Np (S*) be closed subspaces and observe that 
isometric operators W from Mty onto Mt, exist if and only if the dimensions of 
the spaces Nz and M, coincide. This implies the following statement. 


Corollary 1.7.13. Let S be a closed symmetric relation in H. Then S admits self- 
adjoint extensions H in § if and only if 


dim N, (9*) = dim Ng (9*) 
for some, and hence for all u € C\R. 


Proof of Theorem 1.7.12. (=) Let H be a closed symmetric extension of S, let 
u € C\R, and consider the Cayley transforms 


V = CuS] = {ff — wf f — Bf} (ff € S} 


and 
U := C [H] = {{h' — ph, h' — ih}: {h,h'} € H} 


of S and H, respectively. According to Proposition 1.4.8, V is a closed isometric 
operator from the closed subspace ran (S — p) onto the closed subspace ran (S —/2), 
and U is an isometric extension of V from the closed subspace ran (H — ju) onto 
the closed subspace ran (H — f). It follows that there exist closed subspaces 


Ma C Ny(S*)=ran(S—p)+ and M, Cc N,(S*) = ran (S —p)*, 
such that 
ran (H — u) =ran(S—p)@M,_ and ran(H — p) = ran (S -— p) 8 M. 


Let W be the restriction of U to Mta. Then W maps Ma isometrically onto W, 


"ve aS") CEP) e 


Taking the inverse Cayley transform leads to 


H = F [U] = Fa[V] + F,[W] 
=5 F{{0- W)fa, (Z—uW) fa}: fa € Ma} 


a 


= S F {{fa, Bfn} — {W fa: uW fa}: fa € Ma}, 
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which implies (1.7.8). In the case where the closed symmetric extension H is 
maximal, ran (H — u) = § or ran(H — fi) = 9 by (1.4.7), and hence one has 
Ma = Wte(S*) or M, = N,,(S*), respectively. If H is self-adjoint, then it is clear 
that ran (H — u) = § = ran (H — p) by Theorem 1.5.5 and therefore Ma = Iti(S*) 
and My = It,.(S*). 


(<=) Let u € C \ R, assume that W is an isometric operator from a closed subspace 
Ma C Ng(S*) onto a closed subspace M, C It,,(S*), and consider the relation 
H=St(- W) Ma. Let V be the Cayley transform of S, define the operator U 
as in (1.7.9), and note that 


H =S F (1 -W)Ma =F,[V] F F [W] = F, [U] 


holds. Since U is isometric and closed, it follows from Proposition 1.4.8 that H 
is a closed symmetric relation. If Dt; = Ng(9*) or M, = N, (9*), then one has 
dom U = § or ran U = §, respectively, and therefore one sees that ran (H — p) = 9 
or ran (H — fi) = 9, respectively, so that H is a maximal symmetric relation. 
Finally, if Ma = Na(S*) and M, = N, (S*), then U is unitary and hence H is 
self-adjoint; cf. Proposition 1.4.8. 


The second von Neumann formula in Theorem 1.7.12 has a natural exten- 
sion, which describes all accumulative (dissipative) extensions of S in terms of 
contractive operators between the defect spaces. 


Theorem 1.7.14. Let S be a closed symmetric relation in H. Then H is a closed 
accumulative (closed dissipative) extension of S if and only if for some u € Ct 
(u € C7), there exists a contraction W mapping a closed subspace Ma C Ngh S*) 
to Na (S*), such that 


H = 5 F (I -W)Mp. (1.7.10) 
The closed accumulative (closed dissipative) extension H is maximal if and only 


if Ma = Ng(S*) holds for y € Ct (u € C7). 


Proof. (=) Let H be a closed accumulative extension of S and let u € C+. Define 
the Cayley transform V = C,,[S] of S, so that V is a closed isometry from the closed 
subspace ran (S — p) onto the closed subspace ran (S— z). By Proposition 1.6.6 and 
(1.1.18), the Cayley transform U = C,,[H] of H is a closed contractive extension 
of V from the closed subspace ran (H — u) onto the subspace ran (H — ji). Then 
there exists a closed subspace My C Ng(9*) such that 


ran (H — u) = ran (S — u) @ My. 


Let W be the restriction of U to Wg. It will be shown that U is of the form 


G CE) (RESP) om 
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For this it suffices to verify that the contractive operator W is a mapping from 
Ma to MWt,(S*) = ker(S* — u). To see this, note that the restriction V of U is 
isometric. Hence, by (1.1.10), 


(Vo, Uy) = (p, Y), p E€domV C domU, wv € domU. (1.7.12) 


Observe that if Y € Mp, then (y, Y) = 0 for all p € dom V. Thus, (1.7.12) implies 
that Wy = Up € (ran V)+ = N, (S*). This yields (1.7.11). 

Taking the inverse Cayley transform of U in (1.7.11) leads (in the same way 
as in the proof of Theorem 1.7.12) to 


H = F [U] = F,[V] + $,[W] 
= 9 F {{ fa Afa} {W fa. W fa}: fa € Ma), 


which implies (1.7.10). If H is maximal accumulative, then ran (H — u) = § and 
hence Ma = Ng (9*). 


(<=) Let u € C* and assume that W is a contractive operator from a closed 
subspace Mz C Mz(S*) to N,,(S*) and consider the relation H = S +(I—W) Mz. 
Let V be the Cayley transform of S, define the operator U as in (1.7.11), and note 
that 

H =S F (I -W)Ma =F,[V] + F [W] = F,[U]. 


Since U is a closed contractive operator, it follows from Proposition 1.6.6 and 
(1.1.18) that H is a closed accumulative extension of S. If Mya = Ng(S*), then 
dom U = § and hence ran (H — u) = §, so that H is maximal accumulative. 


1.8 Adjoint relations and indefinite inner products 


The adjoint of a relation in a Hilbert space § has a natural interpretation in 
terms of a certain indefinite inner product [-,-] 52 On the product space 9) x §. It 
will be shown that surjective operators which are isometric with respect to such 
indefinite inner products and have a closed domain are automatically bounded. 
Furthermore, some geometric transformation properties of operator-valued Möbius 
transformations which are unitary with respect to indefinite inner products will 
be studied. 


Let H be a relation in §. The adjoint relation H* in Definition 1.3.1 satisfies 
H* = (JH)+ = JH+, where J is the flip-flop operator in (1.3.1) and the orthog- 
onal complement refers to the componentwise inner product in the product space 
H x 9; cf. (1.3.2). Define the operator J on the product space §? as J = —iJ, 
where J is the flip-flop operator: 


_ .f 0 I\_ /0 -ils 
pai jae “i, ai 


1.8. Adjoint relations and indefinite inner products 75 


Sometimes the notation Js is used to indicate the underlying Hilbert space. 
Clearly, the operator J in (1.8.1) has the properties 


J =J" =J € BS), 


so that J is unitary and self-adjoint. The operator J gives rise to an inner product 
[:,-] on 5? as follows 


[RF] =D», R= & Ge a es’, (1.8.2) 


where for convenience fh and k are written in vector notation. In the following 
sometimes an index is used to indicate in which space the indefinite inner product 
is defined, e.g., [-, -],,2. Explicitly the new inner product is given by 


[h,k] = —i((h', k) — (h,k), h= @ k= (;:) E9’, (1.8.3) 
and note that 


[h, h] =2Im(a',h), h= (7) EH. (1.8.4) 


This shows that the new inner product on $? is indefinite; and, in fact, (7, [-,-]) 
is a so-called Krein space. It follows from (1.8.2) that the inner product [-,-] is 
continuous: if hn > h and km —> k in $2 in the usual sense, then clearly 
[ns km] > [h,k], as m,n —> oœ. 
For a linear subspace H of $7, the [-,-J-orthogonal companion is given by 
HH = {he 9°: [h,k] =0 forall keH}. 


Hence, it follows from (1.8.3) that the adjoint H* (with respect to the standard 
inner product) of the relation H in § coincides with the orthogonal companion 
HÌ (with respect to the indefinite inner product [-,-]) of the subspace H in 97: 


H* = HH, (1.8.5) 


The indefinite inner product [-,-] on °? provides an appropriate tool to 
describe certain fundamental notions and identities. A linear subspace H in the 
space ($97, [-,-]) is said to be 

(i) nonnegative if [h, h] > 0 for all h € H; 

(ii) nonpositive if [h, h] <0 for all h € H; 
(iii) neutral if [h, h] =0 for all h € H or, equivalently, H c HH; 
(iv) hypermazximal neutral if H = HH; 


the equivalence in (iii) follows from (1.8.4), (1.8.5), and Lemma 1.4.2. A linear 
subspace H in the space (7, [-,-]) is maximal nonnegative, maximal nonpositive, 
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or mazimal neutral if the existence of a linear subspace with H C H’, where H’ 
is nonnegative, nonpositive, or neutral, respectively, implies that H’ = H. 

By considering a relation H as a subspace of $? with the usual inner product 
or as a subspace of H? with the inner product [-,-], the following correspondence 
is an immediate consequence of (1.8.4) and (1.8.5): 


(i) H is a (maximal) dissipative relation in § if and only if H is a (maximal) 
nonnegative subspace of (57, [-, -]); 
(ii) H is a (maximal) accumulative relation in § if and only if H is a (maximal) 
nonpositive subspace of ($9, [-,-]); 
(iii) H is a (maximal) symmetric relation in § if and only if H is a (maximal) 
neutral subspace of (7, [-,-]); 


(iv) H is a self-adjoint relation in 9 if and only if H is a hypermaximal neutral 
subspace of (9°, [-, -]). 


Let U be a linear operator from H? to &?. Then U is said to be isometric 
from (9°, [-,-]) to (£2, [-,-]) if 
[Uh,Uk] oo = [hk] 2 forall h,k €domU. (1.8.6) 
In addition, U is said to be unitary from (5, [-,-]) to (8?, [-,-]) if U is isometric 
from (9°, [-,-]) to (?, [-,-]) and dom U = §? and ran U = §?. 


Lemma 1.8.1. Let H and & be Hilbert spaces and let U be an isometric operator 
from ($7, [-,-]) to (8, [-,-]). Assume that dom U is closed and that U is surjective. 
Then U is bounded. 


Proof. To see that the operator U is bounded, it suffices to show that U is closed 
and to apply the closed graph theorem. Let (An) be a sequence in dom U such that 
Tin = h, Ulin > 


for some h € H? and @ € K?. Since dom U is closed, it follows that h € domU. 
As U is surjective, one can choose for each w € R2 an element k € domU such 
that Uk = Jaw; here Jg is defined in the same way as in (1.8.1) and is a unitary 
and self-adjoint operator in R?. Then it follows from the identity (1.8.6) and the 
continuity of [-,-],,2 that 


(Gv) 2 = lim (Uhn, JR UR) g= lim [Uhn Uk] go = lim [Ank] 
= [hk] p2 = [Uh,Uk] a = [Uh, dab] g = (UR, Y). 


Since w € R? is arbitrary, this gives 6 = Uh. It follows that the operator U is 
closed, and since dom U is closed, one sees that U is bounded. 


Proposition 1.8.2. Let 5 and R be Hilbert spaces and let U be an operator from 
H? to R?. Then the following statements are equivalent: 
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(i) U is unitary from (9°, [-, D to (R, E D; 
(ii) U € B(%?, 8?) satisfies the identities 
U*ggU =dsy and UdsU* = Js; (1.8.7) 
(iii) U € B(9?, R?) is surjective and U*dgU = Js holds. 


Proof. (i) = (ii) It follows from Lemma 1.8.1 that the operator U is bounded and 
hence U € B(S?, 8”). Moreover, (1.8.6) implies 


(U*3aUG, P) 52 = [UPU] qs = [PP ]o = (3P) (188) 


for all G, Y € H°, which yields the first identity in (1.8.7). To prove the second 
identity in (1.8.7), let 6, € R? and choose Ñ € $? such that G = JUR, which 
is possible as U is surjective. It follows from the first identity in (1.8.7), and the 
identities Js = Jg" and Ja = dq", that 


( UdsU*®, P) gs = ( UJgU* IRUN, P) ga = ( Un, D)e = (da, T)ar 
This implies the second identity in (1.8.7). 


(ii) = (iii) The second identity in (1.8.7) yields that U is surjective, and hence 
(iii) holds. 


(iii) > (i) The identity U*J&U = Js and the reasoning in (1.8.8) show that (1.8.6 
holds, and hence U is isometric from (9?, [-,-]) to (?, [-,-]). As U is surjective, it 
follows that U is unitary from (7, [-,-]) to (&?, [-,-]). 


An important feature of operators which are isometric or unitary in the 
present sense is the way they transform certain classes of subspaces. Let H be a 
linear subspace of (7, [-,-]) which is nonnegative, nonpositive, or neutral. If U is a 
linear operator from H? to R? which is isometric from (57, [-,-]) to (A?, [-,-]), then 
it follows directly from the definition that U maps H N dom U into a nonnegative, 
nonpositive, or neutral subspace of (?, [-,-]), respectively. 


Lemma 1.8.3. Let U be a unitary operator from (97, [-,-]) to (8°, [-,-]). Then U 
provides a one-to-one correspondence between (maximal) nonnegative, (maximal ) 
nonpositive, (maximal) neutral, and hypermazimal neutral subspaces in (9°, [-,-]) 
and (&?,[-,-]), respectively. 


Proof. Only the statement about hypermaximal neutral subspaces needs atten- 
tion. For it, one observes that for any subspace H of H? one has 
(UH)H = y (HH). 
Thus, H = HH if and only if UH = U(HHI) = (U H)H., 
Let § and & be Hilbert spaces and let W € B(H x 5, & x &) have the matrix 


decomposition 
Wir Wie 
W= : 1.8.9 
s&s ed ( ) 
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In much the same way as the scalar Mobius transform in Definition 1.1.10, the 
operator W induces the transformation 


W:9xH>RX R, {h, h'} > {With + Woh’, Wah + Wooh’ }. 
The meaning of W, either as a matrix of operators or as a transformation, will be 
clear from the context. 


Definition 1.8.4. Let W € B(H x 5,& x &) have the matrix decomposition as 
in (1.8.9) and let H be a relation in §. Then the Mobius transform of H is the 
relation W[H] in & defined by 


W[H] = {Wih + Wai2h', Wath + Wooh'} : {h,h'} € H}. 
Note that the domain and range of the Möbius transform are given by 
dom W[H] = {With + Wioh' : {h,h'} € H}, 
ran W[H] = {Waih + Wazh’ : {h,h’} € H}. 
Moreover, if 6 is a further Hilbert space and V € B(f x £, 6 x 6), then one has 
V[W[H]] = (Vo W)[H]. For the case where § = £ and W~! € B($ x §) it follows 


that the inverse Möbius transform exists and is given by the inverse of W. In this 
case it also follows that 


W[H] is closed if and only if H is closed. (1.8.10) 


If W in Definition 1.8.4 is unitary with respect to the indefinite inner prod- 
ucts [-,-] in §? and & (see Proposition 1.8.2), then the corresponding Möbius 
transform has useful additional geometric properties. 


Theorem 1.8.5. Let W € B(9 xH, Rx K) have the matrix decomposition in (1.8.9) 
and assume that W satisfies the identities 


W*daW=Iq and Wi,W* = Ja. (1.8.11) 


Then W provides a one-to-one correspondence between (maximal) dissipative, 
(maximal) accumulative, (maximal) symmetric, and self-adjoint relations in 9 
and (maximal) dissipative, (maximal) accumulative, (maximal) symmetric, and 
self-adjoint relations in R, respectively. 


Proof. By Proposition 1.8.2, the operator W is unitary from (%?,[-,-]) to 
(R, [-,-]). Recall that the notions of (maximal) dissipative, (maximal) accumu- 
lative, (maximal) symmetric, and self-adjoint relations correspond to the notions 
of (maximal) nonnegative, (maximal) nonpositive, (maximal) neutral, and hyper- 
maximal neutral relations, respectively. Therefore, the asserted results follow from 
Lemma 1.8.3. 


Note that in the case where W € B(§ x 9, & x K) satisfies (1.8.11) the inverse 
W! € B(R x R, H x H) is given by 


W3 -Wi 
wrt = ( 22 >) f 
-Wù Wå 
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1.9 Convergence of sequences of relations 


This section is devoted to the convergence of sequences of relations in a Hilbert 
space. There are two notions to be discussed: strong graph convergence and strong 
resolvent convergence. It will be shown via the uniform boundedness principle 
that under certain circumstances these notions are equivalent. In particular, the 
equivalence holds for sequences of self-adjoint or maximal accretive (dissipative) 
relations. 


First recall the following well-known result for bounded linear operators. 

Let Hn € B(,8) be a sequence of bounded linear operators and assume that 

limp oo Hh exists in £ for all h € H. An application of the uniform bounded- 

ness principle shows that there is a uniform bound: ||H,,|| < C for some C > 0. 
Moreover, 

Hak= Jim Hah, heS, (1.9.1) 


defines an operator Hæ € B(H,) and ||H || < C. A sequence of operators 
H, € B(,8) is said to converge strongly to Hœ € B(9, 8) if Hah > Hoh for 
all h € 9; in this case there is a uniform bound ||H,,|| < C for some C > 0. These 
results will be used frequently in this section. In the special case R = § the limit 
result (1.9.1) leads to the identity 


(Hh,h) = lim (Hnh, h), hes. (1.9.2) 
n—-oo 
Hence, if all H,, € B(S) are self-adjoint (dissipative, accumulative), then (1.9.2) 
shows H € B(5) is self-adjoint (dissipative, accumulative, respectively). 
Also recall the following situation. Let H, be a nondecreasing sequence of 
nonnegative operators in B() bounded above by H’ € B(S): 


0 <(Hmh,h) <(Hyh,h) <(H'h,h), hES, n>m. (1.9.3) 


Then clearly ||H,|| < || ‘|| and it follows from the Cauchy—Schwarz inequality for 
the nonnegative inner product ((H,, — Hy,)-,-) that 


[| Hn — Hm)hl|? < || Hn — Hm|l((Hn — Hm)h, h) (1.9.4) 

< 2\|H’||((An = Hm)h, h) C 
for all h € H. Consequently, there exists an operator H,, € B(S) such that 
0< AH, < H < H' and H,h > Hh for all h € H as n — ow. Note that a 
similar observation is valid for a nonincreasing sequence of nonnegative operators 


in B(S). 


Now one introduces two notions of convergence for relations from § to K: 
strong graph convergence and strong resolvent convergence. First one defines the 
notion of strong graph limit. 
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Definition 1.9.1. Let H,, be a sequence of relations from § to K. The strong graph 
limit is the linear relation Hæ consisting of all {h,h’} € § x & for which there 
exists a sequence {hn, h} € Hn such that {hn, hi} > {h,h’} in H x K. The 
sequence Hp is said to converge to Ha in the strong graph sense if H is the 
strong graph limit of Hn. 


By definition, the strong graph limit H always exists, it is a uniquely de- 
termined relation from § to R, and H is closed. In fact, let {h,h’} be the limit 
of {kn, k} E€ Ho. Then for each n € N there exist elements {h,,,h’,} € Hn with 


Sle 


lkn: kn} — {hin Pn fll < 


Clearly, {hn, hi,} > {h,h’} and it follows that {h,h’} € Ha. Thus, H is closed. 
A similar argument shows that the strong graph limits of a sequence H, and its 
closures H,, coincide. Note also that the strong graph limit may coincide with the 
zero set {0,0} in H x &. Furthermore, if H is the strong graph limit of Hn, then 
(H.)~+ is the strong graph limit of (H,,)~+. Finally, note that if Hœ € B(%, 8) 
is the strong limit of H, € B(,&), then (the graph of) Hæ is the strong graph 
limit of H, 

In general, the strong graph convergence Hp —> Ha does not imply the strong 
graph convergence of the adjoints (H,,)* to (H.)*. But there is the following 
observation. 


Lemma 1.9.2. Let H, and H, be relations from § to R. Assume that H, converges 
to Ha in the strong graph sense. Let K be the strong graph limit in R x 9 of the 
sequence (H,)*. Then 

KC (Ae)*.- 


Proof. Assume that {f, f’} € K. Then there exist {f,, fa} € (Hn)* such that 
{fn fa} > {f, f}. Now let {h,h’} € Hoo, so that there exist {hn, h} € Hn such 
that {hn, h} > {h,h’}. In particular, one sees that (f}, hn) = (fn, Rh), which in 
the limit gives 

(f’,h) = (F h’), {h, h} € Hæ. 


In other words, {f, f’} € (Hæ )* and thus K C (Hæ )*. 


In order to define strong resolvent convergence of a sequence of relations H, 
in § to a relation Hæ in 9 the following set is needed: 


Poo = P(Hoo) N () p(An); 


and, whenever it is used, it is tacitly assumed that it is nonempty. Next the notion 
of strong resolvent limit is defined. 
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Definition 1.9.3. A sequence of closed relations H, in § is said to converge to a 
closed linear relation Hæ in § in the strong resolvent sense at the point À € poo 
if for all he H 


(Hy, — A)~'h (Ho =A) h: (1.9.5) 


In the case of strong resolvent convergence there is also an interplay between 
the convergence of H,, and that of (H,,)~!. Let the closed relations H,, converge 
in the strong resolvent sense to the closed relation H» at the point À € px. Then 
it follows from (1.2.14) that for A 4 0 


5 € Al (Hoo)?) A f (Hn): 


and Corollary 1.1.12 implies that (H,,)~+ converges to (H,.)~! in the strong resol- 
vent sense at 1/A. Of course, when A € poo and A = 0 the operators (H,,)~! € B(S) 
converge strongly to (H.)~! € B(S). 

Strong graph convergence and strong resolvent convergence are closely related 
in the presence of a uniform bound, as described below. 


Theorem 1.9.4. Let Hn and Hx be closed linear relations in H. Then the following 
statements hold: 


(i) Assume that H, converges to Hj, in the strong resolvent sense at the point 
À E€ Poo. Then H, converges to Ha in the strong graph sense and there exists 
Cy > 0 such that for all n € N 


IHn = A)T] < Co. (1.9.6) 


(ii) Assume that H, converges to Ha in the strong graph sense. Let X € poo be 
any point for which there exists Cy > 0 such that (1.9.6) holds for alln € N. 
Then H, converges to Ha in the strong resolvent sense at the point A. 


Proof. (i) Assume that (1.9.5) holds for some À € pæ. In particular, then one has 
(Hn — à)! € B(S). Recall that (1.9.5) implies that the uniform estimate (1.9.6) 
holds, via the uniform boundedness principle. 

Let T be the strong graph limit of the sequence Hn. Let {h, h'} € Ha. Then 
the sequence 


{(Hn — A) (h — Ah), (I + A(Hn — A)~*)(h! — Ah) } € An 


converges to 


{ (Hoo — A)7*(h! — Ah), (I + A(Ho — AJH) (h — Ah) } = {h, h’}. 


Hence, {h,h’} € T, which shows that H, CT. 
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Conversely, let {h,h’} € T and let {h,,hi,} € Hn be a sequence such that 
{hn, h} > {h, h'}. Then 
(Hoo — A)71 (hi, — Ahn) — An 
= (Hæ — A) (hi, — Alin) — (Hn — AT (hn — An) 
= [(Hx — A)7* — (Hn — d)7*] (Ai, — Ahn) — (Rh! — Ah)) 
+ [(Hoo — A) — (Hn — d)7*] (h — Ah), 


and the terms on the right-hand side tend to 0 as n — oo due to the pointwise 
bound ||(H, —A)~+|| < Cy and the strong resolvent convergence. Hence, it follows 
that 

(Hoo — )~*(h! — Ah) = h, 


so that {h,h’} € Hoo. This shows that T c Ho. 


(ii) Assume that Hx is the strong graph limit of the sequence Hn. Let A € poo 
and let h € §. Then, since A € p(H.), there is an element {f, f’} € Hoo with 
f! —Af = h, so that 


(Hoo — A)R = (Hoo = A) (F — Af) = F- 
Since H, is the strong graph limit of the sequence H,,, there exists a sequence 
{fn JL} € Hn with the property that { fn, fh} > {f, f’}. Then 
(Hy — A) h — (Hoo — A) h 
= (Hn — AJH (O = Af) — (fa — Afn)) 
+ (Ha = A) (Sn = Afa) — (Hæ = A) AS) 
= (Hn =A A — AF) — (fn — Afn)) + fa S 


and, since for A € pə there is the bound (1.9.6), the right-hand side tends to 0 as 
n — oo. Hence, H, converges to Ha in the strong resolvent sense at À. 


The following result is a useful consequence of Theorem 1.9.4. 


Corollary 1.9.5. Let Hn and Hæ be closed relations in § and let H, satisfy the 
uniform bound 


(Hn = A)| < Cy (1.9.7) 
for some X € pœ. Assume that the relation H is a restriction of Hæ which satisfies 
(i) ran (H — A) is dense in 9; 
ll) for eac 3 € there exists E H) such that yh, E Hn an —> 
ii h{h,h'} € H th ists h, E Ñ h that {h, hi} € H dh, > K 
nS. 


Then H is dense in Hœ and H, converges to Hæ in the strong graph sense or, 
equivalently, in the strong resolvent sense at A E€ pæ. 
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Proof. Let {h,h'} € H C Hy and {h,hi,} € Ha such that hi, > h. Then for 
À € Poo one has 


{h' — Ah, h} € (Ho —d)7' and fh!,—Ah,h} € (A, - A), 


so that 
(Hoo — A)71(h! — Ah) = (Hn — A)1 (AL, — Ah). 


Consequently, 


(Hn =A) HK — Ah) = (Hoo — A) (hl — Ah) 
= (A, — dh (Rh! = Ah) g (Hy = ma (9 = Ah) 
= (An — A)T} (h' — hi), 


and therefore, by the uniform bound, 
[Hn — A) (W — Ah) — (Hoo — A)T} (h! — AR)I] < Calla! — h| 


for all {h,h'} € H. Since ran (H — A) is dense in §, it follows from (1.9.7) that H, 
converges to Hæ in the strong resolvent sense at À € pæ, and hence also in the 
strong graph sense. 

It remains to show that H is dense in H. Observe that H C H, implies 
(H —)~! c (Hx — A)T}. Since A € pœ and ran (H — X) is dense in 9, it follows 
that (H — \)~! is a densely defined bounded operator in %. Thus, its closure 
coincides with (Hao — A)~!, which gives H = Hæ. 


Let H, and H» be closed relations in §. When all these relations are self- 
adjoint or maximal dissipative (accumulative), then there is automatically a uni- 
form bound of the form (1.9.6). 


Corollary 1.9.6. Let Hn and H,, be relations in H. Then the following statements 
hold: 


(i) Assume that Hn and Ho are self-adjoint. Then Hn converges to Hx in the 
strong resolvent sense for some, and hence for all A€ C\ R if and only if 
A, converges to Hæ in the strong graph sense. 


(ii) Assume that H, and Hæ are semibounded and self-adjoint in 9 and assume 
that y is a common lower bound. Then H, converges to Hœ in the strong 
resolvent sense for some, and hence for all A € C \ [y, co) if and only if Hy, 
converges to H,, in the strong graph sense. 


(iii) Assume that Hn and Ho are maximal dissipative (maximal accumulative ). 
Then H,, converges to Ha in the strong resolvent sense for some, and hence 
for all X € C7 (A € C?) if and only if H, converges to Hœ in the strong 
graph sense. 
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Proof. The proof follows from Theorem 1.9.4 when one recalls that in case (i) one 
has 


Hra —)""||< — R 
I-AI ey, AE C\R, 
while in case (ii) one has in addition 
si 1 
(Hn —A IS Aa; 
y—àÀ 


cf. Proposition 1.4.4 and Proposition 1.4.6. In case (iii) with maximal dissipative 
relations H,, one has 


1 


H= Ae , 
II( ) I< =a 


AEC; 


cf. Proposition 1.6.3. The case of maximal accumulative relations is analogous. 


In the definition of convergence in strong resolvent sense the limit relation is 
included. There are situations when the limit is not known beforehand. 


Theorem 1.9.7. Let H,, be a sequence of closed relations. Let 


Ec (N play) (1.9.8) 


be a nonempty set such that for all X € € and all h € § the sequence (Hn — \)~th 
converges. Then there is a closed relation Hæ with E C p(Hæ) such that Hn 
converges to Ha in the strong resolvent sense for each A€ E. 


Proof. Let X € E, so that the sequence (Hn — A) h converges for all h € 8. 
Since (H, — )~+ € B(S), it follows from (1.9.1) (with H, in (1.9.1) replaced by 
(Hn — )~+) that there exists an operator B(A) € B(%) such that for all h € § 


(Ha — A) 1h > B(A)h. 
Define the relation H(A) by 

Holà) = B(X! +A. 
Then H(A) is closed, B(A) = (Hx (A) — A)71, and A € p(H(A)). In other 
words, H,, in § converges to H,,(A) in § in the strong resolvent sense at the point 


A € £. By Theorem 1.9.4, H(A) is the strong graph limit of Hp. Hence, H(A) 
is independent of the choice of A € £. 


Theorem 1.9.7 gives rise to the following weakening of Corollary 1.9.6. 


Corollary 1.9.8. Let H,, be a sequence of relations in H. Then the following state- 
ments hold: 
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(i) Assume that all H„ are self-adjoint and that for some A = A+ € C+ and for 
some À = \~ € C7 and all h € H the sequence (Hn — )~th converges. Then 
there exists a self-adjoint relation Hæ such that H, converges to Ha in the 
strong resolvent sense on C\ R. 

(ii) Assume that all H, are semibounded and self-adjoint with lower bound y, 
and that for some À € C \ [y,c0) and all h € H the sequence (Hn — )~th 
converges. Then there exists a semibounded self-adjoint relation Hæ bounded 
below by y such that Hy, converges to Hæ in the strong resolvent sense on 
€ \ h; 00). 

(iii) Assume that all H, are maximal dissipative (maximal accumulative) and 
that for some X € C7 (A € Ct) and all h € H the sequence (Hn — A)~th 
converges. Then there exists a maximal dissipative (maximal accumulative ) 
relation Hæ such that Hn converges to Hœ in the strong resolvent sense on 


C- (Ct). 


Proof. Let H, be any sequence of closed relations in § such that for all h € 9 
the sequence (Hp — \)~'h converges for each A € €, where € is a nonempty set 
satisfying (1.9.8). According to Theorem 1.9.7, there is a closed relation Hao, which 
is the limit of Hn in the strong resolvent sense on E, such that 


ran (Hæ —-A)=H, AEE. (1.9.9) 


If there is a uniform bound as in (1.9.6), then Theorem 1.9.4 implies that the 
limit H is also the strong graph limit of H,,. Hence, every {h,h’} € H can be 
approximated by {h,,,h/,} € Hn, which implies that 


(h’,h) = lim (hl, hn), (1.9.10) 
noo 
and thus also 
Im (h’,h) = lim Im (hi, hn). (1.9.11) 
n—oo 


(i) Assume that all H, are self-adjoint. Then the set € = {AT,A~} with some 
A= € C® satisfies (1.9.8) and since all H,, are symmetric, it follows from (1.9.11) 
that the closed relation H is symmetric. Hence, (1.9.9) with € = {AT, A7} shows 
that H» is self-adjoint; cf. Theorem 1.5.5. Due to Corollary 1.9.6, one sees that 
H, converges to Ha in the strong resolvent sense on C \ R. 


(ii) Assume that all H,, are semibounded and self-adjoint with common lower 
bound y. Then the set € = {A} with some A € C \ [y, œœ) satisfies (1.9.8) and, 
since (hi, hn) > y(hn,hn) for {hn, hw} € Hn, it follows from (1.9.10) that the 
closed relation H is bounded below with lower bound y. Hence, (1.9.9) shows 
that H is self-adjoint; cf. Theorem 1.5.5. In view of Corollary 1.9.6, Hn converges 


to Hæ in the strong resolvent sense on C \ [y, 00). 


(iii) Assume that all H,, are maximal dissipative. Then the set € = {A} with 
some à € C7 satisfies (1.9.8) and since all H, are dissipative it follows from 
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(1.9.11) that the closed relation H is dissipative. Hence, (1.9.9) shows that Ha 
is maximal dissipative; cf. Theorem 1.6.4. Due to Corollary 1.9.6, one sees that 
H, converges to Hæ in the strong resolvent sense on C~. The case where H, is 
maximal accumulative is treated analogously. 


The following result is an illustration of the methods involving convergence 
in the graph sense and in the resolvent sense. In Chapter 5 this result will be used 
extensively. 


Proposition 1.9.9. Let H,, be a sequence of semibounded self-adjoint relations with 
common lower bound y in H. Assume that form > n and some À < y 


0< (Hp, =A < (An —d)7t. (1.9.12) 


Then there exists a semibounded self-adjoint relation Hj, with lower bound y such 
that Hn converges to Hx in the strong resolvent sense on C \ [y,00), and 


02s) s rN (1.9.13) 
Proof. Let A < y and let h € H. By (1.9.12), 
0 < ((Hm — A)th, h) < ((Hn — A)7*A,h) 
for m > n and now it follows in the same way as in (1.9.3)—(1.9.4) that the sequence 
(Hn — \)~'h converges for h € §. Then by Corollary 1.9.8 there is a self-adjoint 


relation H,, bounded below by y, such that Hn converges to Hæ in the strong 
resolvent sense on C \ [y,0o). It follows from (1.9.12) that (1.9.13) holds. 


Before moving to a corollary of Proposition 1.9.9, recall the following simple 
antitonicity result. Let A,B € B() satisfy 0 < A < B and let A be boundedly 
invertible. Then B is boundedly invertible, 0 < B-t, and B7} < A7!. To see 
the last inequality, note that (A-,-) is a nonnegative semi-inner product, thus one 
obtains for any y, wv € 9: 


(Ay, Y)? < (Ay, ») (Ax, Y) < (Ap, ¢) (BY, Y). 


Let h € H and choose y = A~th and w = Both. Then this inequality leads to 
< BTA, 

The following corollary deals with the situation from the beginning of this 
section. However, now the nondecreasing sequence of self-adjoint operators in B(9) 
does not necessarily have an upper bound. 


Corollary 1.9.10. Let H, € B() be a sequence of self-adjoint operators which is 
nondecreasing, i.e., for all h € 9 


(H,h,h) < (Hmh,h), n<m, (1.9.14) 
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and let y € R be the lower bound of Hı. Then there exists a semibounded self- 
adjoint relation Hæ, bounded below by y, such that Hn converges to H in the 
strong resolvent sense on C \ [y, œ), and 


0< (H.-A) < (Hn =A A: (1.9.15) 


Proof. Let y € R be the lower bound for Hı. Then y is a common lower bound 
for all Hn, i.e., y(h,h) < (Hnh,h) for all h € H. Furthermore, (1.9.14) gives for 
nom: 


0< ((Hn — A)h, h) < ((Hm — A)h,h), A< 


Since H, — À with A < y is boundedly invertible for all n € N, this implies by 
antitonicity that (1.9.12) holds. Thus, (1.9.15) follows from Proposition 1.9.9. 


1.10 Parametric representations for relations 


The discussion in this section is centered on the question when a relation from ģ 
to £ can be seen as the range of a bounded column operator or as the kernel of 
a bounded row operator. The results will be used in the description of boundary 
value problems in Chapter 2. 


Let 9, &, and € be Hilbert spaces and let A € B(€, 9), B € B(€E, £). Then 
H defined by 
H = {{Ae, Be} :e € €} (1.10.1) 


is a relation from to &. The representation of the relation H in (1.10.1) is 
called a parametric representation and is denoted by H = {A,B}. It is sometimes 
convenient to rewrite (1.10.1) as 


H = ran ia) (1.10.2) 


that is, H is the range of the corresponding bounded column operator from € to 
H x K. Not all relations from § to & can be represented in the form (1.10.1); below 
the ones that do will be characterized. 

An interesting feature of parametric representations is how they show up in 
adjoints. Namely, if H is given by (1.10.1) or, equivalently, by (1.10.2), then the 
adjoint H* of H satisfies 


H*={{f, fp eax H: Bf = AF}, (1.10.3) 


or, equivalently, 
H* = ker (B* — A*), 


that is, H* can be written as the kernel of the corresponding bounded row operator 
from R x § to È. 
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The following theorem uses the notion of operator range. An operator range 
KR in a Hilbert space X is defined as the range of a bounded everywhere defined 
operator from some Hilbert space 2) to X. 


Theorem 1.10.1. A relation H from $ to & is of the form (1.10.1) with A € B(E, 9) 
and B € B(E, R) if and only if H is an operator range. In particular, every closed 
relation H from $ to & is of the form (1.10.1). 


Proof. Let H be given by (1.10.1) and define the column operator R by 


r- () e> C) 


where the column on the right stands for the Hilbert space H x &. Then R belongs 
to B(€, § x £) and clearly ran R coincides with (the graph of) the relation H; i.e., 
H is an operator range in § x R. 

Conversely, assume that H is an operator range in § x &, so that (the graph 
of) H coincides with ran R for some R € B(E,H x KR). Let Ps and Pg be the 
orthogonal projections from § x & onto § and R, respectively. Then 


A=P,R and B= PgR 
define a pair of bounded operators A € B(€,) and B € B(E, £) such that 
H={Rf: fee} ={{Af, Bf}: fee}. 
Hence, H has the form (1.10.1). 
Finally, every closed relation H from § to & is of the form (1.10.1), since it 


coincides with the range of the orthogonal projection from § x & onto (the closed 
graph of) H. 


In the general operator representation (1.10.1) there clearly exists some re- 
dundancy: the closed linear subspace 


ker (3) = ker AN ker B C € 


does not contribute to H. Thus, one can restrict the operators A and B to the 
orthogonal complement of ker AN ker B in €. The representing pair H = {A, 8} is 
called tight if ker AN ker B = {0}. All tight representations H = {A, B} are easily 
characterized. 


Lemma 1.10.2. Let H;, j = 1,2, be relations from 9 to R. Assume that the repre- 
sentations 

Hj = {{Aje, Bye}: e € Èj}, j= 1;2, 
where A; € B(E;, 9), Bj € B(E;,&), and È; are Hilbert spaces, are tight. Then 
the equality Hı = Hə holds if and only if there exists a bounded bijective operator 
X € B(E,, €2) such that 


Ay =A2X, By = BX. 
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Proof. Since the representations of H;, j = 1,2, are tight, one has 


__ (Ay\* _ AN o (Ay\* _ A2\\~ 
ran (53) = (xer (5) ) =€, and ran (32) = (ker (3) ) = Ep. 


Now assume that Hı = Ho, so that 


Then Corollary D.4 and the discussion preceding it show that there exists a bound- 
edly invertible operator X € B(€1, €2) such that 


(a) = x 


The question comes up when relations of the form (1.10.1) are closed. The 
following result gives a necessary and sufficient condition. 


Proposition 1.10.3. Let H be a relation from 9 to R of the form (1.10.1) with 
A € B(E,5) and B € B(E,R). Then H is closed if and only if 


The converse is clear. 


€ = ran (A*A + B*B) 


is closed in È. In this case there exists a tight representation {A',B'} of H, where 
A’ E€ B(€’, 9), B’ © B(E, K), such that 


(Atal + (BB'S Ie. 


A\" (A : ‘ 
ran (53) (j) ran (a+ B B) 


together with Lemma D.1 and Lemma D.2 shows that ran (A*A + B*8) is closed 


if and only if 
A 
H = ran ( 


is closed. Now assume that H is closed or, equivalently, that ran (A*A + B*B) is 
closed. Since A*A + B*B is self-adjoint the space € has the orthogonal decompo- 
sition 


Proof. The identity 


€ = ran (A*A + B*B) @ ker (A*A + B*B). 
It follows from the identity 


7 ana A\" (A\ _ A 
ker (A*A + B B) = er (5) (5) =e (5): 
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that the restrictions Ao and Bo of A and B to € = ran (A*A + B*B) form a tight 
representation of H. Moreover, it can be seen that AjAo + Bj Bo coincides with 
the restriction of A*A + B*B onto € and hence it follows that AjAo + BZ Bo is a 
bounded bijective nonnegative operator in €’. Now define 


X = (AŠ Ao + B*Bo)~? € B(€’), 


and set A’ = Ao X € B(€’, 9), B’ = BOX € B(€’, 8). Then it follows that H can 
be represented in the form 


H= {{A'e, B'e} :e€ E}, 
where the pair {A’,B’} is normalized by 
(A*A + (BB = X* (Ab Ao + B*Bo) X = Ter. 


Since the representing pair H = {Ao, Bo} is tight, so is the representing pair 
H={A',8'}. 


A direct by-product of Theorem 1.10.1 is the following representation of a 
relation in terms of the kernel of a bounded row operator. 


Proposition 1.10.4. A relation H from 9 to R is of the form 
H={{f, f}eHx Ri Mf=Nf'}, (1.10.4) 


where M € B(H,8), N € B(R, 3), and F is a Hilbert space if and only if H is 
closed. In this case the Hilbert space § can be chosen such that 


& = span {ran M, ran N}, (1.10.5) 


where M and N are uniquely determined up to left-multiplication by a bounded 
bijective operator. 


Proof. Note first that for any relation H from § to K the adjoint H* is a closed 
relation from & to §. Hence, by Theorem 1.10.1, there exist a Hilbert space Ẹ and 
a pair C € B(¥,&) and D € B(¥,H), such that 


H* = {{Ce, De} :e € F}. 
Then it follows from (1.10.3) that 
H atti Lege hi Of ac" fh. 


Now assume that H is a closed relation from § to £. Then H = H** and hence 
(1.10.4) is valid with M = D* € B(S, F) and N = C* € B(R, F). For the converse 
assume that H has the form (1.10.4), where M € B(S, F) and N € B(&,§). Then 
it follows directly that H is closed. 
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If H is given by (1.10.4), then it follows that H* has the representation 
H* = {{N*e,M*e} :e€ F} 


with N* € B(Ẹ, £) and M* € B(¥,9). By Proposition 1.10.3, this representation 
can be assumed to be tight. Then one has 


Gk ee os = (ran can = (ran (N M))+, 


which gives (1.10.5). 
Likewise, assume that H is given by 


H={{f, f}eHx&: Mif=Nif'}, 


where §; is a Hilbert space, Mı € B(H,%1), and Nı € B(R,%1), and that the 
condition $1 = Span {ran Mı, ran N;} holds. Then H* also has the following tight 
representation 

H* = {{(N1)*e, (Mi)*e} :e € Fi}. 
By Lemma 1.10.2, there exists a bounded bijective operator X € B(¥1,%) such 
that 

(Mi)" = (M)*X, (Ni)" = (N)*X, 


or 
Mı = X*M, Ny, = X*N, 


with X* € B(¥, g1) is bijective. This completes the proof. 


Let H be a closed relation from § to &. Then it has a representation as 
in (1.10.1) and a representation as in (1.10.4). The interest is now in explicitly 
connecting these representations. The first main result concerns the case when the 
resolvent set of the relation is nonempty. 


Theorem 1.10.5. The relation H in H is closed with u € p(H) if and only if H 
has a representation 


H = {{Ae, Be} :e € H} (1.10.6) 


with A,B € B(S), such that (B—wA)~! € B(S). This representation is automat- 
ically tight. Moreover, in this case the pair {A,B} may be chosen such that H* 
has the tight representation 


H* = {{A*e, B*e} :e € H}, (1.10.7) 
so that H can also be written as 


H = {{f, f }E5SxH:Bf=Af'}. (1.10.8) 


92 Chapter 1. Linear Relations in Hilbert Spaces 


Proof. Let H be the relation in (1.10.6) and assume that (B — pA)! € B(S). 
Then it is clear that 


(H — pw)? = {{(B— pA)e, Ae} : e € 5} = A(B — pA), 


which implies that u € p(H) and that H is closed. The representation is tight, 
since Ae = 0 and Be = 0 imply (B — wA)e = 0, and hence e = 0. 

Conversely, let H be closed and assume that u € p(H). Then, by Lemma 1.2.4, 
H has the representation 


H = {{(H - u), + uH -uS : f € 5}. 
Hence, one gets (1.10.6) by taking A = (H — p)~' and B = I + u(H — u)™t, in 


which case B — 4A = I is boundedly invertible. Since fi € p(H*), one also has, by 
Lemma 1.2.4, 


H* = {{(H* — p) tg, (1+ (A — fi) ")g}: 9 ESY, 


which then leads to (1.10.7). It also follows that this representation is tight. The 
assertion (1.10.8) follows from (1.10.7), (1.10.3), and H = H**. 


Note that a possible choice for (1.10.6) and (1.10.7) (and hence also (1.10.8) 
to hold is given by 


A=(H-yp)! and B=I+p(H-p)", we p(A). (1.10.9) 
In the next statement, starting from an arbitrary representing pair {A,B} for H 
in (1.10.6) a representing pair {X~*A*, X~*B*} for H* as in (1.10.7) is obtained. 
In fact, Corollary 1.10.6 is an immediate consequence of (1.10.9), Lemma 1.10.2 


and Theorem 1.10.5. 


Corollary 1.10.6. Let H be a closed relation in 5 with u € p(H) given in the form 
(1.10.6) with A,B € B(S), such that (B — pA)! € B(H). Then 


A=(H-p)'X, B=(l+p(H-p)')X, 


for some bijective X € B(S%), and the pair {X~*A*, X~*B*} represents the adjoint 
H* as in (1.10.7). In particular, H is given by 


H = {{f, f} EÑ: BXf = AXIS}. 


For a given representation H = {A,B} as in (1.10.6) and some bijective 
operator X € B(), Lemma 1.10.2 shows that also 


A'=AX, B'=BX, 
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is a tight representation of H. With {A,B} in (1.10.9) and X = fi — pu, where 
u € p(H) AOC \ R, one gets the following representing pair {A’, B’} for H in terms 
of the Cayley transform in Definition 1.1.13: 


A’ = (i — p)(H — p) + = T — C[H], 
. j p)(H — u) 7 pli] (1.10.10) 
B' = (p — u)(I + u(H — p)™*) = p — pe, [H]. 
The next proposition is also closely related to Theorem 1.10.5. 
Proposition 1.10.7. Let H be a closed relation in 9 of the form 
H={{f, f}eHx H:Mf=Nf'}, (1.10.11) 


where § is a Hilbert space and M,N € B(%,§), and assume that (1.10.5) is satis- 
fied. Then  € p(H) if and only if M — uN € B(H,8) is bijective. In this case H 
has the parametrization (1.10.6) with 


{A,B} = {(M— uN) IN, (M — uN) IM}. (1.10.12) 


Proof. Assume that u € p(H), so that also i € p(H*) and hence one has the 
parametrization H* = {(H* — ji)~1,1 + a(H* — p)~!}. Define the relation K in 
% by 


K = {{N*e,M*e}:e € F}. 


Then it follows from (1.10.3) that H = K*. Furthermore, one sees that the rep- 
resentation of K = H* is tight due to (1.10.5). Hence, there exists a bijective 
operator X € B(¥,) such that 


N* = (H*- p) X and M* = (I +p(H* —p)~')X, 
and therefore 
M = X*(I + u(H — uy’) and N= X*(H — p). (1.10.13) 


It follows that 
M- pN =X", (1.10.14) 


and hence M — uN € B(H, 8) is bijective. 
Conversely, assume that M — uN € B(H,%) is bijective. It follows from 
(1.10.11) that 


H-w={{f,f' —pffenx9:MfaNf'}. 


Then it is clear that ker (H — u) = {0}. To show that ran (H — u) = 8, let he 
and define 
f=(M-uN INA and f’=pf th. 
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From this definition one sees that 
Nf! = pNf + Nh = uNf + (M—pN)f =Mf, 


which shows {f, f’} € H. Furthermore one sees that f’ — wf = h, which then 
implies that ran (H — u) = 9. Hence, u € p(H). 

It remains to show the parametrization (1.10.12) if u € p(H) or, equivalently, 
(M—pN)~! € B(%, H). For this note that H = {(H — p)™t, I + u(H —p)~'}, and 
that (1.10.13) and (1.10.14) imply 


(H — u) =(M- uN) IN and I+pu(H -put =(M—pN)'M. 


This gives (1.10.12). 


In the next corollary the self-adjoint, maximal dissipative, and maximal ac- 
cumulative relations are treated. 


Corollary 1.10.8. Let H be a relation in 9. Then the following statements hold: 
(i) H is self-adjoint if and only if there exist A,B € B(S), such that 
H = {{Ae, Be} :e € H} (1.10.15) 
holds with 
Im(A*B)=0 and (B—pA)' € B(S) 
for some, and hence for all u € C* and for some, and hence for all u € C7. 
(ii) H is maximal dissipative if and only if there exist A,B € B(H), such that 
(1.10.15) holds with 
Im(A*B)>0 and (B—pA)~' € B(S) 


for some, and hence for all u € C7. 
(iii) H is maximal accumulative if and only if there exist A,B € B(H), such that 


(1.10.15) holds with 
Im(A*B) <0 and (B-— pA)! € B(S) 
for some, and hence for all p € CY. 


If A,B € B(S) are chosen such that also (1.10.7) is satisfied, then H has the 
representation 


H = {{f, f }ESxH:Bf=Af'}. 


Proof. It has been shown in Theorem 1.10.5 that a relation H is closed with 
u € p(H) if and only if it admits the representation (1.10.15) with A,B € B(9) 
such that (B — uA)! € B(S). Note that when H is given in this way, then 
{f, f'} € H if and only if {f, f'} = {Ae, Be} for some e € . The identity 


(f', f) = (Be, Ae) = (A*Be, e) 
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shows that H is dissipative, accumulative, or symmetric if and only if 
Im(A*B) > 0, Im(A*B) <0, or Im(A*B)=0, respectively. 


Furthermore, it is clear that H is maximal dissipative if ~ € CT, maximal accu- 
mulative if u € C+, and self-adjoint if u € Ct and we C7. 


The next corollary provides a special representing pair {A,B} for a self- 
adjoint relation H. 


Corollary 1.10.9. Let H be a relation in H. Then H is self-adjoint if and only if 
there exist A,B € B() such that 


A*B =B*A, ABY=BA*, A*A+B*B=I=AA*+BB". (1.10.16) 


Proof. Assume that H is self-adjoint and define 


A=-=(I-C_,[H]) and B==(i+ie_,[H}), 


NI = 
NI = 


where C_;[H] denotes the Cayley transform of H (with respect to the point 
u = —i) in Definition 1.1.13. A straightforward calculation using the identity 
(€:[H]) t = C,[H] = (C_;[H])* (see Lemma 1.3.11) shows that the properties in 
(1.10.16) are satisfied. 

Conversely, it suffices to remark that for u = +i 


(B+ pA)*(B+ pA) = I = (B + pA)(B+ pA)* 


follows from (1.10.16). This shows (B + pA)! € B(S) for p = +i. Furthermore, 
the first condition in (1.10.16) shows Im (A*B) = 0 and now Corollary 1.10.8 (i) 
implies that H is self-adjoint. 


In Theorem 1.10.5 and afterwards special attention was paid to representa- 
tions of H of the form (1.10.6) and (1.10.8) under the assumption that p(H) 4 0. 
In the next proposition this assumption is dropped. 


Proposition 1.10.10. Let the relation H = {A,B} from 9 to & be given by (1.10.1) 
with A € B(E, 5), B € B(E, £), and assume that 


AA+ B*B =I. (1.10.17) 
Then the adjoint H* from & to § has the parametrization 
A* = {{(I— BB*)p + BA* Y, AB*y + (I-— AAY}: PER, PE H}. 
Consequently, H is given by all {f, f'} © 9 x & for which 


(I — AA*)f =AB*f’, BA*f =(I—BB*)f". (1.10.18) 
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Proof. The assumption (1.10.17) and Proposition 1.10.3 imply that the relation 
H = {A,B} is closed. Let J{h,k} = {k, —h} be the flip-flop operator from H x K 
to Rx H in (1.3.1). Then JH = {B, —A} is a closed relation from & to §. It follows 
from (1.10.17) that 


a (2) = I, and hence ran a) =€, 


This implies that the orthogonal projection Py in R x § onto JH has the form 


eee oe: B\" (BB* —BA* 
JH (aj CA) ~ \-AB* AA* j’ 
Since H* = (JH)+ by (1.3.2), the orthogonal projection onto H* is given by 


I-BB* BA 
Pae =I- Pin = (T ps e] 


and this leads to the form of H* in the proposition. It then follows from (1.10.3) 
that H** = H consists of all {f, f'} € § x & for which (1.10.18) holds. 


1.11 Resolvent operators with respect 
to a bounded operator 
Many of the results in this chapter are phrased for (H —A)~t, where H is a relation 


in § and A € C. In the rest of this text there will be several occasions to use similar 
results phrased for (H — R)~+ when R € B(S). A brief survey is offered. 


For a relation H in § recall that the difference H — R is a well-defined relation 
in § given by 
H — R= {{h,h' — Rh}: {h, W} € H}, 


and that H — R is closed whenever H is closed. It is clear that 
ker (H — R)~' = mul (H — R) = mul H. (1.11.1) 
The next lemma is a variant of Lemma 1.1.8 in the present context. The 


proof is not repeated. 


Lemma 1.11.1. Let H be a relation in 9. If R € B(H) and ker (H — R) = {0}, 
then 
H = {{(H — R) f, (I + R(H — R)-)f}: f € ran (H — R)}. 


The next proposition is concerned with the resolvent identity as in Proposi- 
tion 1.1.7, but in the present context. 
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Lemma 1.11.2. Let H be a relation in § and let R, S € B(H). Then 
(H — R)'-(H-S)'=(H-R)'(R-S)\(H-S). (1112) 
If ker (H — R) = {0} and ker (H — S) = {0}, then (H — R)~! and (H — S)~} are 


linear operators with the same kernel mul H. 


Proof. For the inclusion (C), let {h,h’ — h"} € (H — R)™! — (H — S)! with 
{h,h'} € (H — R)! and {h,h”"} € (H — S)~t. This gives 


{nh h+Rh}eH and {h",h+Sh"} eH, 
which shows that {h’ — h”, Rh’ — Sh"} € H, and thus 
{(R- S)h", K — hb € (H — R). 


Since {h,h"} € (H — S)! and {h", (R — S)h”} € R-— S, one concludes that 
{h, (R — S)h”} € (R—S)(H — S)~t. Hence, the element {h, h’ — h’’} belongs to 
the relation (H — R)~!(R — S)(H —$)~1, which shows the inclusion. 

For the inclusion (D), let {h,h'} € (H — R)“!(R — S)(H — $)~!. Then by 
definition there exists k € § such that 


{h,k} e (H-S)! and {(R—S)k,h’} e€ (H -— R), 
as {k, (R — S)k} € R—S. It is clear from {k,h} € H — S that 
{h+ (S — R)k, k} € (H — R). 


Thus, it follows that {h,h’ +k} € (H — R)~!. Hence, {h,h'} = {h,h’ + k — k} 
belongs to (H — R)~! — (H — S)~1, which shows the inclusion. 
The last statements follow directly from (1.11.1). 


Observe that if (H — R)~! and (H — S)~! belong to B(5), then the resolvent 
identity (1.11.2) involves only operators from B(S) defined on all of §. Hence, the 
following lemma can be verified by direct computation. 


Lemma 1.11.3. Let H be a closed relation in 9, let R,S € B(S), and assume that 
(H—R)! and (H-S)! € B(S). 


Then the operator I + (H — R)-1(R—S) € B(S) is boundedly invertible, with 
inverse given by 


[P+ (H - R)1(R- S)]* =1-(H-S)"(R-S). (1.11.3) 


Likewise, the operator I — (R — S)(H —S)~1 € B(S) is boundedly invertible, with 
inverse given by 


= 


[I -(R-S)\(H- S) |]  =1I+(R-S)(H- R). (1.11.4) 
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Under the conditions of Lemma 1.11.3 it follows by rewriting the resolvent 
identity (1.11.2) that 


(H — R)? = [I + (H-R)'(R-8$)|(H- 8) (1.11.5) 
and 
(H — R)|I — (R- S)(H — S)`t] =(H-S)!; (1.11.6) 


here the factors are bounded and boundedly invertible by Lemma 1.11.3. Hence, 
the identities (1.11.3) and (1.11.4) lead to the following useful result, expressing 
the resolvent difference (Hı —R)~'—(H2—R)~1 in terms of the resolvent difference 
(Hı = gym! = (H2 = Sy. 


Lemma 1.11.4. Let Hı and Hə be closed relations in H, and let R and S be op- 
erators in B(). For i = 1,2 assume that (H; — R)~! and (H; — S)~! belong to 
B(). Then the bounded operators 


I-(H,-—8)\(R-S), I-(R-S)(H,-s)"! 
are boundedly invertible, and 


(Hı — R)? — (Hə — R)’ 
= [I= (H - S) '(R- 5)" 
[Gh — 5)! -— (Hp — 8)“1] [I — (R- S)(Ha — 5)71] ~. 
Proof. It follows from the identities (1.11.5)-(1.11.6) and Lemma 1.11.3 that 
(Hy — R) = [I - (Hı — 8) (R- S)] "(hs — 8) 


and 


(Ha — R) = (Hy — $)""[T - (R- $)(Ha - 8)""]. 


Subtracting these identities yields the desired result. 


The question arises for what relations H in § and R € B(S) one can conclude 
that (H — R)~+ € B(S). The following lemma presents some sufficient conditions. 


Lemma 1.11.5. Let H be a closed relation in § and let R € B(H) with Im R > e 
for some £ > 0. Then the following statements hold: 


(i) if H is maximal accumulative, then (H — R)~' € B(S) is dissipative; 
(ii) if H is maximal dissipative, then (H — R*)~+ € B(S) is accumulative; 
(iii) if H is self-adjoint, then (H — R)~1 € B(%) and (H — R*)~! € B(S) are 


accumulative and dissipative, respectively. 
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Proof. (i) Since the relation H is maximal accumulative, it follows that H is 
closed, which implies that the relation (H — R)~? is closed. In order to show that 
(H — R)~1 is a bounded operator, let { f, f'} € (H—R)~+. Then {f’, f+ Rf} € H 
and, since H is accumulative and Im R > e, this shows that 


Im (f, f’) + ell fll? < Im(f, f) + (im R)f’, f) = Im(f + Rf’, f’) <0, (1.11.7) 
which leads to 


elf? < =m (F, F) = Im (f", f) < IELI 


This implies that the closed relation (H — R)~! is a bounded operator. Note also 
that (1.11.7) implies Im (f, f’) < 0 for {f, f’} € (H — R)~1. Hence, Im(f’, f) > 0 
and (H — R)~! is dissipative. 

To show that (H—R)~1! € B(S) it therefore suffices to verify that ran (H— R) 
is dense in 5). Note that (ran (H — R))+ = ker (H* — R*) by Proposition 1.3.2 and 
Proposition 1.3.9. Now observe that ker (H* — R*) = {0}. To see this, assume 
that f € ker(H* — R*) or, equivalently, {f, R* f} € H*. Since H* is maximal 
dissipative by Proposition 1.6.7 one obtains that 


0<Im(R*f, f) = Im (f, Rf) = —((ImR)f, f) < elf, 
which gives f = 0. 


(ii) & (iii) The proofs are similar. 
Let H be a closed relation in § and let A € B(€, 5), B € B(E, H) be a tight 

representing pair for H, that is, 
H = {{Ae, Be}: e € €} (1.11.8) 


and ker A N ker B = {0}; cf. Theorem 1.10.1 and Proposition 1.10.3. Note that 
if for some u € C one has (B — uA)! € B(€), then the tightness condition 
ker A N ker B = {0} is automatically satisfied. 


Lemma 1.11.6. Let H be a closed relation in 9 and assume that H has the tight 
representation (1.11.8), where A,B € B(E,H). Then for any R € B(H) one has 
that 

(H—R)'e€B(H) & (B-RA)! €B(9,¢&), (1.11.9) 


in which case 


(H — R) = A(B — RA)". (1.11.10) 
Proof. One sees by the definition of H — R that 
H — R= {{Ae, (B — RA)e} :e € €}, (1.11.11) 
and thus it follows directly that 


ran(H = R) =ran (B= RA) and ker(H = R)=Aker(B = RA). 
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Furthermore, it is clear that in general 
ker(B-—RA)={0} = ker(H — R) = {0}. 
Moreover, under the assumption ker A N ker B = {0} one concludes that 
ker(H — R)= {0} = ker(B— RA) = {0}. 
To see this, let h € ker (B — RA), which means that Bh = RAR. Due to 
ker (H — R) = Aker (B — RA) 


one has Ah € ker (H — R) = {0} and thus also Bh = 0. The tightness condition 
now implies that h = 0. 

In order to prove the equivalence (1.11.9), assume that H has the tight rep- 
resentation (1.11.8). Then it is clear that ker (H — R) = {0} and ran (H — R) = 
if and only if ker (B — RA) = {0} and ran (B — RA) = ġ. This implies (1.11.9). 
Moreover, (1.11.11) yields (1.11.10). 


1.12 Nevanlinna families and their representations 


Let § be a Hilbert space and let N : C \R > B(S) be a holomorphic function. 
Then N is a Nevanlinna function (or B(S)-valued Nevanlinna function) if 


(Im A)(Im N(A)) > 0, AEC\R, (1.12.1) 
and N satisfies the symmetry condition N(A) = N(A)* for all A € C \ R; see Def- 
inition A.4.1. If, in addition, the imaginary part Im N(A) is boundedly invertible 
for some, and hence for all A € C \ R, then the Nevanlinna function N is said to 
be uniformly strict; cf. Definition A.4.7. Observe that by (1.12.1) the operators 
N(A) € B(S) are dissipative (accumulative) for A € CT (A € C7). In this section 
the notion of a Nevanlinna function is extended to a so-called Nevanlinna family, 
that is, a family of relations Z(A), A € C \ R, in § which are maximal dissipative 
or maximal accumulative for A € C+ or C~, respectively, and satisfy a symmetry 
condition and a holomorphy condition. 


Definition 1.12.1. A family of relations Z(A), A € C \ R, in $ is called a Nevanlinna 
family if the following conditions are satisfied: 


(i) Z(A) is maximal dissipative (maximal accumulative) for A € Ct (A € C7); 
(ii) Z(A) = Z(A)*, NE C\ R; 
(iii) there exists u € C* such that A+ (Z(A) + w)7+ is holomorphic on C* and 
A+ (Z(\) + g)! is holomorphic on C7. 
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Note that condition (i) in this definition and Theorem 1.6.4 ensure that 
CT c p(Z(d)), AECH, and = Ct cp(Z(A)), AEC. (1.12.2) 


In particular, one has (Z(A)+y)~! € B(S) in (iii). The condition Z(\) = Z(A)* in 
(ii) leads to the following conclusions. First of all, it follows from Proposition 1.6.7 
that Z(A) is maximal accumulative for A € C7 if and only if Z(A) is maximal 
dissipative for A € C+. Secondly, A + (Z(\) + @)7! is holomorphic on C7 if 
and only if A + (Z(A) + )~+ is holomorphic on C+; this follows from the fact 
that for a B(§)-valued function H one has that A +> H(A) is holomorphic if and 
only if A œ> H(A)* is holomorphic. Furthermore, each element Z(A) is a closed 
relation in § and therefore it has a tight operator representation by Theorem 1.10.1 
and Proposition 1.10.3. In particular, one has the following general representation 
result. 


Proposition 1.12.2. Let Z(A), A € C \ R, be a Nevanlinna family in H. Then Z(A) 
has the tight representation 


= {{A(A)h, BA)h}: hE SH}, AEC\R. (1.12.3) 
Here {A, B} is a pair of B()-valued functions on C \ R which satisfies: 
(a) the mappings A œ> A(A) and A+ B(A) are holomorphic on C \ R; 
(b) (Im A) Im (A(A)*B(A)) > 0, AG C\R; 
(c) AABO) = BAJA), A € C\ R; 
) 


(d) there exists u € Ct such that (B(X) + wA(A))~! € B(S) for A € Ct and 
(B(A) + BA(A)) t € B(S) for A € Co. 


If the pair {C, D} is another tight representation of the Nevanlinna family Z(A), 
à € C\R, with the above properties, then there exists a bounded and boundedly 
invertible holomorphic operator family X (A), A € C \ R, such that 


C(A) =AAXA), DA)=BAXA), AEC\R. (1.12.4) 


Proof. Let Z(A), A € C \ R, be a Nevanlinna family, choose u € C* as in Defini- 
tion 1.12.1, and define A(A) and B(A) by 


ae ah + 
aw SGO eo o (1.12.5) 
and 
JI- ul(Z(A) +u), AEC, 
20) = o ea: (1.12.6) 


Then it follows from (1.12.2) that A(A) and B(A) belong to B(), and Lemma 1.2.4 
shows that Z(A) has the representation (1.12.3). Definition 1.12.1 (iii) implies 
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that the mappings A œ> A(A) and A +> B(A) are holomorphic, which shows (a). 
Furthermore, it follows from (1.12.5) and (1.12.6) that B(A)+wA(A) = I, A € CF, 
and B(A) + #A(A) = I, A € C7, which shows (d). Since by (i) Z(A) is dissipative 
(accumulative) for A € Ct (A € C7) it follows from 


Im (A(A)*B(A)h, hk) = Im (B(A)h, AAJA), AEC\R, HES, (1.12.7) 
that (b) holds. It is a direct consequence of (1.12.3) that 
Z(A)* = {{k,k'} €H x H: BAV k = A(A)*k’}; 


cf. (1.10.2) and (1.10.3). Since by (ii) Z(A) = Z(A)* it follows from (1.12.3) that 
(c) holds. 

The representation in (1.12.3) with A(A) and B(A) in (1.12.5)-(1.12.6) is 
tight for each À € C \ R, that is, 


ker A(A) A ker B(A) = {0}, AEC\R. 


In order to see this, assume that A(A)g = 0 and B(A)g = 0 for some à € Ct 
with some g € §. Then (B(A) + wA(A))g = 0 and hence (d) implies that g = 0. 
Likewise, the same conclusion holds when A € C7. 

Now assume that {C, D} is another tight representation of the same Nevan- 
linna family Z(A), A € C \ R, i.e., assume that Z(A) is also given by 


Z(A) = {{C(A)h, DA)h} : hE Hf. 


It follows from Lemma 1.10.2 that there exist bounded bijective operators X (A), 
àA € C \ R, such that (1.12.4) holds. In particular, for A € Ct one has 


D(A) + wO(A) = (BA) + uA) XA) 
and hence the function 
AH X(A) = (BOA) + uA (DOA) + uC), AE CT, 
is holomorphic on Ct. Similarly, on C~ the function X has the form 


AH X(A) = (BA) + BA()) (DA) + 0C()), AEC, 


and is holomorphic. 


Definition 1.12.3. Let {A,B} be a pair of B(%)-valued functions on C \ R. Then 
{A, B} is called a Nevanlinna pair if it satisfies the properties (a), (b), (c), and 
(d) in Proposition 1.12.2. 


Hence, by Proposition 1.12.2 each Nevanlinna family is represented by a 
Nevanlinna pair. The converse is also true: each Nevanlinna pair defines a Nevan- 
linna family. 
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Proposition 1.12.4. Let {A,B} be a Nevanlinna pair in H. Then Z(A), AE C\R, 
defined by (1.12.3) is a Nevanlinna family in 9. 


Proof. Let {A,B} be a Nevanlinna pair and define the family Z(A), A € C\R, 
by (1.12.3). Then (b) implies that Z(A) is dissipative (accumulative) for A € C+ 
(A € C7); cf. (1.12.7). It follows from (d) and the definition of Z(A) that one has 


A 


(Z(A) + u) = AQ)(BQ\) + #AQ)) | EBS), AE CF, 


E (1.12.8) 
(ZA) +f)" = AA(B(A) +AA) € BOS), AEC, 


for some u € Ct. With (a) this shows that the holomorphy condition (iii) is 
satisfied. Moreover, from (1.12.8) and Theorem 1.6.4 it is now clear that Z(A) is 
maximal dissipative (maximal accumulative) for A € C+ (A € C7), which is (i). 
From (c) one concludes 


A(A)* (BQ) + BAQ)) = (BA)* + BAA) AA), AEC\R. 
For A € Ct and pu € Ct this reads 
(B(A)* + BAA) AQA)* = AQ)(B(A) + AQ)), 


so that 
(ZO) +u) = (BO) + RAOV) AQ)" 
= AA) (BA) + #AQ))* = (ZO) +7). 
However, the left-hand side is equal to (Z(A)* + p)7}, and hence it follows that 


Z(A)* = Z(X) for A € C+. A similar reasoning is valid for A € C7. Hence, (ii) 
follows and therefore Z(A), A € C \ R, defined by (1.12.3) is a Nevanlinna family 


in 9. 


In the next lemma it turns out that the conditions (iii) in the definition of 
a Nevanlinna family and the conditions (d) in the definition of a Nevanlinna pair 
hold for all u € C \ R. 


Lemma 1.12.5. Let Z(A), A € C \ R, be a Nevanlinna family in § and let {A, B} 
be a Nevanlinna pair in H. Then the following statements hold: 


(i) for all p € Ct the mapping A => (Z(A)+p)~1 is holomorphic on C* and for 
all u € CT the mapping A = (Z(A) +p)! is holomorphic on C7; 
(ii) for all p € C+ one has (B(X) + pA(A))7! € B(S) on Ct and for all p € C7 
one has (B(X) + pA(A)) 7} € B(H) on Co. 
Proof. (i) Assume that Z(A) satisfies (i) in Definition 1.12.1, so that, (1.12.2) 


holds. Fix v, u in the same half-plane as A € C \ R. Then one has —v € p(Z(A)) 
and — € p(Z(A)) According to the resolvent formula one has 


(Z(A) +n)? = (ZA) +v) = (v = u) (ZA) +) (ZA) + we) 


e 4 (1.129) 
= (v—p)(Z(A) +u) (ZA) +v). 
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Assume that for some u € C+ the mapping A+ (Z(A) + )~+ is holomorphic on 
Ct. Let v € Ct. Then it follows from the resolvent formula (1.12.9) that 


(ZA) +H) = (T+ w ZA) +0)" )(ZOA) +). 


The factor I + (v — p)(Z(A) + p)~+ is holomorphic in A € Ct and according to 
Lemma 1.6.10 it is boundedly invertible. Hence, its inverse is also holomorphic in 
à € Ct and one obtains for A € Ct 


(ZA) tu)" = (1+ w = w)(ZA) +n") (ZO) +). 


Hence, A > (Z(A) +v)~! is holomorphic on C+. The corresponding statement for 
the half-plane C~ follows from the symmetry of the Nevanlinna family. 


(ii) Assume that for some u € Ct one has (B(A) + wA(A))~+ € B(H). Define 
Z(A), A € C*, by (1.12.3), and note that this representation is tight. Then Z(A), 
A € Ct, is maximal dissipative and hence (Z(A) + )~+ € B(S) for all y € Ct. 
Now Lemma 1.11.6 yields (B(A) + pA(A))~! € B(9) for all u € Ct. A similar 
reasoning holds for u € C7. 


Now the conditions (iii) in Definition 1.12.1 and, likewise, the conditions (d) 
in Definition 1.12.3 will be further relaxed in a useful way. 


Proposition 1.12.6. Let Z(A), A € C\R, be a Nevanlinna family and let {A,B} 
be a Nevanlinna pair in § such that the representation (1.12.3) holds. Let N be a 
uniformly strict Nevanlinna function with values in B(H). Then the conditions in 
(iii) in Definition 1.12.1 may be replaced by 


AH (ZA) + N(A)) ‘is holomorphic on C\ R with values in B(S). 
Moreover, the conditions in (d) in Definition 1.12.3 may be replaced by 
(B(A) + NAJA) € BIS), AEC\R. 


In particular, the choice N(A) = À is allowed for these statements. Moreover, 


=] 


-= (ZA) + N(A)) = -AA (BA) + NAJAA)) AEC\R, (1.12.10) 


defines a Nevanlinna function with values in B(9). 


Proof. The proof will be given in three steps. In Step 1 it is shown how condition 
(iii) in Definition 1.12.1 and condition (d) in Definition 1.12.3 give rise to the 
stated conditions in the proposition. In Step 2 and Step 3 the reverse direction is 
traversed for Nevanlinna families and Nevanlinna pairs, respectively. 


Step 1. Let Z(A) be a Nevanlinna family in § and let {A, B} be a Nevanlinna pair 
in § as in Definition 1.12.1 and Definition 1.12.3, respectively, such that (1.12.3) 
holds. Then for A € C\R 


(ZA)+N(A)) € B(S) and (B(A)+ N(A)A(A)) € B(S), (1.12.11) 
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and the identity (1.12.10) holds and defines a Nevanlinna function with val- 
ues in B(). In fact, for A € C* the first assertion in (1.12.11) follows from 
Lemma 1.11.5 (i) with H = —Z(A) and R = N()). Similarly, for A € C7 
Lemma 1.11.5 (ii) yields the first assertion in (1.12.11). The second assertion in 
(1.12.11) and the identity in (1.12.10) follow from Lemma 1.11.6. Since the func- 
tions A, B, and N are holomorphic, the identity in (1.12.10) defines a holomorphic 
function and Lemma 1.11.5 implies 


(Im A) Im (—(Z(A) + N(A))7*h, h) > 0, AEC\R AES. 


Furthermore, for A € C \R one has —(Z(XA) + N(A))~* = —(Z(A) + N(A))7! by 
Definition 1.12.1 (ii) and the fact that N is a Nevanlinna function. Now it follows 
that the function in (1.12.10) is a Nevanlinna function with values in B(). 


Step 2. Let Z(A), A € C\R, satisfy (i) and (ii) of Definition 1.12.1, and assume 
that 
AH (Z(A) + N(A)) is holomorphic with values in B(). 


Define A(A) and B(A) for A € C \ R by 
A(A) = (Z(A) + N(A))™ and B(A) = T- NOAZA) +. NQ)); 


then it follows from Lemma 1.2.4 that the family Z(A), A € C \ R, has the repre- 
sentation (1.12.3). Note that by assumption A(A) and B(A) belong to B() and 
that each of the mappings À œ> A(A) and A+ B(A) is holomorphic. Since Z(A) is 
maximal dissipative (maximal accumulative) for A € CT (A € C7) it follows from 
Lemma 1.11.6 that for u € C+ the operator (B(A) + wA(A))~+ belongs to B() 
when A € Ct, the operator (B(A) + @A(A))~+ belongs to B(%) when \ € C7, and 


(Z(A) + u) = AQ)(BO) + uA) T, AE Ct, 


(Z(\) + ET} = A(A)(B(A) + BAA) , AEC. 


Since A ++ A(\) and A ++ B(A) are holomorphic, it follows that the mapping 
A+ (Z(A) + )~+ is holomorphic on C+ with values in B(%) and the mapping 
A + (Z(A) + f)~+ is holomorphic on C~ with values in B(s). Hence, (iii) in 
Definition 1.12.1 is satisfied. 


Step 3. Let {A, B} satisfy (a), (b), and (c) of Definition 1.12.3, and assume that 
(BOA) + N()A(Q)) € B(S). 


Define the family Z(A), A € C\R, by (1.12.3). It will be shown first that Z(A), 
A € C \ R, is a Nevanlinna family. In fact, it follows from the definition that 


=] 


(ZA) + NA) = AAB) + N(A)JA(A)) € B(S), 
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and via (a) one sees that 
AH (ZA) + NA) is holomorphic with values in B(S). (1.12.12) 


Note that (b) shows that Z(A) is dissipative (accumulative) for A € CĦ (A € C7). 
In fact, Z(\) is maximal dissipative (maximal accumulative) for A € Ct (A € C7). 
To see this, let Z’(A) be an extension of Z(A) which is dissipative for A € CT. Then 
clearly 

(ZA NAN c (ZANA), (1.12.13) 
the left-hand side is an operator in B(), and the right-hand side defines an 
operator. In fact, if {0,k} € (Z'(A) + N(A))=t}, then {k,-N(A)k} € Z'(A) and 
as Z'(A) is dissipative, it follows that Im(—N(A)k,k) > 0. On the other hand, 
one has Im(N(A)k,k) > 0 as N is a Nevanlinna function. Hence, k = 0 and 
(Z'(\) + N(A))~+ is an operator. It follows that the inclusion in (1.12.13) is an 
equality and therefore Z’(\) = Z(A) for A € C*. Thus, Z(A) is maximal dissipative 
for A € Ct. A similar argument shows that Z(\) is maximal accumulative for 
A € C~. Hence, (i) in Definition 1.12.1 has been shown. It clearly follows from (c) 


that Z(A) C Z(A)*, which implies that 


1 1 * 


(ZANNA) c (ZANA) = (ZO) + NQ)) *, 


where in the last step it was used that N(A) = N(A)*. The above inclusion is in 
fact an equality, since the operators on the left and on the right belong to B(5). 
Therefore, Z(\) = Z(X)*, and hence (ii) in Definition 1.12.1 holds. Now it follows 
from (1.12.12) and Step 2 of this lemma that also (iii) in Definition 1.12.1 holds. 
Therefore, one concludes that Z(A), A € C \ R, defined by (1.12.3) is a Nevanlinna 
family. 

Now it follows from Proposition 1.12.2 that {A,B} is a Nevanlinna pair and 
thus, in particular, condition (d) holds. 
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Chapter 2 


Boundary Triplets and Weyl Functions 


The basic properties of boundary triplets for closed symmetric operators or re- 
lations in Hilbert spaces are presented. These triplets give rise to a parametriza- 
tion of the intermediate extensions of symmetric relations, in particular of the 
self-adjoint extensions. Closely related is the Krein formula which describes the 
resolvent operators of such intermediate extensions. The introduction of bound- 
ary triplets and a discussion of corresponding boundary value problems can be 
found in Section 2.1 and Section 2.2. Associated with a boundary triplet are the 
y-field and the Wey] function, and these analytic objects are treated in Section 2.3. 
The existence and construction of boundary triplets is discussed in Section 2.4; 
their transformations are the contents of Section 2.5. Section 2.6 on Krein’s resol- 
vent formula for canonical extensions and a description of their spectra is central 
in this chapter. Furthermore, a discussion of self-adjoint exit space extensions, 
Straus families, and the Krein—Naimark formula can be found Section 2.7. Some 
related perturbation problems are treated in Section 2.8. 


2.1 Boundary triplets 


The following definition introduces a boundary triplet, one of the key objects in 
this text. It is based on the well-known Green or Lagrange formula together with 
an additional maximality condition. 


Definition 2.1.1. Let S be a closed symmetric relation in a Hilbert space §. Then 
{9,To, 01} is a boundary triplet for S* if 9 is a Hilbert space and To, r; : S* > 9 
are linear mappings such that the mapping I : S* > 9 x G defined by 


a 


F= {ofA} f= {hE S, 
is surjective and the identity 
(f.9)5 = (F g')s = (Cif. To9)s — (Cof, T13)s (2.1.1) 
holds for all f = {F, f}, J= {9,9} €S*. 
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Note that a symmetric relation S is densely defined if and only if S* is an 
operator. In this case the boundary mappings To and I; can be defined on dom S* 
instead of (the graph of) S*. More precisely, if {9, 19,11} is a boundary triplet for 
S*, then one defines boundary mappings lo and rı on dom S* by the following 
identifications 


gis; uf- FS yee 


In the following treatment whenever S is a densely defined operator, boundary 
mappings defined on $* and on dom S* will be identified in this sense. After this 
identification (2.1.1) turns into 


(S°f.9)5 —(f,S"9)5 = Cif, Pog)s — (Pof,Vig)s, (2.1.2) 


where f,g € dom S*. This formalism will be used in Chapter 6 and Chapter 8 in 
the treatment of ordinary and partial differential operators. 


The identity (2.1.1) or the identity (2.1.2) is sometimes called the abstract 
Green identity or the abstract Lagrange identity; in this text mostly the terminology 
abstract Green identity will be used. This identity has a geometric interpretation 
which is best expressed in terms of the indefinite inner products 


0 -il 
[sels = (Js) gas ds = © : 

0 il 
[Joo = (4s-)go, Js= r ie 


where Js = J$ = J;,' € B(5*) and Jg = J% = Jz' € B(S?); cf. Section 1.8. By 
means of these inner products, the identity (2.1.1) can be rewritten as 


[Pole — [rs Tg | g2 (2.1.4) 


for f = {f, f'}, 9 = {9,9'} € S*. Later the scalar products in (2.1.1), (2.1.2), and 
(2.1.4) will be used without indices § and 9, respectively, when there is no danger 
of confusion. Recall that the adjoint A* of a relation A in § can be written as an 
orthogonal complement with respect to the inner product [-,-], that is A* = AH; 


cf. Section 1.8. 


(2.1.3) 


Some elementary but important properties of the boundary mappings are 
collected in the following proposition. 


Proposition 2.1.2. Let S be a closed symmetric relation in § and assume that 
{5,1,0i} is a boundary triplet for S*. Then the following statements hold: 


(i) the mappings T : S* 4+ Gx 9 and 10,0, : S* — J are surjective and 
continuous; 


(ii) kerr = 85. 
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Proof. (i) The continuity of I : S* > 9 x G is essentially a consequence of the fact 
that T is isometric in the sense of (2.1.4). More precisely, by definition the mapping 
T is surjective, and since domT = S* is closed it follows from Lemma 1.8.1 that T 
is continuous. Clearly, the mappings To and [ are also surjective and continuous. 


(ii) In order to show that kerr C S, let f € ker I’. Then it follows from (2.1.4) that 
Lf.g] = Ivf, Tg] = 0 for all g € S*, which implies f e (s*)4] = s** = S, since 
S is closed. Hence, kerr C S has been shown. To show that S C kerT, let Fe 5S: 
Since I is surjective, for arbitrary fixed @ € G x G one can choose g € S* = S [1] 
such that 'g = dg, with dg as in (2.1.3). Since a € S and J € S* it follows from 
(2.1.4) that 


TF, 8) 92 = (TF. Ig T3) go = [LTF] = [FG] p =0 


for all  € 9?, which leads to [f= 0. Thus, S C kerT has been shown. 


By means of a boundary triplet {S,0o,[1} for S* the intermediate exten- 
sions of S defined in Section 1.7 can be described via relations in the space 9. In 
particular, the one-to-one correspondence in the next theorem preserves adjoints, 
which is a consequence of the abstract Green identity (2.1.4). 


Theorem 2.1.3. Let S be a closed symmetric relation in § and let {9,T0,T1} be a 
boundary triplet for S*. Then the following statements hold: 


(i) there is a bijective correspondence between the set of intermediate extensions 
Ae of S and the set of relations © in 9, via 


Ao := {fest : Thee}; (2.1.5) 


(ii) Ao = AG and, in particular, the relation Ao is closed if and only if the 
relation © is closed; 
(iii) Ae = ker (i= Oro); 
(iv) (Ao)* = Aø» for every relation © in 9; 
(v) Ao C Ae if and only if O C O', when © and O' are relations in 9; 
) 


(vi) Ao is an operator if and only if S is an operator and 
O NT({0} x mul S*) = {0, 0}. (2.1.6) 


Proof. (i) & (ii) The relation S* C ? is equipped with the Hilbert space inner 
product of §?. Now let Mt C H? be the orthogonal complement of S in S*, so that 
S a M = S*. Since kerr = S, the restriction I’ of I to Mt is an isomorphism 
between M and G x G. Hence I” gives a one-to-one correspondence between the 
subspaces H’ of M and the subspaces © of G x G via 


© =I"H' or, equivalently, (I’)~'@ = H’. (2.1.7) 
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Clearly, this gives rise to a one-to-one correspondence between all intermediate 
extensions H of S and all subspaces H’ of M via H = S @ H’, which is expressed 
n (2.1.5). Moreover, since I’ is an isomorphism it also follows from (2.1.7) that 
© = IH’ =I’H’ and hence the closure H of H corresponds to the closure © of 
©. This implies via (2.1.5) that Ae = Ag. 


(iii) Let Ao be defined by (2.1.5). It will be verified that 


Ao = ker (T: — OF 9) (2.1.8) 


holds for any relation © in §. Note that (2.1.8) is clear in the special case that © 
is an operator, since [f= {Tof, if} € © means that Olof = Tf. Now assume 
that © is a relation. 

First the inclusion {E ) in (2.1.8) will be shown. For this consider f€ Ap. 
Hence, f € S* and Tar, Tif}. € ©. Then if Tof € To gives {F, rift € Oro. 
Since {F, A € T, one finds {F, 0} € r4 —Or o. In other words f € ker (Tı-0rT0). 

For the inclusion (D) in (2.1.8) consider f € ker (Tı — EF). Then one has 
i, 0} € Tı — OY and hence there exists an element 4) such that {f, p} €T and 
{f. 0} € OV. Thus {f, $} € To and {Gv} € © for some Ẹ. Since both To and 
Tı are operators, one has p= Tif and ĝ = Tof, and therefore {Tof, Tf} E€ O, 
that is, f € Ao. 


(iv) To show that (Ao)* C Ao», let G € (Ao)*. Let G € © and choose f € Ao 
such that Tf = @. Then one has 


[2.13]; = [LF]; = [Ao] s2 = 0; 


which implies r9 € ©*, that is, g € Ao». One concludes (Ao)* C Ao». Since Ao» 
is closed by (ii), the inclusion Ag« C (Ae)* follows together with (ii) from 


Ae: = (Ae-)™ C (Aom )* = (Ag)* = (Ao)" = (Ao)”- 


(v) This assertion is obvious from the correspondence in (2.1.5). 


(vi) Let Ao be an operator. Then clearly S is an operator. Assume that T fe © 
for some element f = {0, f’} € S*. Then f € Ao and hence f’ = 0, so that (2.1.6) 
holds. 

Conversely, assume now that S is an operator and that (2.1.6) holds. If 
f = {0, f’} € Ao, then f’ € mul S* and T{0, f’} € ©. Hence, r{0, f’} = {0,0} 
and as S = kerT, it follows that {0, f’} € S. This implies f’ = 0. Therefore, Ao 
is an operator. 


Due to the abstract Green identity (2.1.1), (2.1.2), or (2.1.4) some properties 
of intermediate extensions are preserved in the corresponding relations in 9. 
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Corollary 2.1.4. Let S be a closed symmetric relation in 9, let {9,T0,T1} be a 
boundary triplet for S*, and let Ae be the extension of S in H corresponding to 
the relation © in G via (2.1.5). Then the following statements hold: 


(i) Ao is dissipative (accumulative) if and only if © is dissipative (accumulative); 
(ii) Ae is maximal dissipative (maximal accumulative) if and only if O is maximal 
dissipative (maximal accumulative) ; 
(iii) Ao is symmetric if and only if O is symmetric; 
(iv) Ao is maximal symmetric if and only if O is maximal symmetric; 
(v) Ao is self-adjoint if and only if © is self-adjoint. 


Proof. (i) This assertion follows immediately from the identity (see (1.8.4)) 
i lips 
Im (f oD) = alif lo = siTsiT foe =Im(Pif,Pof), 


where f = {f, f} € S*, and (2.1.5). 


(ii) According to Theorem 2.1.3 (v), for any two extensions Ae and Ae of S one 
has Ae C Ae if and only if © C ©’ holds. Therefore, if Ao is maximal dissipative, 
then © is dissipative because of (i) and if ©’ is a dissipative extension of © in 9, 
then Ae: is a dissipative extension of Ao, so that Ae = Ae. Hence, O = O’ and 
© is maximal dissipative. The converse direction is proved in exactly the same 
way. The statement for maximal accumulative extensions follows analogously. 


(iii)—(v) These assertions follow from the previous items, and the fact that a re- 
lation is symmetric (self-adjoint) if and only if it is (maximal) dissipative and 
(maximal) accumulative. 


Let H and H’ be two closed intermediate extensions of S in 5. Recall that 
H and H’ are disjoint if HM H’ = S, and that H and H’ are transversal if they 
are disjoint and H + H’ = S*; cf. Definition 1.7.6. If, in addition, the extensions 
H and H’ are self-adjoint, then disjointness implies 


S* = clos (H + H’); 


and in this case H and H’ are transversal if and only if H + H’ is closed; cf. 
Lemma 1.7.7. In a similar way the closed relations © and 0’ in G, as intermediate 
extensions of the trivial symmetric relation {0,0}, are disjoint if © N ©’ = {0,0} 
and transversal if they are disjoint and © + 0! = 9?. 


Lemma 2.1.5. Let S be a closed symmetric relation in § and let {9,T0, T1} be a 
boundary triplet for S*. Let O and ©’ be relations in 9. Then 
and 

Ao + Ae = AoFo- (2.1.10) 
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In particular, if Ao and Ae are closed or, equivalently, © and O' are closed, then 
the following statements hold: 


(i) Ao and Ae are disjoint if and only if O and O' are disjoint; 
(ii) Ao and Ae are transversal if and only if © and O' are transversal. 
Proof. The identity (2.1.9) follows from 
Ag N Ag = {fe s* : Tfee}n{fes* : Thee} 
={fes*: ThEeene’} 
= Aene, 
while the identity (2.1.10) follows from 
T(Ao + Ae) =T'(Ae) + P(Ae’) = 8 F 0. 


In particular, (2.1.9) together with S = kerr shows that Ag N Ae = S if and 
only if © N ©’ = {0,0}, while (2.1.9) and (2.1.10) show that Ag N Ae = S and 
Ao + Ae = S* if and only if © N 6’ = {0,0} and © + ©’ = §?. This completes 
the proof. 


Corollary 2.1.6. Let S be a closed symmetric relation in 9, let {9,T0,T1} be a 
boundary triplet for S* and assume that dimG < oo. If Ao and Ae are self- 
adjoint extensions of S which are disjoint, then they are transversal. 


Let S be a closed symmetric relation in § and let {9, ro, 1} be a boundary 
triplet for S*. There are two special extensions of S which will be frequently used 
in the following; they are defined by 


Ao := kerro and A, :=kerTy. (2.1.11) 


It is clear that Ap and Aj, are self-adjoint extensions of S, since they correspond 
to the self-adjoint parameters © in J in (2.1.5) given by 


©={0}x9 and ©=9 x {0}, (2.1.12) 


respectively. Furthermore, the representations in (2.1.12) show that the self-adjoint 
extensions Ag and A, are transversal; cf. Lemma 2.1.5. Note also in this context 
that a boundary triplet {9,0,1} for S* can only exist if the defect numbers of 
the closed symmetric relation S coincide (since it admits the self-adjoint extensions 
Ao and A, in (2.1.11)); a more detailed discussion on the existence and uniqueness 
of boundary triplets will be provided in Section 2.4 and Section 2.5. 

As S = kerT, it follows from von Neumann’s decomposition Theorem 1.7.11 
that T is an isomorphism from N, (S*) + Nx(S*), A € C \ R, onto 9?. Due to the 
definitions in (2.1.11) a similar observation can be made for the components To 
and Ty. 
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Lemma 2.1.7. Let S be a closed symmetric relation in 9, let {9,To, T1} be a 
boundary triplet for S*, and let Ao = kerľo and A, = kerr. Then the adjoint 
S* admits the direct sum decompositions 
S* = Ao + 
S* =A, + 


HACS”), A€ p(o), (2.1.13) 
M(S*), A€ p(Ai). 


In particular, the restrictions Tot Ny(S*) and Tif RACS") are isomorphisms from 
M\(S*) onto G for A € p(Ag) and A € p(A1), respectively. 


Proof. As Ao and A, are self-adjoint, the direct sum decompositions (2.1.13) hold 
by Corollary 1.7.5. Since Tọ and Py map S* onto §, and Ao and Ay are their 
respective kernels, it is clear that the restrictions Tot M (S*) and T1) Ny (S*) are 
isomorphisms from Ny (S *) onto 9. 


In the rest of the text the self-adjoint extension Ag = kerT will often serve 
as a point of reference due to the corresponding representation {0} x 9 in the 
parameter space 9. In the next proposition it is shown that Ao and a given closed 
extension Ae are disjoint (transversal) if and only if the parameter © is a (bounded 
everywhere defined) operator. 


Proposition 2.1.8. Let S be a closed symmetric relation in 9, let {9,1o,Ti} be 
a boundary triplet for S*, let Ag = kerTo, and let Ao be the closed intermediate 
extension of S in § corresponding to the closed relation © in 9 via (2.1.5). Then 
the following statements hold: 


(i) Ao N Ao = S if and only if O is a closed operator in 9; 
(ii) Ao N Ao = S and Ag+Ao = S* if and only if © € B(S). 


Proof. Apply Lemma 2.1.5 to the self-adjoint extension Ag = kerTọo that corre- 
sponds to {0} x 9. 


(i) Ao and Ap are disjoint if and only if © N ({0} x 9) = {0,0}, which is the same 
as saying that mul © = {0}. 


(ii) Ao and Ap are transversal if and only if 
ON ({0} x §) = {0,0} and © $({0} x $9) =x, 


which is the same as saying that mul O = {0} and dom © = G. By the closed graph 
theorem, the last two conditions are equivalent to © € B(S). 


Let S be a closed symmetric relation in § with equal defect numbers and let H 
be a self-adjoint extension of S. Later it will be shown that there exists a boundary 
triplet {9,0,1} for S* such that ker[o concides with H; cf. Theorem 2.4.1. 
Furthermore, it will be shown that for a pair of self-adjoint extensions of S which 
are transversal, there exists a boundary triplet {9, To, T1} for S* such that ker Tp 
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and kerT, coincide with this pair; cf. Theorem 2.5.9. The notion of boundary 
triplet is not unique; in fact, a parametrization of all possible boundary triplets 
will be provided in Section 2.5. 


The following theorem is of a different nature. It can be used to prove that 
a given relation T is the adjoint of a symmetric relation S. 


Theorem 2.1.9. Let T be a relation in 9, let G be a Hilbert space, and assume that 


is a linear mapping such that the following conditions are satisfied: 


(i) kerTo contains a self-adjoint relation Ao; 
(ii) ran’ = 9x 9; 
(iii) for all f,G ET, 


(f,9)5 —(f.9/)5 = (Tif, To9)s — Tof.T19)s- 


Then S := kerT is a closed symmetric relation in § such that S* = T and 
{9, T0, 01} is a boundary triplet for S* with Ag = kerTo. 


Proof. First note that condition (iii) implies that ker To is symmetric. To see this, 
let f,g € kerTo. Then, by condition (iii), 


[7.3] = [TF r9] =0, 


and hence kerTo is a symmetric relation in §. Then (i) gives Ag = Aj C kerTo, 
which implies 

kerTo C (kerTo)* C Aj = Ao C kerTo. 
Therefore, kerro = Ag is self-adjoint in §. Moreover, S := kerr C kerTo is a 
symmetric relation in 9. 


It will be shown that 
Sr". (2.1.14) 


so that, in particular, S is closed. To see (C) in (2.1.14), let f € S =kerl. For 
any g € T one has Lf, gl = IEF, Tg] = 0, so that f € T*. To see (D) in (2.1.14), 
let fe T*. Since Apo is self-adjoint and Ag C T, it follows that T* C Ao = kerTo, 
so that rof = 0. For arbitrary g € T it therefore follows that 


0 = [Ff,39] = [LF r9] = -iC f, r09). 


From condition (ii) one concludes ranTo = § and this leads to T 1f = 0. Hence, 
f € kerro N kerri = S. Therefore, (2.1.14) is proved. 
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It follows from S = T* that S* = T*™* = T. Hence, _it remains to show 
that T is closed. Let ( fr) be a sequence in T converging to f. It suffices to show 
that f E€ T. Let w € 9? and let g € T be such that y= = Jg T9 (here condition 
(ii) is being used). Using the continuity of the indefinite inner product [-,-] (see 
Section 1.8) one obtains 


(Ufa) = (Tfh I TA) = [1ra] = [fa] > Aa] (2.1.15) 


This shows that [ fa is a weak Cauchy sequence in 9, hence weakly bounded and 
thus bounded. It follows that there exists a subsequence, again denoted by T fn, 
which converges weakly to some ¢ € 9 x 9. Now let h € T be such that Th = @ 
(again condition (ii) is being used). Choose g € T and let, as above, y= 4G, 
so that (2.1.15) remains valid. Then (2.1.15) implies 


a 


[f.9] = lim Th, Y) = (G0) = (Th, 33 T3) = [Th r9] = [h3], 


and therefore [F= h ,g] = 0. Since g € T, one concludes that f= heT*=Sc . 

Now he T implies that f € T. Therefore, T is closed and it follows that S* = 
By conditions (ii) and (iii) {9,To, I1} is a boundary triplet for S*. ee it 

was also shown that Ag = kerT. 


2.2 Boundary value problems 


Let S be a closed symmetric relation in § and let {9,0,1 } be a boundary triplet 
for S*. Due to Theorem 2.1.3 one may think of the intermediate extensions of S 
being parametrized by the relations in the space 9; for this reason the space 9 
will often be called the boundary space or parameter space associated with the 
boundary triplet. Let © be a closed relation in 9 and let Ao be the corresponding 
closed extension of S in § via (2.1.5): 


Ao = {f € S* : TÎ € O} = ker (T1 — OL). (2.2.1) 


Recall from Section 1.10 that any closed relation © in 9 has a parametric repre- 
sentation of the form © = {A, B}, i.e., 


© = {{Ae, Be} :e € E} (2.2.2) 


with some operators A,B € B(E,S) and a Hilbert space E. Likewise, since O* is 
closed, it has a representation of the form 


O* = {{Ce’, De'} : e’ € E} (2.2.3) 
with some operators €, D € B(E', 9) and a Hilbert space €’. Thus, (2.2.3) gives 
O= {{p,p'} E 9 x9: Dp = Cp}. (2.2.4) 
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Therefore, it follows that Ae in (2.2.1) can be written as 
Ae = {fe S* : D*Tof = CT fF}. (2.2.5) 


In the following it will be shown how the pair {C,D} in (2.2.3) and (2.2.5) can 
be expressed in terms of the original pair {A,B} in (2.2.2). The main result is 
contained in the next proposition. 

Recall that the condition that © = {A,B} is closed with some A, B € B(E, 9) 

is equivalent to the condition that ran (A*A + B*8) is closed in €; cf. Proposi- 
tion 1.10.3. In fact, in the case where O is closed one may assume that the rep- 
resenting pair {A,B} satisfies the normalization condition A*A + B*B = I; cf. 
Proposition 1.10.3. 
Proposition 2.2.1. Let S be a closed symmetric relation in 9, let {9,T0, T1} be a 
boundary triplet for S*, and let Ae be the closed extension of S in § corresponding 
to the closed relation © in G via (2.1.5). Assume that O has the representation 
© = {A,B} with A,B € B(E,S) such that 


A*A + B*B =I. (2.2.6) 


Then the intermediate extension Ao in (2.2.1) can be described as 


Ag = { Jer: ¢ gee) lof = (’ a ) nf} l (2.2.7) 


Proof. By Proposition 1.10.10, condition (2.2.6) implies that the relation © is 


given by 
T 1 2. BA* _ (L-BB*\ , 


Then (2.2.7) follows from (2.1.5). 


In the next proposition it will be assumed, in addition, that p(O) 4 Ø. The 
following result is a reformulation of Theorem 1.10.5 and formula (2.1.5). 


Proposition 2.2.2. Let S be a closed symmetric relation in 9, let {9,1%,Ti1} be a 
boundary triplet for S*, and let Ae be the closed extension of S in H corresponding 
to the closed relation © in G via (2.1.5). Then u € p(©) if and only if O has the 
representation © = {A,B} with A,B € B(G) such that (B — pA)! € B(S). 
Moreover, the pair {A,B} may be chosen such that O* = {A*,B*}. In this case 
the intermediate extension Ae in (2.2.1) can be described as 


Ao = {fe S*: Blof = AT: f}. (2.2.8) 
For u € p(Q) it follows from (1.10.9) that in Proposition 2.2.2 one can choose 


A=(O-p)' and B= +p- u). (2.2.9) 
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In the case that u € C \ R one may also choose 
A=I-€,[0] and B= pf- pC,[O] (2.2.10) 
by (1.10.10), where €, denotes the Cayley transform. 


The next corollary is a translation of Corollary 2.1.4 and Corollary 1.10.8. 
In each of the cases in this corollary one may apply Proposition 2.2.2 by choosing 
the pair {A,B} as in (2.2.9) or (2.2.10) with u € C\R, we Ct, orp eC, 
respectively. 


Corollary 2.2.3. Let S be a closed symmetric relation in 9, let {9,T0,T1} be a 
boundary triplet for S*, and let Ae be the closed extension of S in § corresponding 
to the closed relation © in G via (2.1.5). Assume that © = {A,B}. Then the 
following statements hold: 


(i) Ao is self-adjoint if and only if 
Im(A*B) =0 and (B-— pA) € B(S) 
for some, and hence for all p € C* and for some, and hence for all p € C7; 
(ii) Ao is maximal dissipative if and only if 
Im(A*B)>0 and (B-— pA)! € B(S) 
for some, and hence for all uw € C7; 
(iii) Ao is maximal accumulative if and only if 
Im(A*B) <0 and (B-— pA)! € B(S) 
for some, and hence for all p € CY. 


In the case that the representation 0 = {A,B} is chosen so that O* = {A*, B*}, 
the extension Ao is given by (2.2.8). 


Now the converse question will be addressed. Let A be a closed extension of 
S given in terms of boundary conditions. The problem is to determine a corre- 
sponding parameter © in 9 such that A = Ao. 


Proposition 2.2.4. Let S be a closed symmetric relation in 9, and let {9,T0, T1} 
be a boundary triplet for S*. Assume that § is a Hilbert space, M,N € B(S,8), 
and that, without loss of generality, the space § is minimal: 


& = span {ran M, ran N}. 


Furthermore, assume that M — uN € B(G,%) is bijective for some u € C and let 
A be an intermediate extension of S of the form 


A={fes* : Moof =NIif}. (2.2.11) 
Then A is closed and A = Ao, where the parameter © = {A,B} is given by 
{A, B} = {(M ~~ uN) —'N, (M ~ uN) IM}. 
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Proof. First observe that the intermediate extension A in (2.2.11) is closed since 
M,N € B(S, F). Moreover, A corresponds to the closed relation © in 9 given by 


O={{y,y'}€9xG:My=Ny'}. 


Now the assertion follows from Proposition 1.10.7. 


Let again O be a closed relation in 9 and let Ao be the corresponding closed 
extension in § via (2.1.5). Assume, in addition, that O admits an orthogonal 
decomposition 


O= Oop 8 Orul; g = Gop D Omul; 


into a (not necessarily densely defined) operator part Oop acting in the Hilbert 
space Sop = dom ©* = (mul@)+ and a multivalued part Omu = {0} x mul © in 
the Hilbert space Gmu = mul O; cf. Theorem 1.3.16 and the discussion following it. 
Recall from Theorem 1.4.11, Theorem 1.5.1, and Theorem 1.6.12 that any closed 
symmetric, self-adjoint, (maximal) dissipative, or (maximal) accumulative relation 
© in G gives rise to such a decomposition. If P,, denotes the orthogonal projection 
in J onto Gop, then the closed extension Ao in (2.1.5) has the form 


Ao = {f € S*: OopPpl of = Pol if, Ug — Pop Tof = 0}. (2.2.12) 


Note that this abstract boundary condition also requires Papľof € dom Oop. 


2.3 Associated ~y-fields and Weyl functions 


Let S be a closed symmetric relation in the Hilbert space § and let {9, r0, r1} 
be a boundary triplet for S*. Recall from Lemma 2.1.7 that T'o maps Na (S*) 
bijectively onto 9 when A € p(Ao). Hence, the inverse mapping 


(A) := (Eo Sta(S*)), A € (Ao), 


maps 9 bijectively onto My (S*). Let mı be the orthogonal projection from x 9 
onto § x {0}. Then mı maps Ny (S*) bijectively onto Ny (S*). 


Definition 2.3.1. Let S be a closed symmetric relation in 9, let {9,1%o,Ti} be a 
boundary triplet for S*, and let Ag = ker T'o. Then 


p(Ao) 344 YA) = {{Pof. At: A € M(S")} (2.3.1) 
or, equivalently, 
p(Ao) 3 A H (A) = mA) = m (Po Aa (S*)) 7, 


is called the y-field associated with the boundary triplet {9, To, Ts}. 
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The main properties of the y-field will now be discussed. 


Proposition 2.3.2. Let S be a closed symmetric relation in 9, let {9,T0, T1} be a 
boundary triplet for S*, and let Ao = kerTo. Then the following statements hold 
for the corresponding y-field y: 


(i) y(A) € B(S,8) for all A € p(Ao) and, in fact, y(A) maps G isomorphically 
onto M (S*) C 9; 


(ii) for all A, u € p(Ao) the operators y(A) and y(u) are connected via 
IA) = (T+ (A= u) (Ao = A)7") 1(H9)5 


(iii) the operator function y : p(Ao) > B(9, 5), A => ¥(A), is holomorphic, i.e., 
the limit 


exists for all u € p(Ao) in B(9, 9); 
(iv) for all A € p(Ag) the operator 7(A)* € B(S,G) is given by 


¥(A)*h =T1{ (Ao — A) th, (T + (40 —A)")h}, ES, (2.3.2) 
and ker y(A)* = (9t,($*))+ = ran (S — A) holds. Moreover, one has 
T{(Ao — A)7*h, (I + X(Ao — y )h} = {0,y(A)*h}, AEH. (2.3.3) 


Proof. (i) Let A € p(Ag). Since the restriction of To to Ny (S*) is an isomor- 
phism from Ny (S*) onto 9 (see Lemma 2.1.7), while 7 is an isomorphism from 
Ny (S*) onto 9t,(.S*), it follows from Definition 2.3.1 that the mapping y(A) is an 
isomorphism from § onto 3t,(S*). From this it is also clear that y(A) € B(9, 5). 


(ii) Let A, € p(Ao) and let p € 9. Then there exists fi = {fief} € N,,,(S*) 
such that Y = To f, and hence f, = y(u)p. Due to S* = Ag + Na (S*) there exist 
h € Ap and fy = { fx, Afa} E Na (S*) such that 


fu =ht+ f. 


Observe that A — fa =—he Ao, which gives Tots = eae so that Tof = y and 
fx = yO )¢. Moreover, this observation also shows that for some g € 9 


{fa Afa} = {fur hfa} + {(Ao — A)~*g, (E+ A(Ao — A)~*) go} 


Hence, {f,,0} = {fu (u — A) fu} + {((Ao — A)~*9, 9}, so that g = (A = y) fy. 
Therefore, fy = fy + (A — u)(Ao — A)! fu, which implies 


VWA)e = (T + (A= u) (Ao — A) H) (He. 
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(iii) Fix some p € p(Ao). Then it follows from (ii) and the fact that the mapping 
++ (Ag — A)7! is a holomorphic operator function with values in B(s) that 
A ++ 7(A) is a holomorphic operator function on p(Ao) with values in B(G, 9). 


(iv) Fix A € p(Ap) and let h € §. Then there exists k = {k,k’} € Ao with 
h =k! — Ak. Let y € 9; then y(A)y = fy for some fy € Na (S*). Hence, with the 
abstract Green identity for k = {k,k’} and fy = { fa, Afa} it follows from Tok = 0 
that 


(y, Ah) = (VA)g, k’ — AR) 
= (fy, k' — Ak) 
= —((Afa,*) — (fr, k’)) 
—((Uifa,Pok) — (Tofa, Pik) 
= (Tofa, Tik) 
= (p, Tık), 


which implies 
y(A)*h = Tk = T1 { (4o — A)th, (I + (Ao — A) h}. 


The identity ker y(A)* = (Bta(S*))* follows from rang(A) = 9t,(.S*). Further- 
more, the identity (9t,($*))+ = ran(S — A) is clear and (2.3.3) follows from 
(2.3.2) and 


{ (Ao = d)~th, (I + A(Ao = r)~")h} E Ao = ker To. 


This completes the proof. 


In the case where the symmetric relation S is a densely defined symmetric 
operator and {9, To, I1} is a boundary triplet for S* with boundary mappings To 
and T; defined on dom S* (see the text below Definition 2.1.1 and (2.1.2)) the 
formula for the adjoint y(A)* of the corresponding 4-field in Proposition 2.3.2 (iv) 
has the simpler form 


y(A)*h = T1 (Ao — A)~1A, A€ p(Ao), HEH. 


According to Proposition 2.3.2 (iv), the action of I, on a general element 
of Ao is expressed in terms of the operator y(\)*. The form of this action is 
particularly simple on eigenelements of Apo. 


Corollary 2.3.3. Let A € p(Ao) and assume that {h, xh} € Ao with x E€ R. Then 
Ti{h, ch} = (a — A)y(A)*h. 


If {0,h} € Ao, then 
DT, {0,h} = y(A)*h. 
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Proof. Let À € p(Ao) and let {h, xh} € Ap with x € R. Then 
h = (Ap — A) 1 (a — A)h, 
which together with Proposition 2.3.2 (iv) leads to 
(a — X)y(A)*h = (æ — ANT 1 { (Ao — A) th, (I + (Ao — A) A} 
=Ti{h, ch}. 


If {0,h} € Ao, then h € ker(Ag — A)~! and the expression for ',{0, h} follows 
directly from Proposition 2.3.2 (iv). 


The definition and properties of the y-field now give rise to the notion of 
Weyl function. It is defined, as in the case of the y-field, for a closed symmetric 
relation S in terms of the boundary triplet for S* and the eigenspaces of S*. 


Definition 2.3.4. Let S be a closed symmetric relation in 9, let {9,1%o,Ti} bea 
boundary triplet for S*, and let Ao = ker l'o. Then 


p(Ao) 3 A+ MA) = {Tof Tif}: fr € Ma(S")} (2.3.4) 
or, equivalently, 

p(Ao) 3 A = M(A) = TAA) = T1 (To hta(S*)) 
is called the Weyl function associated with the boundary triplet {9, To, r1}. 


Here is a simple example of a Weyl function for a trivial symmetric relation 
S in §. Note that in this example one has 9 = 9, i.e., the corresponding boundary 
triplet maps onto § x 9; this situation is not typical in standard applications; cf. 
Chapters 6, 7, and 8. 


Example 2.3.5. Let S = {0,0} be the trivial symmetric relation in §. It is clear 
that S* = § x H and Ny (S*) = H for A € C. Now define 
rof=f and Nf=-f, faith f} ES" 


so that T : S* + § x § is surjective and (2.1.1) is satisfied. Hence, {,To,Ti} is 
a boundary triplet for S*. Note that 


Ao = ker To = Ñ x {0} 


is a self-adjoint extension of S with p(Ao) = C\{0}, a(Ao) = {0}, and No(Ao) = H. 
It follows from Definition 2.3.1 and Definition 2.3.4 that the 7-field and the Weyl 
function are given by y(A) = (1/A)I and M(A) = —(1/A)J, respectively. 


Next some elementary properties of the Weyl function are discussed. Recall 
that the real part and imaginary part of a bounded operator T € B(G) are defined 
as ReT = į (T + T*) and ImT = (T — T*), respectively. 


Proposition 2.3.6. Let S be a closed symmetric relation in 9, let {9,T0, T1} be a 
boundary triplet for S*, and let Ao = kerTo. Then the following statements hold 
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for the corresponding y-field y and Weyl function M: 
(i) M(A) € B(S) for all A € p(Ao); 
(ii) for all X € p(Ao) one has M(A)Fofa =Tify for every fy € N (S*) or, 
equivalently, one has 


THA)¢ = {TAA AA} = {¢, MAp}, 


for every p € 9; 
(iii) for all A, u € p(Ao) the identity 
M(A) — M(u)* = (A — PYA) 
holds, and, in particular, the symmetry condition M(A)* = M(X) holds for 
all A€ p(Ao); 
(iv) Im M(A) € B(S) is a nonnegative (nonpositive) self-adjoint operator for all 
AECH (AEC?) and0 € p(ImM(A)) for all AE C\R; 
(v) for any fixed Ao € p(Ao) and all A € p(Ao) the resolvent of Ao and the 


function M are connected via 


M(A) = Re M (A0) + y(Ao)* [A — Re Ao + (A= ào) (A — Ao) (Ao — A)7*] 700); 


(vi) the identity 

MA), Ma) — Mo) 
QA=v)(A= Hn)” (HAM V) © (Y= ANY = y) 
holds for A, u,v € p(Ao) such thatAX Av, A£ u, andv Æ n. 


q(F)* (Ao — A)7*9(v) = 


Proof. (i) Let À € p(o). By Lemma 2.1.7, the restriction of To to MN (S*) is an 
isomorphism between N, (S*) and 9. Hence, the inverse ¥(A) is an isomorphism 


between 9 and Ry (S*), and since the operator Iı : S* — G is continuous by 
Proposition 2.1.2 (i), it follows from Definition 2.3.4 that M(A) =T19(A) € B(S). 


(ii) It is clear from (i) and the definition of M (A) that M()T ofa = T4 fy for every 
fy E Ny (S*). Now ¥(A)y belongs to 9t)(S*) for y € 9, so that 


{TPA MFA} = {TA MATAA) p} = (9, MAJ}. 
Conversely, assume that {ToY¥(A)y, Piy(A)¢} = {p, M(A)p} for all y € G and let 
fa € MN (S*). Then fy = ¥(A)y for some y € J and hence 


{Tof iA} = {TPA RA = {v, MAp} 
yields M(A)l'o fy = DA. 
(iii) Let A, u € p(Ao). For given y, w € G one can choose 
hy = {hy, Aha} E M(S*) and ky, = {ku uku} € N,,(S*), 
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such that y = Toh, and y= Doky. Clearly, (A) = hy, y(u) = ky, and the 
abstract Green identity applied to hy and Ru shows that 

((M(A) — M(u)*)p, V) = (MO)¢, Y) = (9, M(H) ¥) 
M(A)Pohy, Toka) — (Toha, M(u)Pok,) 


Thus, one has the identity M(A) — M(u)* = (A — f)y(u)*7(). Setting u = d it 
follows that M(A) = M(A)* and therefore M(\)* = M(A), A € p(Ao). 
(iv) The assertion (iii) gives for A € C\R 


MUWA) _ AA) =A, Es 


Hence, for A € C+ or À € C~ the operator Im M (A) is nonnegative or nonpositive, 
respectively. As y(A) is an isomorphism from J onto Ny (S*) it follows that for all 
A € C \ R the operator Im M (A) is boundedly invertible. 


(v) Let Ao € p(Ao) be fixed. Then assertion (iii) implies 
Im M(Ao) = (Im Ao)¥(Ao)"Y(Ao), 


while y(A) = (Z+ (A—Ao)(Ao—A)~1) (Ao), A € p(Ao), by Proposition 2.3.2. Using 
(iii) this leads to 


M(A) = M(do)* + (A= Ao) (Ao)* YA) 
= Re M (ào) — i Im M(Ao) + (A — Ao) y(Ao)* [Z + (A = Ao) (Ao — à) +] (Ao) 
= Re M(Ao) + ¥(Ao)*[(A — Re Ao) + (A = Ao) (A — Ao) (Ao — A) *} Yo) 
for all \ € p(Ao). 


(vi) It follows from item (iii) and (A) = (Z + (A — v)(Ag — A)~+)y(v) in Proposi- 
tion 2.3.2 (ii) that 


(P) (Ao = A)T) = 1B) 


= 5 (1A) - 1") 


1 > —M(p)* M(v) xwr) 
AV A= H v—p , 


and a simple calculation using M(ji)* = M (p) then yields the assertion. 
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In the next corollary it turns out that the Weyl function M is a uniformly 
strict Nevanlinna function; cf. Definition A.4.1 and Definition A.4.7. 


Corollary 2.3.7. The Weyl function M in Definition 2.3.4 is a uniformly strict 
B(G)-valued Nevanlinna function. Its values M(X) are maximal dissipative (max- 
imal accumulative) operators for A € C* (A € C7), and —A € p(M(A)) for all 
AEC\R. 


Proof. According to Proposition 2.3.2 (iii), the function A +4 (A) is holomorphic 
on p(Ag). Hence, it follows from Proposition 2.3.6 (iii) with fixed u € p(Ao) that 
the function A+» M(A) is holomorphic on p(Ag) and hence, in particular, on the 
possibly smaller subset C \ R. Clearly, according to Proposition 2.3.6 (iii) and (iv) 
one has M(A)* = M(A) and (ImA)(Im M(A)) > 0 for A € C \ R, and hence M is 
a B(G)-valued Nevanlinna function. It follows from Proposition 2.3.6 (iv) that M 
is uniformly strict. 


Corollary 2.3.8. Let M be the Weyl function in Definition 2.3.4. Then the following 
statements hold: 
(i) if x € p(Ao) NR, then M(x) € B(G) is self-adjoint; 
(ii) if x € p(Ao) OR, then the derivative M'(x) € B(G) is a nonnegative self- 
adjoint operator and 0 € p(M'({x)); 
(iii) if (a,b) CR belongs to p(Ao), then for all p € G the function 


r++ (M(x)y, p) 


is nondecreasing on (a,b); 


(iv) if (a,b) C R belongs to p(Ao), then there exist self-adjoint relations M (a) 
and M(b) in G such that 


M(b) = lim M(x) and M(a) = lim M(a) 
in the strong graph sense or, equivalently, in the strong resolvent sense on 
C\R. 


Proof. (i) It follows from M(A)* = M(A), à € p(Ao), that for x € p(o) OR one 
has that M(x)* = M(x), i.e., M(x) € B(S) is self-adjoint. 


(ii) Since M is holomorphic on p(Ao), it is clear that the derivative M’(x) € B(S) 
exists. Moreover, for all y € 9 and y 4 x Proposition 2.3.6 (iii) shows that 


(M(z)y, p) — (M(y)¢, p) 


(M'(x)y, p) = lim 


= lim (y(2)p, y(y)p) = Ily(x)y||? 


and hence M'(a) > 0 is self-adjoint. Since y(x) maps 9 isomorphically onto Ny (.S*) 
it also follows that 0 € p(M’(2)). 
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(iii) If (a,b) C R belongs to p(Ao), then for all y € 9 the mapping z + (M(x), p) 
is differentiable and (ii) implies that x => (M(a)y, p) is nondecreasing on (a, b). 


(iv) Fr a < y < x < b it follows from (iii) that (M(y)y,~) < (M(2)y, p) for 
all y € 9. If yy is a lower bound for M(y), then Corollary 1.9.10 implies that 
there exists a semibounded self-adjoint relation M (b) such that M(x) converges 
in the strong resolvent sense to M (b) on C \ [yy, 00) when «x tends to b. According 
to Corollary 1.9.6 (i), this is equivalent to strong graph convergence of M(x) to 
M(b). 

The same considerations as above show that (-M(y)y, p) < (-—M(z)¢, p) 
fora< x< y< band ọ € 9, and hence —M (x) converges in the strong resolvent 
sense to a semibounded self-adjoint relation —M (a) on C \ [yy, 00) when «x tends 
to a; here Jy is a lower bound for —M (y). This implies that M(x) tends to M (a 
in the strong graph sense and in the strong resolvent sense. 


It is known that every isolated spectral point of a self-adjoint operator or 
relation Ao is an eigenvalue and a pole of first order of the resolvent A+ (Ag—A)7!. 
As a consequence of Proposition 2.3.6 (v), the isolated singularities of the Weyl 
function M are poles of first order. This is formulated in the next corollary, which 
can also be regarded as a simple example of the connection between the properties 
of the Weyl function M and the spectrum of Ag. The full connection between these 
objects is studied in detail in Section 3.5 and Section 3.6. 


Corollary 2.3.9. [fx € R is an isolated singularity of M and B, is a disc centered 
at x such that M is holomorphic in Bz \ {x}, then M admits a norm convergent 
Laurent series expansion of the form 


M- ka ; 
E +50 M(x)", M1, Mo, Mı, ... € B(S). 


X= 
k=0 


M(A) = 


In particular, 


1 
lim (à — 2)M(A) = M_1 = maf. M(A) da, 
277% Je 


Aa 


where © denotes the boundary of Bz. 


In the next remark it is explained that a self-adjoint part of a symmetric 
relation has, roughly speaking, no influence on the corresponding boundary triplet, 
y-field, and Weyl] function. 


Remark 2.3.10. Let S be a closed symmetric relation in 9, let {9, To, r1} be a 
boundary triplet for S*, and let Ao = ker To. Assume that § admits an orthogonal 
decomposition § = §’ @ H” and that S has the orthogonal decomposition 


a 


S=S'GA, (2.3.5) 
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where 9’ is a closed symmetric relation in 9’ and A is a self-adjoint relation in 
H". Then it follows from (2.3.5) and Proposition 1.3.13 that 


S* = (S')* 6 A, (2.3.6) 


where (.S’)* stands for the adjoint of 9’ in the space §’. Observe that according 
to (2.3.6) every element {f, f’} € S* has the decomposition 


{ff} = {hh} + {k,k'}, {h,h'} E (S')*, {k,k'} €A. (2.3.7) 
Since A C S, (2.3.7) shows that 
Poff, f} =To{h h} and Ti{f, f} =Tif{h,h’}. 


Hence, if [ and I’, denote the restrictions of lo and T1 to (S’)*, then it is easily 
seen that {9, T6, T1} is a boundary triplet for (S’)* such that 


Al, =kerT}, Ap = kerTo = A} G A. 
Moreover, note that (2.3.6) shows 
St, (S*) = RAS), A € p(Ao) = P46) N (A), 
which implies that the Weyl function M’ and the 9-field y’ satisfy 
M'A) =M), (A) =), € (Ao). 


For completeness observe that if H is a closed intermediate extension of S and 
H' = HM (S')*, then S’ C H’ c (S")* and H = H’ © A. Hence, one may discard 
the self-adjoint part A in §” without disturbing the boundary triplet structure. 


2.4 Existence and construction of boundary triplets 


Here the existence and possible constructions of boundary triplets based on de- 
compositions in Section 1.7 are addressed. Recall first from Corollary 1.7.13 that 
a closed symmetric relation S in a Hilbert space § admits self-adjoint extensions 
in 9 if and only if the defect numbers 


dimSt,(S*) and dim %,,(S*) (2.4.1) 


of S$ are equal for some, and hence for all A € Ct and some, and hence for all 
u € C7. Since any boundary triplet for S* induces two self-adjoint extensions Ap 
and A, of S it is clear that a boundary triplet can only exist if the defect numbers 
are equal. It turns out that this condition is also sufficient. 


The following main result makes explicit how to construct a boundary triplet 
in terms of a given self-adjoint extension of a closed symmetric relation S (which 
exists if and only if the defect numbers in (2.4.1) coincide). The following notation 
will be used. For u € C the natural embedding of 9t,,(S*) into H is denoted by 
im, (s+) and its adjoint is the orthogonal projection Py (s+) from 9 onto N, (9*). 
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Theorem 2.4.1. Let S be a closed symmetric relation in 9 and assume that H is 
a self-adjoint extension of S in $. Fix u € p(H) and decompose S* as 


=H F 35), direct sum. (2.4.2) 


Let f= {f, f} € S* have the corresponding decomposition 


F= fo + fu (2.4.3) 
with fo = { fo, f4} € H and fa = {fu hfa} € Nul S*). Then 
Tof := fa and Tif := Pn es(i- Afo + ufa) (2.4.4) 


define a boundary triplet {N (S*), To, T1} for S* such that H = kerTo. Moreover, 
for \ € p(H) the corresponding y-field y is given by 


YA) = (I + A = u) (H = A“) en, (82) (2.4.5) 
and the corresponding Weyl function M is given by 
M(A) =A + (A= p)(A— 2) Pm, (s+) (H — A) tn, (8*)- (2.4.6) 


Proof. Since H is a self-adjoint extension of S, the direct sum decomposition 
(2.4.2) with u € p(H) follows from Corollary 1.7.5. Hence, for every f € S* 
there is a unique decomposition as in (2.4.3). Let g € S* have a corresponding 
decomposition 


F = Jo + Fp, (2.4.7) 
where Jo = {90, go} € H and Jp = {9u HI} € T,,(S*). Then it follows directly 
from the decompositions (2.4.3), (2.4.7), and (f§, go) = (fo, g6) that 

(f',9) = (F9) = (fo + hfa 90 + 9u) — (fo + fus 90 + H9n) 
= (fo + Ufu» Iu) + (Ufu: 90) — (Fus go + H9n) — (fo, In) (2.4.8) 
= (fo — Efo + ufus 9u) — (Fu go = Bgo + ugu) 


Moreover, it follows from the definition (2.4.4) applied to f and g that 


(if, Tog)m,,(s*) — (Tof, T19)n,(s*) 
= (Praes (fo ime Efo + ufada) (S*) 
eee (2.4.9) 
— (fu, Pres) (go — Figo + H9x)) m, (9) 
= (fo — Biot Ufu: 9u) = (fus go — Ago + eu) 


A combination of (2.4.8) and (2.4.9) shows that the abstract Green identity (2.1.1) 
holds. 
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It will now be verified that T = (To, r1)! : S* 4 0,,(S*) x N, (S*) is surjec- 
tive. To see this, let y, y’ € N, (S*). Since fi € p(H), one can choose { fo, fj} € H 
such that 


fo — Efo = 9! — py. (2.4.10) 
It is clear from (2.4.2) that 


f = (fo. fh} + {p ne} E 8", 


and therefore (2.4.4) shows that 


Tof=, Tif = Pasel- Efo tup) =g, 


where (2.4.10) was used in the last equality. Hence, ran T = N, (9*) x N, (S*) and 
thus {N (9*), To, T1} is a boundary triplet for S*. It follows from the definition 
of To and the decomposition (2.4.2) that H = ker To. 


Now (2.4.5) and (2.4.6) will be verified. Let fa = {fm Ufu} € N,,(S*). Then 
(2.4.4) gives 


Tofu = fa and Tifa = Mfu 
Therefore, Definition 2.3.1 leads to 


= {{Lo fp fa} : fa EN, (S*)} = ‘Sere jas? fa em a(S*)} 


or, equivalently, y(u) : Ny (9*) > H acts as fu > fu. Thus, y(u) is the canonical 
embedding of N, (S*) into 9, 


y(u) = im, (s) (2.4.11) 
and q(u)* : H > N, (S*) is the orthogonal projection onto N, (9S*), that is, 


q(u)* = Py,(s*)- Proposition 2.3.2 (ii) and (2.4.11) imply that the 7-field of 
{N (S*), 00,01} is of the required form. Furthermore, Definition 2.3.4 leads to 


I (p) = Hofu, Pfu} fa ett, (S") )} = Ho nfu) : fu ef u(S")} 


or, equivalently, 
M(u) = n. 


Hence, Proposition 2.3.6 (v) with Ao = p gives the desired result. 


It is interesting to see what Theorem 2.4.1 means in the simple case when 
the underlying symmetric relation is trivial; cf. Example 2.3.5, which is opposite 
in the sense that there ker To = 9 x {0} and M(A) = —(1/A)I. Again this example 
is not typical, since in standard applications 9 4 9; cf. Chapters 6, 7, and 8. 
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Example 2.4.2. Let S = {0,0} be the trivial symmetric relation in §. Note that 
H={0}x 
is a self-adjoint extension of S with 0 € p(#). It is clear that S* = § x § and that 
No(S*) = H x {0}. Therefore, one has the direct sum decomposition 
S* = H F No(S*) 
and any fe S* has the corresponding decomposition 
F={f f} ={0 f} +0} {OF} H, {f0} € fo(s). 
According to (2.4.4), one sees that 


Tof=f ad Tif=f', f={f f} ES, 
defines a boundary triplet {9,0,1} for S* with ker To = H. Note that p(H) = C 
and that for every À € C the resolvent (H — \)~! is the zero operator. Hence, the 
y-field is given by 7(A) = J and the Weyl function is given by M(A) = AZ. 


There is an addendum to Theorem 2.4.1 when the decomposition (2.4.2) is 
replaced by a decomposition involving 


To (S*) = {{0, F}: f € mul $*}. 


In fact, the following result may be seen as a limit result obtained from (2.4.2) 
with u + oo. The embedding of 9t..(S*) = mul S* into § is denoted by timy (9*) 
and its adjoint is the orthogonal projection Py (s+) from § onto It(S*). The 
proof of Proposition 2.4.3 is straightforward. Observe that Example 2.3.5 is an 
illustration of the following proposition. 


Proposition 2.4.3. Let S be a closed symmetric operator in H and assume that H 
is a self-adjoint extension of S which belongs to B(9). Then S* can be decomposed 
as 


S*=HFMN(S*), direct sum. (2.4.12) 
Let f = {f, f/} € S* have the corresponding decomposition 
f= fot foo, 
with fo = { fo, H fo} € H and fa = {0, foc} € Moo (S*). Then 
Tof := foo and Tif := -Pn is) fo (2.4.13) 


define a boundary triplet {NR (S*), To, T1} for S* such that H = kerTo. Moreover, 
for \ € p(H) the corresponding y-field y is given by 


YA) = —(H — A) ima (s+) 
and the corresponding Weyl function M is given by 
M(A) = Prs) (H = A)T Hmo (S*)- 
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Remark 2.4.4. Let S be a closed symmetric operator in § and let H € B(H) bea 
self-adjoint extension of S as in Proposition 2.4.3. Then S is bounded and hence 
dom S' is closed. Decompose §) = dom S @ Nt..(S*) and note that 


cs S11 g dom $ 
S= (a) : dom S + aa ; 
and in a similar way 


H= Hı H3 : dom $ 4 dom $ 
Ay, H2} ` \MNowo(S*) Moo (S*) J’ 
It follows that Hy, = S11, H21 = S21, and H3, = S3,. Relative to the decomposi- 
tion (2.4.12) of S*, the boundary triplet in (2.4.13) can be written as 


Tof=fo and Tjf=—f2, where f= o , G) — 


Let © be a closed relation in 9 = 9t.(.5*). Then the corresponding extension Ao 
of S is given by 


= fi Sufi + 93 fo Poa . 
Ea eaeate am ee hje, 


which can formally be written as 


iga Si S34 
So, Hz- 0%)’ 
Therefore, the extensions of S may be interpreted as solutions of the completion 
problem posed by the incomplete 2 x 2 operator matrix 


Su S3 
So1 x ` 


Theorem 2.4.1 has some variations when the self-adjoint extension H in 
(2.4.2) is further decomposed; cf. Section 1.7. The most straightforward results 
are presented in the following corollaries. In the next result the direct sum decom- 
position from Corollary 1.7.10 (with u = À) is used. 


Corollary 2.4.5. Let S be a closed symmetric relation in 9, assume that H is a 
self-adjoint extension of S in 9, and fix p € C\R. Then 


S* = S +{{(H - p) 1k, (1+ a(H — AIk}: ke M,,(S*)} F HS"), 


where the sums are direct. Let f= {f, f’} € S* have the corresponding decompo- 
sition 


{AF} = {h,h'} + (CH - 0) k, + CH =p) ')k} + {fufu (2-414) 
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where h = {h,h'} € S, k € N (S*), and fy E Np (S*). Then 


Tof := fı and If := kt phy (2.4.15) 


define a boundary triplet {N (9*), T0, T1} for S* such that H = kerTo. The cor- 
responding y-field and Weyl function are given by (2.4.5) and (2.4.6). 


Proof. It follows from Corollary 1.7.10 that every f = {f, f’} € S* can be writ- 
ten as 


{ff = {fo fob + {ha hfa, 
where { fo, fi} € H, {fur ufu} € N(S*), and 
{fo, fo} = {h,h’} + {(H — a) tk, (I + a(H — p)")k}, 
with {h,h’} € S and k € ,,(S*). The boundary mappings in Theorem 2.4.1 then 


have the form lof = fu and 


Tif = Pm,s-)(f9 — Efo + ufa) 
= Pn es (W — fh +k + pufy) 
E k+ pf, 
where h’ — Bh € ran (S — p) = N, (S*)+ and k + ufu € Np (S*) was used in the 


last step. This shows that the mappings in (2.4.15) form a boundary triplet with 
the same 7-field and Weyl function as in Theorem 2.4.1. 


In Theorem 2.4.1, Proposition 2.4.3, and Corollary 2.4.5 the boundary triplets 
were based on decompositions of S* in Section 1.7. The following result gives 
a boundary triplet for a decomposition of S* which is a mixture of the above 
decompositions. 


Corollary 2.4.6. Let S be a closed symmetric relation in 9, assume that H is a 
self-adjoint extension of S in 9, and fiz p € C\ R. Every f = {f, f'} € S* has 
the unique decomposition 


{S F} ={h b+ {Tt EL o (H —fi)~")»} 
+{(H- p) a aH- +)o}, 


with h = {h,h’} € S and Y, p € Na (S*). Then 
Tof=w and Tif=y+2(Rep)b (2.4.16) 


define a boundary triplet {N (9*), T0, T1} for S* such that H = kerTo. The cor- 
responding y-field and Weyl function are given by (2.4.5) and (2.4.6). 
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Proof. Let f= {f, f/} € S*. Then according to (2.4.14) there is the decomposition 
{f F} = {h, h'} Slr {(H ~~ BE) k, (I + mel ~~ n) t)k} a {Y pp}, 


where h = {h, h} E€ S, k E N (S*), and Yy E€ N, (S*) are uniquely determined. 
Define the element y by k = py + y, so that y € N, (9S*) and the right-hand side 
of the above decomposition can be rewritten as 


{h,h'} + {(H - p (ab +p), (T +a(H -a)y + yp) } + {Y we}. 


This yields the decomposition for { f, f’} in the statement. The boundary triplet 
in (2.4.15) now reads as (2.4.16); the corresponding 7y-field and Weyl function are 
given by (2.4.5) and (2.4.6). 


By von Neumann’s second formula (see Theorem 1.7.12) one can describe 
the self-adjoint extension H in Theorem 2.4.1 by means of an isometric operator 
from 9tg(S*) onto N, (S*). This observation also gives rise to the construction of 
a boundary triplet, where the parameter space is given by 9t,,(S*). 


Theorem 2.4.7. Let S be a closed symmetric relation in 9, let H be a self-adjoint 
extension of S, and fix some uw € C\R. Let W be the isometric mapping from 
Ng(S*) onto N (S*) such that 


H =S F(1-W)9ta(S*) = S F {fa — Wha, fifa -uW fa} (2.4.17) 

and decompose f = { f, f'} € S* according to von Neumann’s first formula: 
f= {h, h} + {fu ufa} + {fa Afa} (2.4.18) 
where ħ = {h, h} € 8, fa = {fu ufu} € Nya(S*), and fa = (fp, Afa} € Np(S*). 
ma Tof = fa +Wfa and Tif = pfu + AW fa (2.4.19) 


define a boundary triplet {N (9*), T0, T1} for S* such that H = kerTo. The cor- 
responding Ņy-field and the Weyl function are given by (2.4.5) and (2.4.6). 


Proof. Let f = {f, f’} € S* be decomposed as in (2.4.18) and let g = {g,g'} € S* 
be decomposed in the analogous form 


G = {kk} + {9u vgn} + {on Hon}, 


where k = {k,k'} € S, Gu = {9u HI} € N(S*), and Gz = {gn, Hon} € Tta(S*). 
Since {h,h’}, {k, k’} € S, one has (h’,k) = (h,k’), 


(h', gu + Gn) — (h, gu + Bgn) = 0, 
(ufa + Afa, k) a (fu + fak’) = 0, 
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and therefore 


(fa) 


= (A + ufu + Bis, k+ gu + on) — (h+ fu + fak’ + ugu + Agn) 
= (ufu + Afa Gu 4 Iz) (fu | fa: U9 + Agp) 
= (u — B) (fu: 9u) + (F — H)(fa: gn) 

= (u — B)( fu Qu) n,(s*) + (A — B)(W fa, Wga)n, is 


On the other hand it follows from (2.4.19) that 


Cif, Tog Jn, (s*) — (Tof, rig )n,(s*) 
= (ufu + EW fa, 9u + Won), (se) — (Sa +W fa Ugu + BW 97) op, (s) 
= (u — B)(fus 9u)m,(s*) + (E -— u)(W fa, Won), (s+) 


i.e., the abstract Green identity (2.1.1) holds. 
In order to see that T = (To, r1)! : 9* > M,,(S*) x N (S*) is surjective 


a 


consider y, Y € N (S*) and define f = cued + {fa fifa} € S* by 


f= {ip - v. lag — )} + ——{W* (up - Y), EW” (np — Y). 
p-n wh 


Then 
Tof = fa tWfa=p and Tif = ufu + EW fo = Y, 

and therefore T = (I'9,f1)' maps onto %,,($*) x N, (9S*). This implies that 
{N (S*), To, T1} is a boundary triplet for S*. Note that fin (2.4.18) is in ker To 
if and only if f, = —W fp and from (2.4.17) it then follows that H = kerTo. 

Finally, to describe the y-field and the Weyl function, consider the decom- 
position 

S* = H+M,(S*) = ker To FN, (S*) 

and note that if fin (2.4.18) belongs to Na (S*), then f= fa = { fu, Ufu} Hence, 
(2.4.19) gives 


Tofu = Th and Tifa = Ufu 
In the same way as in the proof of Theorem 2.4.1 one concludes that y(u) = im, (s+) 


and M (u) = u. Now Proposition 2.3.2 (ii) yields (2.4.5) and Proposition 2.3.6 (v) 
implies (2.4.6). 


Note that the strategy in the proof of Theorem 2.4.7 is different from the 
strategy in the two previous results. The connection will be sketched now. In 
Theorem 2.4.7 the isometric mapping W from 9tq(S*) onto N, (S*) determines 
the boundary triplet {N (S*), To, T1} for S* in (2.4.19). The self-adjoint exten- 
sion H of S determined by W in (2.4.17) then satisfies H = kerTo. Now apply 
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Theorem 2.4.1 with this particular self-adjoint extension. Hence, fe S* in Theo- 
rem 2.4.1 is decomposed in the form 


F= {fo fo} + {Pu bey}, (2.4.20) 


where {fo, fi} € H and {yp, upp} € N,,(S*). Making use of the decomposition 
(2.4.17) of H it follows that 


{ fo, fo} = {hh} + {WY -uW Ya} + (vp, Ea} (2.4.21) 
with {h,h’} € S and p € Ng(S*). Therefore, f in (2.4.20) is given by 
f= {DW} + {fu hfa} + (fa Efa}, 
where {fu, Ufu} = {9p — Wp, Mey — HW Ya} and { fp, Afa} = {Vr Aba}. Now 


the identity 
Pu = futWdp = fa +W fa 


shows that the boundary maps [9 in Theorem 2.4.1 and Theorem 2.4.7 coincide. 
Moreover, as Py,(g+)(h’ — ih) = 0, the identity 


Py eso (fo — Afo + opp) = -uW Yr + BW + upp = hfa + BW fa 


follows from (2.4.21), and shows that the boundary maps [1 in Theorem 2.4.1 and 
Theorem 2.4.7 are the same. 


2.5 Transformations of boundary triplets 


Let S be a closed symmetric relation in § with equal defect numbers. Then S 
admits self-adjoint extensions in § and each self-adjoint extension gives rise to 
a boundary triplet as in Theorem 2.4.1. Hence, boundary triplets for S* are not 
uniquely determined, with the exception of the trivial case S = S*. A complete 
description of all boundary triplets for S* will be given with the help of block 
operator matrices that are unitary with respect to the indefinite inner products 
in Section 1.8; cf. (2.1.3). The transformation properties of the corresponding 
boundary parameters, y-fields, and Weyl functions are discussed afterwards. 


The main result on the description of all boundary triplets for S* is the 
following theorem. It describes the transformation of boundary triplets. 


Theorem 2.5.1. Let S be a closed symmetric relation in H, assume that {9, T0, T1} 
is a boundary triplet for S*, and let S’ be a Hilbert space. Then the following 
statements hold: 


(i) Let W € B(S x G,9’ x 9’) satisfy 


W*dg)W=dg and WJsgW* = Js’, (2.5.1) 
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To) To) _/Wu Wai2\ (Po 
a) =w a E e W2) Tij ee) 
Then {9', T0, 1} is a boundary triplet for S*. 


(ii) Let {9’,05,1} be a boundary triplet for S*. Then there exists a unique op- 
erator W € B(G x 9,9’ x 9') satisfying (2.5.1) such that (2.5.2) holds. 


and define 


Proof. (i) Note that the operator W € B(9 x G, 9’ x 9’) is unitary from (9°, [-, -]52) 
to (9°, [-,-]g2); ef. Proposition 1.8.2. Hence, for f. € S* one has 


[PATS] ge = [WEF WES] go = [LFI] = [7.9] g2- 


Therefore, I) and I, satisfy the abstract Green identity (2.1.1); cf. (2.1.4). Since 
W is surjective by Proposition 1.8.2, IT” = WT is also surjective thanks to the 
surjectivity of T. It follows that {§’,1>,P{} is a boundary triplet for S*. 


(ii) Assume that {9’, 1G, T1 } is a boundary triplet for S* and define a linear relation 
W c 92? x §” by Bade 
W := {{rf, If}: fe s*}. (2.5.3) 

It follows from Proposition 2.1.2 (ii) that W is an operator. Indeed, if f= 0, 
then f € S and thus I’ f = 0. For the operator W one has dom W = § x § and 
ran W = S’ x SG’ since ranT = 9 x $ and ranI” = SG’ x Y. 

Define the inner product l, Joz on 9’? as in (2.1.3). Let ow E€ Gx G and 
let fg g € S* be such that [f= @ and lg = w. Then one has 


[W6, We] ga = [WEF WIE] ga = [TFT] 


and hence W is an isometric operator from (9°, [-,-]g2) to (9°, [-,-]g2). This 
implies that the first identity in (2.5.1) is satisfied and from Lemma 1.8.1 it follows 
that W € B(G x S,9’ x 9’). Furthermore, as W is surjective, Proposition 1.8.2 
implies that also the second identity in (2.5.1) holds. 

By the definition (2.5.3) of the operator W, the boundary triplets {9, To, r1} 
and {9', T6, T1} are connected via (2.5.2). Moreover, the operator W is unique. 
Indeed, if I’ = WT and I’ = WI, then (W- WIF = = 0 for all f € S* and as 
ranl = § x G it follows that W = W. 


The transformation of a boundary triplet {9,0,1} in Theorem 2.5.1 in- 
duces a transformation of the closed relations in the parameter space. Assume 
that W € B(G x 9,9’ x 9’) satisfies the identities in (2.5.1) and let {9', r9, T1} be 
the corresponding transformed boundary triplet in (2.5.2). Let © be a relation in 
G and define ©’ in 9’ as a Möbius transform of © by 


9’ = W[8] = {{Wiy + Wray’, Warp + Way’}: {p,p} € O}; (2.5.4) 
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cf. Definition 1.8.4. As W is bijective, it follows that ©’ = W[Q] is closed in 9’ if 
and only if © is closed in 9; cf. (1.8.10). 


Proposition 2.5.2. Let S be a closed symmetric relation in H and assume that 
{9,To, Pi} and {9', T9, r1} are boundary triplets for S* connected via I’ = WL 
in Theorem 2.5.1. Let © be a closed relation in 9 and let ©’ be defined by (2.5.4). 
Then the closed intermediate extensions 


Ao = ker (T1 — Oro) and Ag = ker (I — OTS) 
coincide, that is, for fe S* one has 
fee’ 6 Tee. 


Proof. Let f € S*. Then the transformation formulas (2.5.2), (2.5.4), and the fact 
that W is bijective imply 


fee’ s WTF € WO] @ Tfee. 


Hence, ker (Tı — OTo) and ker (I, — O’TG) coincide; cf. Theorem 2.1.3 (iii). 


Likewise, the transformation of the boundary triplet leads to a transformation 
of the y-field and the Weyl function. 


Proposition 2.5.3. Let S be a closed symmetric relation in H and assume that 
{9, T0, Pi} and {9', T6, T1} are boundary triplets for S* connected via I’ = WT 
in Theorem 2.5.1. Let Ao = kerTo, Aj = kerTġ, and let y,y' and M, M’ be the 
y-fields and Weyl functions corresponding to {9,To, r1} and {9', T9, T1}, respec- 
tively. Then for all A € p(Ao) N p(Ag) the operator 


Wi + Wi2M (A) 


is an isomorphism from G onto 9', and the identities 


1 


P(A) = VA) (Wii + Wi2M (A) ~ (2.5.5) 


and 


M’(A) = (War + W22M(A)) (Wir + WioM(A)) (2.5.6) 
hold. 
Proof. For A € p(Ao) and hE Ny (S*) one has 
TA = Wu Tofa + Wil ify = (Wi + Wia M(A))Do fa, 
which leads to 


Tol Ra (S*) = (Wir + Wi2M(A)) (Tol Sta (9*)). (2.5.7) 
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If, in addition, \ € p(Ao) N p(AG), then, by Lemma 2.1.7, To and IG are isomor- 
phisms from 9%t,(S*) onto G and S’, respectively. Hence, it follows from (2.5.7) 
that Wy, + Wi2M(A) is an isomorphism from J onto 9’, and therefore 


1 


(TERAS = (Tot Sta(S*)) (Wii + WioM(d)). 


If one applies the orthogonal projection mı from 9 x § onto § x {0} to both sides, 
then (2.5.5) follows. Similarly, for A € p(Ao) N p(Ab) one finds that 


(Wor + Wo2M(d)) (Wir + WioM(A)) Th fa = (Wor + W22M(A)) To fà 
= Wolof, + Wali fa 
=U 


which yields (2.5.6). 


Next some special transformations of boundary triplets and Weyl functions 
will be discussed. In the first corollary the boundary mappings are interchanged 
via a flip-flop, which leads to the Weyl function —M~!. 


Corollary 2.5.4. Let S be a closed symmetric relation in H and assume that 
{9, T0, 01} is a boundary triplet for S* with y-field y and Weyl function M, and 
define 
Dg= li and Îi == 

Then {9,T9, T1} is a boundary triplet for S* and kerTġ = kerTı. Moreover, for 
à € p(Ao)Np(A1) the corresponding y-field y! and the Weyl function M’ are given 
by 

(A) =yA)M(A)7* and =M'(A) =-M(A)7?, 
respectively. 


Proof. The operator 
0 I 
w= (2, 5) € BIS x 8) 


satisfies both identities in (2.5.1). Now the assertions follow from Theorem 2.5.1 
and Proposition 2.5.3. 


The second corollary treats the situation in which a bijective operator D 
dilates the Weyl function M and a self-adjoint operator P produces a shift of the 
dilated Weyl function D* MD. 


Corollary 2.5.5. Let S be a closed symmetric relation in H and assume that 
{9, T0, 01} is a boundary triplet for S* with y-field y and Weyl function M. Let 
G’ be a Hilbert space, let D € B(S’,9) be boundedly invertible, let P € B(9') be 
self-adjoint, and define 


ri =DTo and T} =D*T, + PD Lp. 
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Then {9', T0, T1} is a boundary triplet for S* and kerTġ = kerTo. Moreover, for 
A € p(Ao) the corresponding y-field y' and the Weyl function M’ are given by 

YA) =7A)D and M'(A) = D*M(X)D +P, (2.5.8) 
respectively. 


Proof. It is not difficult to check that the operator 


D1 0 1 1 
wisi pi pr) BG x5. x 9’) 


satisfies both identities in (2.5.1). Now the assertions follow from Theorem 2.5.1 
and Proposition 2.5.3. 


The next corollary complements Corollary 2.5.5. 


Corollary 2.5.6. Let S be a closed symmetric relation in § and assume that 
{9,To, Pi} and {9',T0, T1} are boundary triplets for S* such that 


kero = ker T$. 


Then there exist a boundedly invertible operator D € B(9',9) and a self-adjoint 
operator P € B(S’) such that 


r) =DTo and T} = D*+ PDT): (2.5.9) 


In particular, the y-fields and Weyl functions corresponding to the boundary trip- 
lets {9,To, T1} and {9, T9, r1} satisfy (2.5.8). 


Proof. It follows from Theorem 2.5.1 that there exists W € B(S x 9,9’ x 9’) with 
the properties (2.5.1) such that 


T$ To Wir Wiz) (To 

=W = : 2.5.10 
(7?) (E) (ma Wao) T ee 
The assumption ker To = ker Tġ implies Wi2 = 0. In fact, if fe kerTo = ker T9, 


then Wri f = 0 by (2.5.10) and hence Proposition 2.1.2 (i) implies Wy. = 0. 
Therefore, the first identity W*dg/W = dg in (2.5.1) means that 


Wi Woe = Is, Wp Wi = Ig, Wh Wa = Wù Wi. 
Likewise, the second equality WJg W* = Jg» in (2.5.1) means that 
Wii W32 = Isg, Wo2 WÑ = Is, W21 W32 = Wo2 W31. 


It follows that D := W3, € B(9', 9) is boundedly invertible with D~! = W11, the 
operator P := W21 D € B(Q’) is self-adjoint and (2.5.9) is satisfied. 
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A combination of Corollary 2.5.5 with 9 = 9’, D = I, P = —O, and Corol- 
lary 2.5.4 leads to the followings statement. 


Corollary 2.5.7. Let S be a closed symmetric relation in H and assume that 
{9, T0, T1} is a boundary triplet for S* with y-field y and Weyl function M. Let 
© € B(G) be self-adjoint, and define 


T =T — Oro and Tri = -To. 


Then {9, T9, T1} is a boundary triplet for S* and kerTġ = ker (Tı — OTo) = Ao 
holds. Moreover, for X € p(Ao) N p(Ao) the corresponding y-field y' and the Weyl 
function M' are given by 


YA) =-7A)(O-M(QA))-* and M'(A) = (© - MA), 
respectively. 


The following statement is also a direct consequence of Corollary 2.5.5. 


Corollary 2.5.8. Let S be a closed symmetric relation in H and assume that 
{9,To, Pi} is a boundary triplet for S* with y-field y and Weyl function M. Let 
Q(A) € B(9), AE C\R, be a family of operators which satisfy 


LAIU =u"), Au EC\R. (2.5.11) 


Let Ao E C \R and define the self-adjoint operator P € B(G) by 
P = ReQ(Ao) — Re M (ào). 


Then Q is the Weyl function corresponding to the boundary triplet {9,T9, T1}, 
where 
Tl =To and ri =T; + PTo, 


and Q(A) = M(A) + P holds for all A € p(Ao). 

Proof. Due to Proposition 2.3.6 (iii) it follows from the identity (2.5.11) that 
Q(A) — Q(Ao)* = M(A)— M(Ao)", A, ào E C\R, 

and, in particular, Im Q(ào) = Im M (ào). Hence, one obtains 


Q(A) — M(A) = Q(Ao)* — M(Ao)" = Re Q(Ao) — Re M(Ao) = P. 


With the choice D = I and P as above, the result follows from Corollary 2.5.5. 


Now it will be shown that a pair of transversal self-adjoint extensions in- 
duces a boundary triplet {9,ro, I1} which determines these extensions via the 
boundary conditions ker 9 and kerI,. The following theorem is a consequence of 
Theorem 2.4.1 and Corollary 2.5.5. 
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Theorem 2.5.9. Let S be a closed symmetric relation in § and assume that H and 
H' are transversal self-adjoint extensions of S in 9, that is, 


S*=H FH 


holds; cf. Lemma 1.7.7. Then there exists a boundary triplet {9,T0,T1} for S* 
such that 
H =kerTo and H' = kerr. (2.5.12) 


Proof. As H is a self-adjoint extension of S, there is a boundary triplet {9, To, Yı} 
for S* such that H = ker Yo; cf. Theorem 2.4.1. Since H” is a self-adjoint extension 
of S it follows from Corollary 2.1.4 (v) that there exists a self-adjoint relation © 
in 9 such that 

H' = ker (Tı = OYo). 


Furthermore, since H’ and H are transversal, it follows from Proposition 2.1.8 (ii) 


that © € B(9). Now define 
To\ (I O0\ (To 
Ti) \-9O T/\YTi/’ 


so that {9, To, [1 } is a boundary triplet for S* by Corollary 2.5.5. By construction, 
the boundary triplet {9,Po,f1} has the properties (2.5.12). 


Corollary 2.5.10. Let S be a closed symmetric relation in H and assume that 
{S,To0, 01} is a boundary triplet for S*. Let Ao = ker (Tı — OL) be a self-adjoint 
extension of S corresponding to the self-adjoint relation © in G via (2.1.5). Then 
there exists a boundary triplet {§,16,1} such that 


ker = ker (Tı — Oro) and kerI = ker (Tı +07 'To), (2.5.13) 
that is, Aj = Ae and A, = A_o-1. 


Proof. Recall that O©* = (JO)+, where J denotes the flip-flop operator in 9? from 
(1.3.1). Since © is self-adjoint it follows that © = (J@)+ or, in other words, 


3 =06 JO. 
In particular, one sees that © and JO = —@7! are transversal in 9. Therefore, 
the self-adjoint extensions ker (Tı — O19) and ker (T1 + O7!To) are transversal; 
cf. Lemma 2.1.5 (ii). Now the assertion follows from Theorem 2.5.9. 


Corollary 2.5.10 is concerned with the existence of the boundary triplet 
{9,T6, T1} with the properties (2.5.13). In fact, it is possible to explicitly con- 
struct such a boundary triplet via the choice of an appropriate operator W such 
that I” = WI; cf. Corollary 2.5.7 for the special case © € B(S). 
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Corollary 2.5.11. Let S be a closed symmetric relation in H and assume that 
{S,To, 01} is a boundary triplet for S*. Let © be a self-adjoint relation in 9 and 
choose A,B € B(G) such that 


O = {{Ay, By} : y € 9} 
and the identities 
A*B=B*A, ABY=BA*, A*A4+B*B=I=AA*+BB*, (2.5.14) 
hold; cf. Corollary 1.10.9. Then {9,15, 1}, where 
I) =BTo- AT, and P= AT) + BT, (2.5.15) 


is a boundary triplet for S* such that both identities in (2.5.13) hold, that is, 
Ag = Ao and At = A_e-1- 


Proof. It is not difficult to check that 


Bt —At 
W = o Ew ) € B(S x 9) (2.5.16) 


satisfies (2.5.1) and it is clear from (2.5.15) that {9,Trġ, T1} and {9,To, T1} are 
connected via W as in Theorem 2.5.1 (i). Hence, {9, T9, r1} is a boundary triplet 
for S*. It follows from (2.5.14) that 


WIO] = {{B* Ap — A*By, A*Ay + B*By} : {Ay, By} € O} 
= {0} x G, 
and since -O~! = {{By, —Ay} : y € G}, it follows in the same way that 
W[-97'] = {{B* By + A* Ap, A*By — B* Ap} : {By, —Ay} € -O7'} 
= 9 x {0}. 
Recall from Proposition 2.5.2 that 
rfe WIE] e TfcE, fes, 
holds for any closed relation £ in 9. With Z = © and = = —O7! one then has 
rfe 10} x9 <= feo, fes”, 
and Ji n Ji 
fegx{o} o Tfe-o}, fes*, 
respectively. Now (2.1.11)—(2.1.12) imply 
Ap = ker Io = ker (Ti = Oro) = Ao 


and 


At = ker Ti = ker (Ti ai O`To) = A_o-1. 
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Assume that the boundary triplets {9, To, r1} and {9, r6, T1} are as in Corol- 
lary 2.5.11 and let y and M, and y’ and M’, be the corresponding 74-fields and 
Weyl functions, respectively. Then it follows from Proposition 2.5.3 that for all 
A € p(Ao) N p(Ag) one has 


al 


YA) = (A) (B* — A*M(A)) ~ (2.5.17) 
and i 
M' (A) = (A* + B*M(X)) (B* - A*M(X)) (2.5.18) 
In the special case where the defect numbers of S are (1,1) one may choose 
A z d B i E RU {oo} 
= an = ————, s oo}, 
s?+1 s2 +1) i 


where A = 0 and B = 1 if s = o; this interpretation will be used also in the 
following. With this choice of A and B the operator in (2.5.16) reduces to the 
2 x 2-matrix 


1 s —l 

W= (i i s E RU {oo}. 

In this case 
1 


s2 +1 


1 
(sTo — T1), Ti an (To + sT1), s € RU {oo}, (2.5.19) 


= 
9 s2 +1 


and for À € p(Ao) N p(AG) the corresponding 7-field and Weyl function are given 
by 


s2? +1 
s— M(A) 


= 1+sM(d) 


(A) and M'(A) s- MQ)’ 


VQ) = 


8s €RUf{oo}. (2.5.20) 


Now let S be a closed symmetric relation in § and assume that {9, ro, T1 } is 
a boundary triplet for S*. Consider a closed symmetric extension S$’ of S with the 
property S” C Ap = kerIp. Then the boundary triplet {9, lo, 1} can be restricted 
to (S”)* C S* and Ap coincides with the kernel of the restriction of To. The Weyl 
function corresponding to this restricted boundary triplet is a compression of the 
original Weyl function onto a subspace of J. In the following proposition this is 
made precise from the point of view of an orthogonal decomposition of 9. 


Proposition 2.5.12. Let S be a closed symmetric relation in § and assume that 
{S,T0, 01} is a boundary triplet for S* with Ao = kerTo, and corresponding y- 
field y and Weyl function M. Assume that G has the orthogonal decomposition 


g=9 9 3" (2.5.21) 


with corresponding orthogonal projections P' and P” and canonical embedding v. 
Then the following statements hold: 
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(i) The relation 
S = {f E S*: Tof =0, Pig =0} (2.5.22) 


is closed and symmetric with S CS’ C Apo. 
(ii) The adjoint (S’)* of S’ is given by 
(s')* ={f e S : P'Tof =0}. 
(iii) The triplet {9', T9, 1}, where 
Tp =Tol (S’)* and IT, = PT, (S’)*, 


is a boundary triplet for (S')* such that Ao = kerTG. 


(iv) The y-field y~! and Weyl function M’ corresponding to the boundary triplet 
{9’, To, T1} are given by 


WA) = yA) and M'(\) = P/M(A)’, 2 € p(Ao). 
Moreover, for every closed symmetric extension S’ with S C S! C Ao there exists 
an orthogonal decomposition (2.5.21) of G such that (2.5.22) holds. 


Proof. (i) & (ii) It is clear from the definition that S C S” C Ao and that S’ can 
be written as 


S'’={fes*: Tf e {0} x 9}. 


Hence, S’ = Ao when O = {0} x 9”. It follows that S’ is closed, and by (1.3.4) 
one has ©* = S’ x 9, so that Theorem 2.1.3 (iv) shows 


(S)* ={fes*: The 9 x9} = {fe s : P’'Tof =0}. 


(iii) With the choice f,g € (S’)* one has Tof = P'Tof and Tog = P’Tog. Then 
(2.1.1) yields 


(f',9)5 ~~ (f, g')o = (Tif.Pog)s = (Tof.Tig)s 
= (Cif, PTod)g: — (PTof, 119) 5" (2.5.23) 
= (CF Toa)s -— (Cof, r19) 
It follows from the surjectivity of I and the identity rof = P'Tof when f € EAE 
that 
r à Tol(S’)* \ _ fPTol (S)*\ pons g 
r= (pner) = (eres) 6 > (G 
maps (5”)* onto 9’ x 9’. Together with (2.5.23) this shows that {9', T9, r1} is a 
boundary triplet for (S”)*. It is clear that Ag = ker TO holds. 
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(iv) Since r'o maps N (S*), A € p(Ao), one-to-one onto 9, the restriction Tg maps 
Ny ((S)*), A € p(Ao), one-to-one onto 9’. Hence, (2.3.1) implies that 


(Ao) > à m YA) = HEA, fab fa © T((S’)*)} 


and therefore y/(A) = y(A)v’. It follows from (2.3.4) that 


p(o) > à = M'(A) = {A Ti Ad: fy E HS}, 
which shows that M’(A) = P/M (A)v’. 


Finally, if S’ is a closed symmetric extension of S with the property S’ C Ao, 
then S’ = Ao for some closed symmetric relation © in 9 such that © C {0} x 9 
by Theorem 2.1.3 (v). As © is closed, there exists a closed subspace 9” C 9 such 
that © = {0} x 9”. With 9’ = (grj it is clear that the orthogonal decomposition 
(2.5.21) of 9 holds and S’ is of the form (2.5.22). 


In the situation of Proposition 2.5.12 the intermediate extensions of 9” can 
also be interpreted as intermediate extensions of S. In the next corollary the 
connection between these extensions relative to the appropriate boundary triplets 
is explained. 


Corollary 2.5.13. Assume that the parameter space 9 has the orthogonal decompo- 
sition (2.5.21)and let S’ be as in Proposition 2.5.12. Let O' be a closed relation in 
G’ and let © be the closed linear relation in G defined by 


© = 0’ &({0} x 9”). (2.5.24) 
For the intermediate extensions induced by © and ©' one has 
{fest : Tfee}={fe(s)* : feo} (2.5.25) 
or, equivalently, ker (Tı — OTo) = ker (T1 — O'TG). 


Proof. It is clear that the relation © defined in (2.5.24) is a closed relation in 9. 
The identity in (2.5.25) now follows from 


a 


{fes* :Tfee}={fes* : Thee’ G({0} x 9”)} 
={fes* : {PTof,PTif} € 0’, P’Tof =0} 
={fe(s’)* : {Pof,PTif} eo} 
={fe(s’)*:- fee}, 


where (2.5.24) has been used in conjunction with the boundary triplet in Propo- 
sition 2.5.12. 
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Let S and S’ be closed symmetric relations in § and H’ which are unitarily 
equivalent, and let {9,To, r1} and {9', r6, T1} be boundary triplets for S* and 
(S’)*, respectively. The notion of unitary equivalence for these boundary triplets 
will now be introduced which leads to unitary equivalence of the corresponding 
extensions, 7-fields and Wey] functions. 


Let § and H’ be Hilbert spaces and let U € B(§,5’) be a unitary oper- 
ator from § onto H’. Let S and S’ be closed symmetric relations in § and H’, 
respectively, such that they are unitarily equivalent by means of U, that is, 


S = {{UFU F}: {Ff} € S} (2.5.26) 


in the sense of Definition 1.3.7. It follows from (1.3.7) that this assumption is 
equivalent to S* and (9')* being equivalent under U, 


(S')* = {{UF, USS: {ff} € S*}. 
Then U maps N, (S*) unitarily onto 9t)((S”)*), and hence 


RASO) = ({U fy, Wr}: {FAP} © S*}. 


Furthermore, let V € B(S,9’) be a unitary mapping from § onto 9’. Then the 
closed relations © in 9 and ©’ in 9’ are unitarily equivalent if 


O' = {{VF,V i}: {ff} € O} (2.5.27) 


The notion of unitary equivalence of two boundary triplets involves not only the 
unitary equivalence between § and §’, but also the unitary equivalence between 
G and Y’. 
Definition 2.5.14. Let S and S” be closed symmetric relations in § and 9’, and 
let {9, To, I1} and {9', T6, T1} be boundary triplets for S* and (.S’)*, respectively. 
Then {9,0,1} and {9', T9, T1} are said to be unitarily equivalent if there exist 
a unitary operator U € B(5,’) and a unitary operator V € B(S, 9’) such that 
(i) S and S’ are unitarily equivalent by means of U as in (2.5.26); 
(ii) {9,To, T1} and {9', T0, T1} are connected via 
ToU f, UF} =Vlolf. f} and Ti{Uf, Uf} = Vrf, f} (2.5.28) 
for all {f, f’} € S*. 
In the next proposition it will be shown that for unitarily equivalent bound- 


ary triplets the corresponding closed extensions, y-fields, and Weyl functions are 
unitarily equivalent. 


Proposition 2.5.15. Let S and S’ be closed symmetric relations in 9 and 9', and 
let {§,To,Ti} and {9', T9, 14} be boundary triplets for S* and (S')*, respectively, 
which are unitarily equivalent by means of the unitary operators U € B(9, 5’) and 
V € B(9,9'). Then the following statements hold: 
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(i) For all closed relations O in G and O’ in 9' connected via (2.5.27) the closed 
extensions 


Ao = {fe s*:Tfe O} and Ao = fh eCy sre o'} 
are unitarily equivalent by means of U € B(H,5'), that is, 
Ao = {{Uf,Uf'} : {f, f} € Ao}. 


(ii) The y-fields y and 7! corresponding to {9,To, T1} and {9', T0, T1} are related 
by 
7'(A) =U7A)V™, A € p(Ao) = p(40). 


(iii) The Weyl functions M and M' corresponding to {9,To, T1} and {9', T0, r1} 
are related by 


M'(X) =VM(A)V—", A€ p(Ao) = p(Ad). 
Proof. (i) It follows from the definition that 
Ae = {{f, f} € S* : TAF, f'} € O} 
and 
Ae = {{9,9'} € (S’)* : Tg, g'} € O’F. 
Since S and S” are unitarily equivalent, so are S* and (S’)*, and hence one has 
{g,g'} € (S’)* if and only if {g,g'} = {Uf,Uf’} for some {f, f'} € S*. Thus, by 
the unitary equivalence of the boundary triplets one obtains 
Ae = {{Uf,Uf}: {f f} E S*, TUF UF} THUS, US }} € O'S 
= {{Uf,Uf}: {f, f}eS*, {VEAS F h VEAS ft} € e'} 
= {{Uf, UF} : tf, f'} € s*, {To{f, FpD F € o} 
— HUF, UF} : LFF € Ao}. 


(ii) By item (i), the self-adjoint relations Ag = ker To and Ag = ker T} are unitarily 
equivalent by means of U, which implies that p(Ap) = p( 49), and hence the -fields 
y and +’ are defined on the same subset of C. For A € p(Ag) one computes 


YA) = {{T of 9a, Agah gat: {ga Aga} € Ma((S’)*)} 
= {{E {U fa, AU Fa}, U fa} i {hr Afa} E M(8*)} 
= {{VTo{ fx, Af}. Ufa} a Aft E Nals) 
= U(X) VT}. 
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(iii) Since p(Ao) = p(AG), the Weyl functions M and M’ are defined on the same 
subset of C. Fix \ € p(Ao), let y € 9’ and choose {f,,Af,} E€ Na(S*) such 
that [O{U fa, AU fy} = Y. Since {U fy, AU fa} € M((S')*), it follows from the 
definition of the Weyl function and (2.5.28) that 


M'(A)b = M'(A)JTo{U fy, AU fa} 
=T {U fa, AU fy} 
=V f Afa} 
= VM(ATo{ fa Afa} 
= VM(A)V TU fa, AU fa} 
=VM(A)V~ly. 


This yields M’(\) = VM(A)V~—! for all A € p(Ao). 


Let S and S” be closed symmetric relations in § and 9’ with boundary triplets 
{5,1 o, Pi} and {9', T6, T1} that are unitarily equivalent by means of a unitary op- 
erator U € B(§,’) and a unitary operator V € B(S, 9’) as in Proposition 2.5.15. 
Then according to Proposition 2.5.15 one has that 


Ao = {{U TUT} : {f, F} € Ao}; 


cf. (2.5.28). In particular, this implies that the multivalued parts of Ap and Aj are 
connected by 


mul Aj = U(mul Ao), 
and since U is unitary it also follows that 
dom Aj = U (dom Ap). 


The following corollary is an immediate consequence of Proposition 2.5.15 (ii) and 
Proposition 2.3.2 (ii). 


Corollary 2.5.16. Let P and P’ be the orthogonal projections in § and %' onto 
(mul Ag)+ and (mul Aj)+, respectively. Then 


PYA) \ Py(A) -1 -yA 
GG Eis) =U i A V=, A€ p(Ao) = p(Ad), 


where (I — P)y(A) = (I — P)y(Ao) and (I — P')y/(A) = (I = P’)y'(Ao) are parts 
that do not depend on x. 


In Theorem 4.2.6 it will be shown that if S and S’ are simple (see Section 3.4) 
and their Weyl functions are unitarily equivalent, then in fact the corresponding 
boundary triplets are unitarily equivalent. 
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2.6 Krein’s formula for intermediate extensions 


Let S be a closed symmetric relation in a Hilbert space § and assume that 
{9,To, r1} is a boundary triplet for S*. According to Theorem 2.1.3, the map- 
ping [ = (To, l1)! induces a bijective correspondence between the set of (closed) 
intermediate extensions Ao of S and the set of (closed) relations © in 9, via 


OH Ao = {fe s* : Tf € O} = ker (T1 — OL); 


and Ag = ker To corresponds to © = {0} x 9. For \ € p(Ao) the relation (Ao —A)~! 
will be regarded as a perturbation of the resolvent of the self-adjoint extension Ao 
of S. This fact is expressed by the formula provided in Theorem 2.6.1 and some 
variants under the additional assumption À € p(Ae) are discussed afterwards. In 
the special case \ € p(Ae) one has (Ag—A)~! € B(S) and the resolvent difference, 
and hence also the perturbation term, are bounded operators. Moreover, it is shown 
later how the different types of spectral points A € ø(Ae) which are contained in 
p(o) are related to the Weyl function and the parameter ©. A more in-depth 
treatment of the connection of the spectrum and the Weyl function can be found 
in Chapter 3. 


In the next theorem the difference of (Ao — A)~! and (Ao — A)~1, A € p(Ao), 
is expressed in a perturbation term which involves the Weyl function M and the 
parameter ©. This results in a general version of Krein’s formula for intermediate 
extensions. 


Theorem 2.6.1. Let S be a closed symmetric relation in 9, let {9,To, T1} be a 
boundary triplet for S*, Ag = kerTo, and let y and M be the corresponding y-field 
and Weyl function, respectively. Moreover, let © be a closed relation in 9 and let 


Ag ={fes*:Tfeo} (2.6.1) 


be the corresponding extension via (2.1.5). Then for all A € p(Ao) one has the 
equality 
(Ae = A)T} = (Ao = A)T! +7) (8 - MQ) HA), (2.6.2) 


where the inverses in the first and the last term are taken in the sense of relations. 
Moreover, if A € p(Ao) N p(Ao), then (© — M(A)) ~! € B(9) and (2.6.2) holds in 


the sense of bounded linear operators. 


Proof. Assume that A € p(Ao). In order to establish the identity (2.6.2) it must 
be shown that the relations on the left-hand side and right-hand side coincide. 
First the inclusion (C) in (2.6.2) will be shown. For this purpose, consider 
{g,g'$ € (Ao — A)! so that, equivalently, go = {g', g + Ag’} € Ao. Moreover, 
denote 
Go = {(Ao — A)~"g, (I + (Ao — A)7*)g} € Ao. 
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Then 
Ge — Go = {9' — (Ao — A)~*g, A(g’ — (Ao — A)~*g)}, 


and hence Je — Jo € Ma(S*). Since F(A) maps G onto M,(S*) there exists an 
element y € 9 such that 

Jo = Go + WA)e- (2.6.3) 
By Proposition 2.3.6 (ii) one has [¥(A)e = {y, M(A Ae} and, moreover, Proposi- 
tion 2.3.2 (iv) shows that [go = {0, y(A)*g}. Since Jo € Ao, an application of T 
to (2.6.3) yields 


{0, 7()*9} + {¢, MAp} =TGo +r7(A)p =TGe € 9, 


see (2.6.1). Thus, {y,y(A)*g + Ma Jp} € © and {y,7(A)*g} € © — M(A) o 
equivalently, {g, p} € (© — M(A))~!y(A)*, which implies that 


{9, AJP} E ANO — MATHA). (2.6.4) 


Now consider the first component g' = (Ao —\)~'g+y(A)y in the identity (2.6.3). 
Then one has 


{9,9'} = {g, (Ao — A) + A) 9}, (2.6.5) 
and due to {g, (Ao — A)~tg} € (Ao — A)T} and (2.6.4) it follows from (2.6.5) that 
{9,.9'} € (Ao = A)T} + (A) (0 — MA) 9A)", 


and hence the inclusion (C) in (2.6.2) holds. 
Next the inclusion (D) in (2.6.2) will be shown. For this purpose, let 


HAN. 


{9,9'} € (Ao = A)7* + 7A) (0 — M(A)) 
By the definition of the sum of relations, this means that 
=(Ao—A)~'g +h, where {g,h} €7(A)(@— MA) YA. 


Recall from Proposition 2.3.2 (i) that 7(A) € B(9, 5), since A € p(Ao). Hence, 
h = y(A)y, where {7(A)*g, p} € (© — M(A))~!. Consequently, it is clear that 
{y, y(A)*g + M(A) yp} € O. Next observe that 


{9,9 +Ag'} = {(Ao — A)“, (+ A(Ao — A) )g} + {Ao AYA) Y}, 
which implies that 
T{g', g + Ag'} = {0, y(A)*9} + {v, MA) yp} € © 
or {g', g +Ag’} € Ao. Thus, {g,g'} € (Ao — à)! and therefore 
(Ao — A)T! +A) (O — M(A)) TA) c (Ae — A)“. 


Hence, the inclusion (D) in (2.6.2) has been shown. 
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To prove the last assertion in the theorem, assume that A € p(Ap)Np(Ae). It 
is first shown that ker (© — M(A)) = {0}. To see this, let y € ker (O— M (A)). Then 
clearly {y, M(A)y} € O. Define fy = Y¥(A)y, so that fy = { fy, Afa} E Na (S*) and 


rA = {ofa Pi fat = (of, MAPA} = {¢, MAp} € O. 


Thus, fy € Ae and fy = 7(A)y € ker (Ao — A). Since À € p(Ag), one concludes 
that y(A)y = 0 and y = 0. Hence, ker (© — M(A)) = {0}. 

Next it is shown that (© — M(A))~1 € B(S). Since A € p(Ao), the identity 
(2.6.2) holds and as it is assumed that A € p(A@), one has dom (Ae — A)71 = $. 
Therefore, 


dom [(@ — M(A)) A] = dom [y(A)(O— MA) YAS] =5, (2-6.6) 


where the first identity is clear since 7(A) € B(S,9). As rany(A)* = 9, one 
concludes from (2.6.6) that dom (© — M(A))~! = 9. By assumption, © is dod 
and then M(A) € B(G) implies that © — M(A) is closed. Then ici M(X)! isa 
closed operator and by the closed graph theorem (© — M(A))~! € B(S). 


Assume that \ € p(Ao). In Theorem 2.6.1 it is shown that then \ € p(Aoe) 
leads to (© — M(A))~1 € B(G). In fact, there is a one-to-one correspondence 
between the part of the spectrum of Ae contained in p(Ap) and the spectrum 
of © — M(A) contained in p(Ao). The following theorem and its corollary are 
direct consequences of the Krein formula (2.6.2). A complete description of the 
spectrum of self-adjoint extensions Ag in terms of the singularities of the function 

++ (© — M(A))~? is given in Section 3.8. 


Theorem 2.6.2. Let S be a closed symmetric relation in 9, let {9,T0, T1} be a 
boundary triplet for S*, Ag = kerTo, and let y and M be the corresponding y-field 
and Weyl function, respectively. Moreover, let O be a closed relation in 9 and let 


Ao ={fes*: Tfee} 


be the corresponding extension via (2.1.5). Then the following statements hold for 
all A € p(Ao): 


(i) A E€ a(o) & 0 E€ o,(O — M(A)), and in this case 
ker (Ao — A) = (å) ker (9 — M(A)); (2.6.7) 
(ii) A € o,(Ae) € 0 € o,(0 — M())); 


( 
(iii) A € oe(4o) & 0 € oe(© — M(A)); 
(iv) A€ p(4o) & 0€ p(O— M(A)). 
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Proof. Assume that A € p(Ao) and consider the right-hand side of (2.6.2) as the 
sum of the operator (Ag — A)~! € B(S) and the relation 


-1 x 
9Q)(8 = MEY) YO) 
in H. Hence, the domain of the right-hand side of (2.6.2) is given by 
dom [7(A)(@ — M(A))~"y(A)*] = dom [(@ — MA) A], 
where it was used that y(A) € B(S, 9). Thus, it follows from (2.6.2) that 
dom (Ao — A)~! = dom (© — M(A)) YA). (2.6.8) 


Due to the definition of the sum of relations and mul (Ag — \)~! = {0} the multi- 
valued part of the right-hand side of (2.6.2) is given by 


mul |7(A)(@ — M(A)) HA] = mul [y(A)(© — M()) Fel 
= 7(A) mul (© — M(A)). 
Thus, it follows from (2.6.2) that 
mul (Ao — A)! = 7(A) mul (© — M(A)) ~. (2.6.9) 


The proof of the theorem is based on the identities (2.6.8) and (2.6.9). 
For the interpretation of (2.6.8) recall that y(A), A € p(Ao), maps 9 isomor- 
phically onto 9t,(S*); see Proposition 2.3.2 (i). This implies that the restriction 


(A) : N5 (9*)—> 9 is an isomorphism. 
In particular, y(A)* is a bijection between closed or dense subspaces in Ny (S*) 
and closed or dense subspaces in G, respectively. Now assume that V is a closed 
relation in 9. Since ker y(A)* = (Nz (9*))+, it follows that 


dom V7(A)* is closed in § << dom V is closed in 9, (2.6.10) 


and 
dom V7(A)* is dense in § <= domV is dense in 9. (2.6.11) 


(i) The identity (2.6.7) follows from (2.6.9). It is clear that (2.6.7) implies the 
equivalence A € p(o) = 0 € o,(0 — M())). 

(iii) It follows from (2.6.8) that ran (Ae — A) is a dense nonclosed subspace of 
$ if and only if dom (© — M(A))~!y(A)* is a dense nonclosed subspace of $. By 
(2.6.10) and (2.6.11) with V = (© — M()))~1, this is equivalent to ran (© — M (A)) 
being a dense nonclosed subspace of J. In addition, it follows from (i) that Ae — À 
is injective if and only if © — M(A) is injective. This proves the assertion. 
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(iv) The implication (=) holds by Theorem 2.6.1. The implication (<) is easy to 
see. Indeed, assume that 0 € p(© — M(A)). Then (© — M(A))~! € B(S) and since 
(A) € B(S,) and 7(A)* € B($,9) for A € p(Ao), one concludes from (2.6.2) 
that (Ao = Art G B(5), i.e, AE p(Ae). 


(ii) This assertion is a consequence of (i), (iii), and (iv). 


The Krein formula (2.6.2) was formulated above in terms of the closed rela- 
tion © in the Hilbert space 9. Now the form of the Krein formula will be given 
when a tight parametric representation of © is chosen; cf. Section 1.10. 


Corollary 2.6.3. Let S be a closed symmetric relation in 9, let {9,Uo,Ti} be a 
boundary triplet for S*, Ag = kerTo, and let y and M be the corresponding y- 
field and Weyl function, respectively. Let the closed relation © have the parametric 
representation 


O = {{Ae, Be} :e € E}, (2.6.12) 


where € is a Hilbert space and A,B € B(€, 9), and assume that this representation 
of © is tight, i.e., ker AM ker B = {0} holds. Then for all A € p(Ao) one has 


Ac p(Ae) & (B-M(A)JA)™ €B(9,£), 
and in this case 


(Ao — à)? = (Ap — A)T! + (A) A(B — M(A)A) ~ 


(AY. (2.6.13) 
Proof. According to Theorem 2.6.2, for 4 € p(Ao) one has 
AE p(Ae) & VE p(O-M(A)), 


that is, A € p(Ae) if and only if (© — M(A))~! € B(S). Due to the tightness of 
the representation (2.6.12), Lemma 1.11.6 shows that 
(9-M(Q))' €B(S) © (B-M()A)" € BGS, 8), 


as for all A € p(Ao) one has that M(A) € B(G). In this case it follows that 
(© — M(A)) =t = A(B — M(A)A)~1. Furthermore, the resolvent formula (2.6.13) 
follows from (2.6.2). 


Let again © be a closed relation in 9 and assume, in the same way as at the 
end of Section 2.2, that © admits an orthogonal decomposition 


O= Oop 6 Omul, G= Gos ® Smul, (2.6.14) 


into a (not necessarily densely defined) operator part Oop acting in the Hilbert 
space Gop = dom ©* = (mul@)+ and a multivalued part Omu = {0} x mulO 
in the Hilbert space Gm = mulO; cf. Section 1.3. Recall that, in particular, 
closed symmetric, self-adjoint, (maximal) dissipative, and (maximal) accumulative 
relations © in 9 admit such a decomposition. 
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Corollary 2.6.4. Assume that the closed relation © in Theorem 2.6.1 has the or- 
thogonal decomposition (2.6.14), let Pop be the orthogonal projection onto Gop, and 
denote the canonical embedding of Gop into G by top. Let 


Ag ={fes*: Tfee} 


be the intermediate extension of S via (2.2.12). Then for all A € p(Ao) N p(Awe) 
one has (Oop — PopM(A)top)~* E€ B(Gop) and 


(Ae — A)T? = (Ao — A)T} + Y(A)top (Oop — PopM(A)top) Pop (A)*. 


Proof. In view of (2.6.14), one sees that for \ € p(Ao) N p(o) 


E (O) Oop — PopM(A)topy _ p E dom Oop, 
oa Ms {{ G 6 == Le nae \ T pE Sa \ 


and hence 


e-no = ({(5 AO), (0) esa. 


Since (© — M(A))~1 € B(9), one has 
ker (Oop — PopM(A)top) = {0} and ran (Oop — PopM(A)top) = Gop: 


This shows that Oop — PopM (A)top is a bijective closed operator in Gop. Hence, 
(Oop — PopM(A)lop)~! € B(Gop) and so 


(e- MA) = i = Fees)" 


with respect to the decomposition (2.6.14). Now the identity 


(© = MA) = lop (Oop = PopM(A)top) es 


is an immediate consequence. This together with Theorem 2.6.1 implies the state- 
ment. 


If the closed relation © in 9 admits a decomposition of the form 
© = 0’ & ({0} x 9”) (2.6.15) 


as in Corollary 2.5.13, where ©’ is a closed relation in the Hilbert space 9’ and 
G = 9'99”, then Krein’s formula can also be interpreted in the context of the inter- 
mediate symmetric extension S’ of S in Proposition 2.5.12 and the corresponding 
restriction of the boundary triplet {9, ro, r1}. More precisely, if © is of the form 
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(2.6.15) and S’ and the boundary triplet {9', T9, 14} are as in Proposition 2.5.12 
with corresponding y-field y” and Weyl function M’, and 


Aer = {f € (S')* :I"f € O'} = ker (I, — OTS), 
then Ag = ker (Tı — OTo) = Ae and AG = kerro = kerro = Ao hold by 


Corollary 2.5.13 and Proposition 2.5.12, respectively. Moreover, by Theorem 2.6.1 
one has (@’ — M’(A))~1 € B(S’) for all A € p(Ae’) N p( Ah) and 


(Aer — A)T! = (4g — A)T + V A(O -MATY A. 
In the special case where O’ = Oop and {0} x 9” = Omu as in (2.6.14) one has 
M' (X) = PopM(A)top and ¥'(A) = 7(A)iop, 


so that Kreïn’s formula in Corollary 2.6.4 can be rewritten in the form 


=f HT 


(Aos =A) = (Ay = A) EVA) (Oop = MWA) YA. 


The behavior of Krein’s formula under transformations of boundary triplets 
will be discussed next. To this end suppose that S is a closed symmetric relation 
in 9, let {9,To,T1} be a boundary triplet for S*, Ap = kerTo, and let y and M 
be the corresponding 7-field and Weyl function, respectively. Consider a closed 
extension 


Ag = {fe orz Ife oe} = ker (Ti _ OL) 
corresponding to a closed relation © in 9. Then for all A € p(Ae)M p(Ao) one has 


(Ae — A)7} = (4o = 0) + 9A) (8 — MA) HA)" 


according to Theorem 2.6.1. Let 9’ be a further Hilbert space and assume that 
W e B(G x G,9’ x 9’) satisfies the identities in (2.5.1). Let {9', To, T1} be the 
corresponding transformed boundary triplet in (2.5.2) with y-field y” and Weyl 
function M” specified in Proposition 2.5.3. Let Aj = kerTġ and define the closed 
relation ©’ in 9’ by 6’ = W[O]; cf. (2.5.4). By Proposition 2.5.2, one has 


Ao = ker (T1 — OF) = ker (T1 — O'TG) = Ao, 


and hence for all A € p(Ae) N p(AG) Krein’s formula in Theorem 2.6.1 has the 
form 

(Ao = A)T} = (Ap -A)T + YAE = MWAYA = (Ao = A). 
In this sense Krein’s formula is invariant under transformations of boundary 
triplets. 


Next, Theorem 2.6.2 will be complemented for the case where the extensions 
are self-adjoint. Recall from Section 1.5 that for a self-adjoint relation H a spectral 
point \ € R belongs to the discrete spectrum og(/) if A is an eigenvalue with finite 
multiplicity which is an isolated point in o(H). It will be used that A € oq(H) if 
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and only if 
dimker(H —2)<oo and ran(H — A) =ran(H =A). (2.6.16) 


The complement of the discrete spectrum of H in o(#) is the essential spectrum, 
denoted by dess(H). 


Theorem 2.6.5. Let S be a closed symmetric relation, let {9,T0, T1} be a boundary 
triplet for S*, Ag = kero, and let M be the corresponding Weyl function. Let © 
be a self-adjoint relation in G and let 


Ao ={fes*: Tfee} 


be the corresponding self-adjoint extension via (2.1.5). Then the following state- 
ments hold for all A € p(Ao): 


(i) A € calo) & 0 € oa(O — M(A)); 
(ii) A € Oess(Ao) & 0 E Gess(O — M(A)). 


Proof. Here one relies on the observations made in the proof of Theorem 2.6.2. 
Assume that A € p(Ao). 


(i) It follows from Theorem 2.6.2 (i) that 
0<dimker(Ag—-A)<co + 0< dimker(©-— M())) < œ, 
and it follows from (2.6.8) and (2.6.10) with V = (© — M(A))~! that 
ran (Ae — A) closed <=  ran(O— M(A)) closed. 


Now assertion (i) is a consequence of the above equivalences and the characteri- 
zation (2.6.16) of discrete eigenvalues of self-adjoint relations. 


(ii) Note that A € o(Ae) if and only if 0 € o(@ — M(A)) by Theorem 2.6.2. 
Hence, this assertion is a consequence of item (i), Ces(Ao) = o(Ao) \ caldo), 


and dess(9 — M(A)) = o(© — M(A)) \ oa(© — M(Q)). 


2.7 Krein’s formula for exit space extensions 


The Krein formula in Theorem 2.6.1 holds for intermediate extensions of a sym- 
metric relation S in a Hilbert space §. In particular, these intermediate extensions 
contain maximal dissipative, maximal accumulative, and self-adjoint extensions. 
Now consider larger Hilbert spaces & which contain 5) as a closed subspace and 
self-adjoint relations A in & which extend S as studied by Krein and Naimark. It 
will be shown that such self-adjoint extensions induce families of relations in 5 
which also extend S. For these families of relations there is a version of the Krein 
formula, which will also be called Krein—Naimark formula in this text. 
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The following notions are useful. Let § and 9’ be Hilbert spaces and let Abe 
a self-adjoint relation in the Hilbert space § 6 9’. The Straus family T(A), A € C, 
in § corresponding to the self-adjoint relation A in § @ 9’ is defined by 


T(A) = fis fLeHxsH: {(4) , Y CÀ, h' = an} . (2.7.1) 


Here a vector notation is used for the elements 


~ d ~ 
(;) EedomAC HSH’ and @ Ern ACHEN, 


where f, f’ € and h, h' € 9’. This notation will be frequently used in the rest 
of this section. Closely associated with the Straus family T(A) is the compressed 
resolvent R(A) € B(S) of the self-adjoint relation A in § @ 9’, defined by 


R(A) = P(A- A) tg, 2 € p(A); (2.7.2) 

here Ps : 9 @ H’ — H denotes the orthogonal projection from § H’ onto H and 
9 19 —> HH is the canonical embedding of H into H E H’. 
Lemma 2.7.1. Let A be a self-adjoint relation in HH’. Then the following state- 
ments holds for the Štraus family T(A) in (2.7.1): 

(i) T(A) is maximal accumulative (maximal dissipative) for A € Ct (A € C7); 
(ii) TIA) =TO)*, \EC\R; 
(iii) AH (L(A) — A)7t is holomorphic on C\ R with values in B(S). 


Moreover, the following statements hold for the compressed resolvent R(A) € B(S) 
n (2.7.2): 


(iv) AH R(A) is holomorphic on C\ R with values in B(H); 
(v) RA) = RO)", AE C\R; 
(vi) forall `c C\R, 
o — R(A)R(A)* > 0. (2.7.3) 


Furthermore, the Straus family T(X) in (2.7.1) and the compressed resolvent in 
(2.7.2) are related via 


R(A) =(T(A)=A)', AEC\R. (2.7.4) 


Proof. It is clear from (2.7.1) that for A € C the Straus family T (A) satisfies 


Ta) at= {Lane 8x5: TORON w =ar}. 
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On the other hand, it is clear that 


B= tt oa) CF LG) Ge) ap 


so that the compressed resolvent of A in (2.7.2) is given for ÀA € p(A) by 
R(A) = P(A — A) t5 


= A-A ESS: TORONTA 


Comparison of the above identities shows that (2.7.4) holds. 
(iv) & (v) follow immediately from (2.7.2). 
(i) Let {f, f’} € T(A). Then there exists a pair {h,h’} such that 


{(f): pea mma eae 


Since A is self-adjoint, it follows that 
0 = Im ((f’, f) + (h’,h)) = Im(f", f) + ImA)(h, h) 


and this implies that T(A) is accumulative (dissipative) for A € Ct (A € C7). The 
maximality follows from (2.7.4) since ran (T (A) — A) = 9; cf. Theorem 1.6.4. 


(ii) It follows from (v) and (2.7.4) that 


and this implies T(\) = T(A)*. 
(iii) This is clear from (iv) and (2.7.4). 
(vi) Let y € § and y’ = R(A)y. Then (2.7.4) implies {y’, p + Ay’} € T(A). For 
A € Ct the relation T(A) is maximal accumulative and hence (v) implies 
0 > Im (p + Ay’, y’) = Im(y, RAJ) + (Im A)||RO) ell? 
= Im (R(A)¢, 9) — (Im ARA) ell’. 
Thus, it follows for A € Ct and y € § that 


Im (RAe) 
Im A 


which implies (2.7.3) on C~. A similar reasoning leads to (2.7.3) on Ct. 


—(ROA)ROA)*~, 9) > 0, 


In Chapter 4 it will be shown how the properties of the Straus family and the 
compressed resolvent in Lemma 2.7.1 determine the space 9’ and the self-adjoint 
relation Ain AOS’. 
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In the present context the Straus family and the compressed resolvent appear 
when one considers self-adjoint extensions of a closed symmetric relation S in a 
Hilbert spaces 9. Let the Hilbert space H @ H’ be an extension of H, where the 
Hilbert space 9 is an exit space. Assume that the self-adjoint relation A in 5®5' 
is an extension of the symmetric relation S$ in 9, i.e., S C A. The Straus family 
and the compressed resolvent of A consist of relations in the closed subspace 9 
that extend S in the following sense. 


Proposition 2.7.2. Let S be a closed symmetric relation in § and let A bea self- 
adjoint extension of S in H8 H'. Then the Straus family T(A) in (2.7.1) satisfies 


ScT(A)cS*, AEC\R, (2.7.5) 
and the compressed resolvent R(A) in (2.7.2) satisfies 
R(A)I van(s-r) = (S-A), AEC\R. (2.7.6) 
Proof. In order to prove (2.7.5), let {f, f’} € S. Then one has 


r 7 
COR (o)je 
and hence {f, f’} € T(A) for all A € C \ R. This shows § C T(A) for all A € C\R 


and making use of Lemma 2.7.1 (ii) one concludes that T(A) = T(A)* c S*. The 
identity (2.7.6) follows from the inclusion S C T(A) and (2.7.4). 


Assume in the context of Proposition 2.7.2, that {9,To, T1} is a boundary 
triplet for S*. Then each relation T(\), A € C \ R, in (2.7.5), being an intermediate 
extension of S, can be described by the relation r(T(A)) in the parameter space 
G. It follows from Lemma 2.7.1 and Proposition 1.12.6 that the family —T(A), 
A € C\R, is a Nevanlinna family in § in the sense of Definition 1.12.1. Note 
that for the holomorphy condition in Definition 1.12.1 it is necessary to apply 
Proposition 1.12.6. A similar reasoning will also be used in the proof of the next 
theorem, which relates a Nevanlinna family in § to the Straus family T()). 


Theorem 2.7.3. Let S be a closed symmetric relation in § and let {9,T0, T1} be a 
boundary triplet for S*. Let A be a self-adjoint extension of S in §@®! and let 
T(A), AE C\R, be the corresponding Straus family in (2.7.1). Then 


T(A) = {f € S* : TF € —r(A)} = ker (T1 + r(AT 0), (2.7.7) 
where T(A), A € C\R, is a Nevanlinna family in 9. 


Proof. It follows from Lemma 2.7.1 and Proposition 2.7.2 that T (A) is a closed 
extension of S for each \ € C \ R. According to Theorem 2.1.3, the extension T (A) 
of S can be written in the form (2.7.7), where 7(A) = -T (T(A)). 

It will be shown that 7(A), A € C \ R, is a Nevanlinna family in 9. Since T(A) 
is maximal accumulative (maximal dissipative) for A € Ct (A € C7) it follows 
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from Corollary 2.1.4 (ii) that 7(A) is maximal dissipative (maximal accumulative) 


for A € Ct (A € C7). The property T(A) = T(A)* and Theorem 2.1.3 imply 
T(A) = 7(A)*. Denote the y-field and the Weyl function corresponding to the 
boundary triplet {5,[o,Ti} by y and M. Then for A € C* and p € C® it follows 


from Lemma 1.11.5 that (—T(A) — M(u))~* € B(S) and 


(TA) = u) = (Ao = u) = y(u) (TA) + M(H) 1" (2.7.8) 


holds by Theorem 2.6.1. According to Lemma 2.7.1, the mapping A+ (T(A)—A)7! 
is holomorphic and hence by Proposition 1.12.6 it follows that also the mapping 
A+ (T(A) — u)™t is holomorphic. Now (2.7.8) shows that \ œ (7(A) + M())7+ 
is holomorphic and another application of Proposition 1.12.6 finally gives that 


A (7(A) + u)! is also holomorphic. Therefore, 7(A), A € C \ R, is a Nevanlinna 
family. 


The Krein—-Naimark formula in the following theorem is now an immediate 
consequence. 


Theorem 2.7.4. Let S be a closed symmetric relation in 9, let {9,T0, T1} be a 
boundary triplet for S*, Ag = kerTo, and let y and M be the corresponding y- 
field and Weyl function, respectively. Let A be a self-adjoint extension of S in 
H@H'. Then with the Nevanlinna family T in G from Theorem 2.7.3 the compressed 
resolvent R(X) in (2.7.2) of A is given by the Kretn—Naimark formula 


R(A) = (Ao — A) = ANMA) + TA) 9A)", AE C\R. (2.7.9) 


Proof. As in the proof of Theorem 2.7.3, it follows from Theorem 2.6.1 that for 
A € C \ R one has 


1 


TA) =A) = (Ao = A) = YA) (TA) + MQ) 


Hence, the formula (2.7.9) follows from (2.7.4). 


In Chapter 4 the converse of Theorem 2.7.4 will be proved: for every Nevan- 
linna family in G there exists a self-adjoint exit space extension A of S such that 
(2.7.9) holds for the compressed resolvent of A. 


Just as in the case of Corollary 2.6.3, there is now a formulation of the 
Krein formula for exit space extensions in terms of a parametric representation 
of the Nevanlinna family +. Assume that the Nevanlinna pair {A,B} is a tight 
representation of the Nevanlinna family 7; cf. Section 1.12. Then the next corollary 
can be shown in the same way as Corollary 2.6.3 by applying Proposition 1.12.6. 


Corollary 2.7.5. Let S be a closed symmetric relation in 9, let {9,T0,T1} be a 
boundary triplet for S*, Ag = kerTo, and let y and M be the corresponding y-field 
and Weyl function, respectively. Let the Nevanlinna family Tr in Theorem 2.7.4 
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have the tight representation T = {A,B} with the Nevanlinna pair {A,B}. Then 
the compressed resolvent R(A) of A has the form 


R(A) = (4o = A)T! = VAJAA) (BO) + MAJAA) A, AE C\R. 
The Štraus family in Theorem 2.7.3 can also be described in terms of a 
representing Nevanlinna pair {A,B}. 


Corollary 2.7.6. Let S be a closed symmetric relation in 9, let {9,T0,T1} be a 
boundary triplet for S*, and let T(A), A € C\R, be the Straus family in Theo- 
rem 2.7.3. Let the corresponding Nevanlinna family T have the tight representation 
T ={A,B} with the Nevanlinna pair {A,B}. Then 


={f e S*: BA)Tof = -AAT f}. (2.7.10) 
Proof. By assumption 7(A), A € C \ R, is given as 


= {{A(A)p, BA)y} : p € S}, 


with a Nevanlinna pair ae and this representation is tight. The symmetry 
property 7(A)* = ~~ implies that 


= {{AA)y, BAP}: y € S}, 


so that T(A) can also be written as 


= {{v,¢'} E 9? : BA =AQ)*¢'}, 
and hence 7 

= {{v, p} E 9? : BA)*y = -AQA)*¢'}; 
cf. (2.2.3) and a (2.7.10) follows from (2.7.7). 


In the following a particular self-adjoint exit space extension of S will be 
studied. Here the exit space is the parameter space 9. 


Proposition 2.7.7. Let S be a closed symmetric relation in 9 and let {9, T0, T1} 
be a boundary triplet for S*. Then 


AE Ehun} erms 


is a self-adjoint extension of S in Ñ ® $9. The corresponding Straus family T(A), 
AE C\R, in H has the form 


T(A) = {f € 9* : -I1 f = Aof} = ker (T1 + AP a) (2.7.12) 


and the compressed resolvent R(X) onto is given by 


1 


R(A) = (Ao = A) = YA)(M(A) A) 9A)". 
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Proof. Observe that S C A. Indeed, for f = {f, f’} € S one has Tof =Tif =0 
by Proposition 2.1.2 (ii) and hence 


((3)-(o)}<4 


It follows from the abstract Green identity (2.1.1) and the definition of A in (2.7.11) 


that the relation A is symmetric, that is, A C (A)*. Now let the element 


(Ep osteraees ents 


belong to (A)*. Then for all f = {f, f’} € S* one has 
(ED D = Ga) @) 
lat ye Tof)’ \e’ 


(f’,9) - (f.9’) = Cif, a) + (Tof, a’). (2.7.14) 


In particular, since ker! = S, it follows from (2.7.14) that if fe S, then g € S*. 
Therefore, the abstract Green identity (2.1.1) together with (2.7.14) imply 


or, equivalently, 


a 


(Tif, T09) — (Tof, r19) = Tif, a) + (Tof, a’) 
for all f € S*. By definition, the mapping T : S* —> 9 x 9 is surjective, and 
consequently 
a= and a’ = -T:9. 

Thus, the element in (2.7.13) belongs to A. Hence, A is a self-adjoint extension of 
Sin Hos. 

The Straus family T(A), À € C, in § corresponding to the self-adjoint relation 
A in (2.7.11) has the form 


Tn) ={F= tres: (dA (tp) bed, iF =aref} 


and hence is given by (2.7.12). The statement concerning the compressed resolvent 
of A onto § follows from the Krein—Naimark formula in Theorem 2.7.4. 


Finally, the Straus family and the compressed resolvent of the self-adjoint 
relation A in H @ 9! can be regarded from a slightly different point of view. Thus 
far, the Straus family and the compressed resolvent were given as notions in the 
Hilbert space $; more structure was added by considering a closed symmetric 
relation S in § and assuming that A is a self-adjoint extension of S in H@ 9’. 
Now the role of the original space and the exit space will be interchanged and 
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a self-adjoint relation Ain H H’ will be viewed as a self-adjoint extension of 
the trivial symmetric relation S’ in §’. The Straus family T’(A), A € C, in 9’ 
corresponding to A in § 6’ is defined by 


T'(X) = finw ER xH: 1G) ; G) EA, f= as} 


and the corresponding compressed resolvent R’(A) € B(5’) is given by 


Pø (A — A) tø = (T'A) =A), A € p(A); (2.7.15) 


here Pø : H 6 H' > H denotes the orthogonal projection from § @ H’ onto H’ 
and tg : H + H H' is the canonical embedding of H’ into H @ H’. The adjoint 
of the trivial symmetric relation S’ = {0,0} in H’ is (9')* = 9’ x 9’ and 
Thh=h and Mh=h’, h={h,h'}e(S’)*, 
defines a boundary triplet {9', T0, r1} for ($’)*. Then Aj = {0} x 9’, so that 
(Ab — A)" = 0, A € C, and the y-field and the Weyl function are given by 
(A) =I and M"(\) =XI; 


cf. Example 2.4.2. In this situation the Straus family T’(A), A € C\R, in 9’ 
induces a Nevanlinna family 7(\), A € C \ R, in the same space §’ as in (2.7.7) 
via 


T'(A) = ker (T1 + T(A)TG), 
so that T(A) = —T’(A). Then the compressed resolvent (2.7.15) takes the form 


Py (A -ATu = —(7(A) +A), (2.7.16) 


which can be viewed as the Krein—-Naimark formula in §’ for the extension A of 8’. 
For the self-adjoint relation A in Proposition 2.7.7 it turns out in this new 
context that the corresponding Straus family in 9 is given by the function —M. 


Proposition 2.7.8. Let S be a closed symmetric relation in 9, let {9,T0, T1} be a 
boundary triplet for S*, and let M be the corresponding Weyl function. Consider 
the self-adjoint relation 


{hanes 


in $®G. Then the corresponding Straus family in G is given by 


ftro, -mf}egx9: A , (EA cA fe Sas) (2.7.17) 
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and coincides with —M(A), A € C\ R. Furthermore, the compressed resolvent of 
A to G is given by 


Pg(A—A)~tug = -(M(A) +A)7?, AE C\R; (2.7.18) 


here Pg : HY — G denotes the orthogonal projection from H ® G onto G and 
tg:9— H9 is the canonical embedding of GS into H ® 9. 


Proof. It follows from the definition of the Straus family in (2.7.1) that the Straus 
family corresponding to A in the Hilbert space_ G has the form (2.7.17). Since 
{Tof, =P, f} belongs to (2.7.17) if and only if f € Ny (S*), it is also clear that 
for all A € C \ R the Straus family coincides with the values — M (A) of the Weyl 
function corresponding to the boundary triplet {9, To, r1}. The formula (2.7.18 
follows from (2.7.16) in this special case. 


2.8 Perturbation problems 


Let A be a self-adjoint relation in the Hilbert space 9, let V € B(S) be a bounded 
self-adjoint operator in 9, and consider the self-adjoint relation 


B=A+V. (2.8.1) 
For A € p(A) N p(B) one can rewrite (2.8.1) in the form 
(B-A) - (4-A)! = -(B -AV (A-A)? 


this follows from Lemma 1.11.2 with H = A, R = A— V and S = X. In particular, 
if V in (2.8.1) belongs to some left-sided or right-sided operator ideal, then the 
same is true for the difference of the resolvents of A and B. From this point of 
view perturbation problems in the resolvent sense are more general than additive 
perturbations of the form (2.8.1). Such perturbation problems embed naturally in 
the framework of the extension theory that has been discussed in this chapter. 


In the next theorem the particularly simple case of finite-rank perturbations 
is treated. 


Theorem 2.8.1. Let A and B be self-adjoint relations in H and assume that 
dimran ((B — Ao)" — (A= ào) t) =n < œ (2.8.2) 


for some, and hence for all Ao € p(A)Np(B). Then S = ANB is a closed symmetric 
relation in § and there exists a boundary triplet {C”, T0, T1} for S* such that 


A = kerTo and B = kerT;. (2.8.3) 
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If y and M are the y-field and the Weyl function, respectively, corresponding to 
{C7 To, Ti}, then 


(B-A -= (A-A = AMATA) (2.8.4) 


for all A € p(A) N p(B). Moreover, if X € p(A), then A € op(B) if and only if 
0 € o,(M(A)), and the multiplicities are at most n and coincide. 


Proof. Let Ao € p(A) N p(B) be such that (2.8.2) holds and consider the closed 
symmetric relation S = AN B in §. By construction, A and B are disjoint self- 
adjoint extensions of S, and hence 


ran (S — Xo) = ker ((B — Ao)~* — (A — Ao) 7") 
by Theorem 1.7.8. This leads to 
ker (S* — Ao) = (ran (S — Xo))~ = ran ((B — Ao)~? — (A =o) 7), 


where (2.8.2) was used in the last equality. Now Theorem 1.7.8 implies that A 
and B are transversal self-adjoint extensions of S. Theorem 2.5.9 shows that there 
exists a boundary triplet {C”, To, 1} such that (2.8.3) holds, and the formula 
(2.8.4) follows from Theorem 2.6.1. One also concludes from (2.8.4) and the fact 
that M(A) is bijective for A € p(A)N p(B) (see Corollary 2.5.4) that the difference 
of the resolvents in (2.8.2) is of rank n for all A € p(A)N p(B). The last statement 
on the eigenvalues of B follows from Theorem 2.6.2 (i). 


The following result is a generalization of Theorem 2.8.1 that applies to non- 
self-adjoint intermediate extensions B. 
Theorem 2.8.2. Let A be a self-adjoint relation in § and let B be a closed relation 
in H such that p(B) #0. Then S = AN B is a closed symmetric relation in 9 
and there exist a boundary triplet {9,T0, T1} for S* and a closed operator © in 9 
such that 

A = kerTo and B = ker (Ti — OL). 

If y and M are the y-field and the Weyl function, respectively, corresponding to 
{S, To, Ty}, then 


(B =A)! = (A= A) = (A) (0 =- M(A)) A)" 


for all A€ p(A)N p(B). Moreover, for all X € p(A) one has X € 0;(B) if and only 
if0 € ci(O©— M(A)), i = p,c,r, and fori = p the geometric multiplicities coincide. 


1 


Proof. It is clear that S = AN B is a closed symmetric relation and hence there 
exists a boundary triplet {9, o, T1 } for S* such that A = ker To; cf. Theorem 2.4.1. 
Since B is a closed extension of S$, there exists a closed relation © in 9 such that 
B = ker (Tı — OP). By construction, the relations A and B are disjoint and hence 
it follows from Proposition 2.1.8 (i) that © is a closed operator in J. The resolvent 
formula and the assertion on the spectrum of B are immediate consequences of 
Theorem 2.6.1 and Theorem 2.6.2. 
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Let & and £ be Hilbert spaces and let T € B(R, £) be a compact operator. 
Recall that the singular values s;,(T), k € N, of T are defined as the eigenvalues of 
the nonnegative compact operator (T*T)!/? € B(A) (enumerated in nonincreasing 
order). The Schatten-von Neumann ideal G,(&,£), 1 < p < œ, consists of all 
compact operators T € B(R,£) such that the singular values are p-summable, 
that is, 


Vie P< 

k=1 
If R = £ the notation G,() is used instead of G,(R, £). Observe that the nonzero 
singular values of T coincide with the nonzero singular values of the restriction of 
T to (ker T)+ as the corresponding restriction of T*T is a nonnegative compact 
operator in the Hilbert space (ker T)+. This fact will be used in the proof of the 
following theorem. 


Theorem 2.8.3. Let S be a closed symmetric relation in 9, let {9,T0, T1} be a 
boundary triplet for S*, let Ag, and Ae, be closed extensions of S corresponding to 
closed relations O, and O2 in G via (2.1.5), and assume that p(Ae,)Np(Ae,) #0 
and p(91) N p(O2) # 0. Then 


(Ao, = A)" — (Ao, — A)™* € 6 p(H) (2.8.5) 


for some, and hence for all X € p(Ao,) N p(Ae,) if and only if 
(©1 = 4) — (O2 — €) € ©p(9) (2.8.6) 
for some, and hence for all € € p(91) N p(@2). 


Proof. Let Ap = kerTo and let y and M be the -field and the Weyl function 
corresponding to the boundary triplet {9,0,1}. Then one has 


(Aa, — A)T! = (Ao — A)? +.) (91 — MA) THA, 
(Ae, — A)! = (Ao — A)T! + (A) (On — MA) TA), 


for all A € p(Ae,) N p(o) N p(o), and hence 
(Ao, a a)! = (Ao, a ay? 


ai al 2.8.7 
=A) (ey) - (e-ma hao EF? 

It will be shown that (2.8.5) holds if and only if 
(6; — M(A)) 7 — (O2 — M(A))™* € 6,(9). (2.8.8) 


In fact, it is clear that if (2.8.8) holds, then so does (2.8.5). Conversely, if (2.8.5) 
holds, then 


y) [(01 = MA) = (02 = MA) TLIA" € 6) (2.8.9) 
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follows directly from (2.8.7). Since 7(A) is an isomorphism from § onto Ny (S*) 
and ker y(A)* = 9tx(.$*)+, it follows that the restriction of y(A)* to Itx(S*) is 
an isomorphism onto 9. Hence, the operator in (2.8.9) may also be viewed as 
a bounded operator from 9tx(S*) to Na (S*) and thus belongs to the Schatten- 
von Neumann ideal 6,(9tx(S*), Na (9*)). In this context y(A) : 9 > Na (S*) and 
7(A)* : Nz (S*) —> G are boundedly invertible and hence it follows that (2.8.8) 
holds. Therefore, if A € p(Aoe,) N p(Ae,) N p(Ao), then (2.8.5) is equivalent to 
(2.8.8). Note that if (2.8.5) holds for some À € p(Ao,) N p(Ao,), then it holds for 
all A € p(Ae,) N p(Ao,) by Lemma 1.11.4. 

It remains to show that for all A € p(Aoe,)N p(o) N p(Ao) (2.8.8) is equiv- 
alent to (2.8.6). By Lemma 1.11.4, 


(©, — M(A)) — (82 — MA) 
= [7 - (01-7 (M (A) - 8)] 
Koi -£7 — (02 — ETH [I - (MQ) — £) (02 - 8&7 7 


and since the factors around (9; — €)~! — (Og — €)~! on the right-hand side are 
boundedly invertible by Lemma 1.11.3, this establishes the equivalence of (2.8.8 
and (2.8.6). 


= 


If ©; and Og in Theorem 2.8.3 are bounded operators in 9 the condition 
p(O1) N p(O2) # Í is automatically satisfied and the identity 


(0, — £) — (O2 —€) 1! = (O1 — €) 1 (O2 — 01) (O2 —€)! 


shows that (O1 — €)~! — (O2 — €)~! € 6 ,(S) for € € p(O1) N p(@2) if and only if 
0, — Og € G,(G). This leads to the following corollary. 


Corollary 2.8.4. Let S be a closed symmetric relation in 9, let {9,1,Ti} be 
a boundary triplet for S*, let Ao, and Ae, be closed extensions of S which 
correspond to bounded operators 81,02 € B(G) via (2.1.5), and assume that 


p(A@,) a p(Ae,) ca Ø. Then 


(Ao, Ay (Ae, A)! 6,(5) 


for some, and hence for all A € p(Ao,) p(Ao,) if and only if 
QO; = O2 € 6,(9). 


The following proposition is an addendum to Theorem 2.8.2 in the special 
case where B is an G,-perturbation of A in the resolvent sense. 


Proposition 2.8.5. Let A be a self-adjoint relation in 9, let B be a closed relation 
in § with p(B) #0, assume that 


(B — X9)7' — (A — Ao)? € Gp (H) (2.8.10) 
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for some Xo € p(A) N p(B) and that (2.8.10) is not a finite-rank operator. Let 
S= ANB and {9,10,T1} be a boundary triplet for S* as in Theorem 2.8.2 such 
that 

A = kerTo and B = ker (T4 — OTo) 


for some closed operator © in 9. If p(©) 4 , then © is an unbounded closed 
operator and (O — £)~! € ©,(9) for all € € p(O). 


Proof. Assume that (2.8.10) holds and that p(©) 4 Ø. As Oo = {0} x G is the 
self-adjoint relation in 9 which corresponds to A = ker To and (Q, — €)~! = 0 for 
€ € C, one concludes from Theorem 2.8.3 and (2.8.10) that 


(0-£)* =(O-£)* — (Oo -€)* € 6 (9), € € p(O). 


Together with the assumption that (2.8.10) is of infinite rank, this implies that © 
is an unbounded closed operator in G. 
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Chapter 3 


Spectra, Simple Operators, 
and Weyl Functions 


In this chapter the spectrum of a self-adjoint operator or relation will be com- 
pletely characterized in terms of the analytic behavior and the limit properties 
of the Weyl function. In order to be able to treat the different parts of the spec- 
trum, a short introduction to finite Borel measures on R and the corresponding 
Borel transforms will be given in Section 3.1 and Section 3.2. The notions and some 
properties of the absolutely continuous, singular continuous, pure point, and other 
spectral subsets of a self-adjoint relation are recalled in Section 3.3. Moreover, the 
concepts of simplicity (or complete non-self-adjointness) and local simplicity of 
symmetric operators and relations will be explained in detail in Section 3.4. For a 
boundary triplet {$, lo, 01} with corresponding Weyl function M, the spectrum of 
the self-adjoint extension Ap = kerT9 is then characterized. An analytic descrip- 
tion for the point spectrum of Ag in terms of M is given in Section 3.5, the rest 
of the spectrum and its different parts, namely absolutely continuous, singular, 
and continuous spectrum are studied in Section 3.6 under the additional condition 
that the underlying symmetric relation S is simple or locally simple. The limit 
properties of the Weyl] function are also connected with defect elements belonging 
to the domain or range of Ap. This is discussed in Section 3.7. Finally, it is shown 
with the help of tranformation properties of boundary triplets and Weyl functions 
in Section 3.8 how the earlier results in this chapter extend to a description of the 
spectrum of an arbitrary self-adjoint extension Ao. 


3.1 Analytic descriptions of minimal supports 
of Borel measures 


A Borel measure on R can be decomposed with respect to the Lebesgue measure 
into an absolutely continuous measure and a singular measure. The minimal sup- 
ports of the measure and its parts can be described by means of the derivative of 
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the measure. The present interest is in an analytic description of these minimal 
supports in terms of the Borel transform. For the convenience of the reader, a brief 
review on Borel measures on R and some properties of their Borel transforms are 
recalled. 


In the following let be a regular Borel measure on R and denote the 
Lebesgue measure on R by m. Recall that any Borel measure on R which is fi- 
nite on compact sets is automatically regular. Associated with the regular Borel 
measure p is the nondecreasing, left-continuous function 


w([0,x)), «>, 
valz) = < 0; z=0, (3.1.1) 
—p([x,0)), T< 0, 


on R. Observe that v, is bounded if and only if u is a finite measure, that the 
derivative v, of the nondecreasing function v, exists m-almost everywhere, and 
that 


M([t,y)) = valy) — vale),  £<y. (3.1.2) 


It is important to note that via (3.1.2) the function v,, induces a Lebesgue-Stieltjes 
measure on R, which is a complete measure that coincides with the completion of 
Lt. In the following it is often more convenient to work with this completion, which 
will also be denoted by ju, and the corresponding p-measurable subsets of R. 

The regular Borel measure u has a Lebesgue decomposition with respect to 
the Lebesgue measure m: 


H = Hac + Hs, 
where the measure Hac is absolutely continuous and the measure ps is singular, 
each with respect to the Lebesgue measure. The singular measure js is further 


decomposed into the singular continuous part Hsc and the pure point part Lp, so 
that 


H= Hac + Hsc + Hp- 


The corresponding nondecreasing, left-continuous functions Vyas Vps and Vy, 
defined via (3.1.1), are absolutely continuous, continuous with v, „7 = 0 m-almost 
everywhere, and a step function, respectively, and 


Vu = Viac F Vyse F Vyp: 
Furthermore, 


Hac(B) = | v(x) dla) (3.1.8) 


for all Borel sets B, and hence the derivative Va coincides with the Radon- 
Nikodým derivative of Hac m-almost everywhere. 
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For x € R the derivative p’(a) of the Borel measure u with respect to the 
Lebesgue measure m is defined by 


Is) 
‘(x)= lim { SE : I, an interval containin o} : 3.1.4 
p (x) a aa g (3.1.4) 


whenever the limit exists and takes values in [0, co]. It can be shown that the sets 
€o = {x E R: p(x) exists finitely} (3.1.5) 


and 
€= {z € R: p'(x) exists finitely or infinitely } (3.1.6) 


are Borel sets, and for the set R \ €o on which the derivative ju’ does not exist 
finitely one has that 
m(R \ €o) = 0, (3.1.7) 


while for the set R\ € on which the derivative u’ does not exist finitely or infinitely 
one has that 

m(R\€)=0 and p(R\ €) =0; (3.1.8) 
note that R \ € C R \ €. Recall also that the derivative v/, of the function vy 
in (3.1.2) and the derivative ju’ in (3.1.4) of the measure u coincide m-almost 
everywhere. 

A p-measurable set © C R is called a support of u if a(R \ S) = 0. In 
particular, this implies that ~(2l) = (21M G) for all y-measurable sets A C R. A 
support G C R of u is called minimal if for subsets Go C G that are ji-measurable 
and m-measurable, ~4(Go) = 0 implies m(Go) = 0. A minimal support is not 
uniquely defined. The next auxiliary lemma provides some useful properties of 
minimal supports. 


Lemma 3.1.1. Let u be a Borel measure on R and let ©,’ C R be sets that are 
measurable with respect to u and m. 


(i) IS and ©' are minimal supports for u, then the symmetric difference GAG’ 
satisfies u(GAG’) = 0 and m(GAG’) = 0. 

(ii) If G is a minimal support for u while u(G \G6') = 0 and m(G'\G) = 0, then 
6’ is a minimal support of u. In particular, if © is a minimal support for u 
and © C ©' is such that m(G’ \ G) = 0, then ©' is a minimal support of n. 


Proof. (i) Since GAG’ C ((R\ G)U(R\ 6’)) and both G and G’ are supports for 
L, one has 


w(GAG') < a(R \ 6) + a(R \ 6’) =0. 


In particular, u(G \ G’) = 0. Now G \ G’ c G is pz-measurable and m-measurable, 
and since G is a minimal support, it follows that m(G\G’) = 0. A similar argument 
shows that m(G’ \ G) = 0. Hence, m(GAG’) = 0. 
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(ii) From R \ G’ = ((R \ G) U(G \ 6’)) \ (G’ \ 6) one concludes that 
HCR \ 6°) < a(R \ 6) + (G6 \ 6’). 


Since G is a support of u and it is assumed that (6 \ 6’) = 0, it follows that 
u(R \ G’) = 0. Hence, G6’ is a support of pu. 

To prove that ©’ is a minimal support for u, let Go C ©’ be pu-measurable 
and m-measurable, and assume that m(Go) > 0. Since 


Go = (Go NN 6) U (60N (G’ \ 6)) (3.1.9) 


and m(G’ \ G) = 0 by assumption, it follows that m(Gp N G) = m(Go) > 0. As G 
is a minimal support for jz, this implies “(Go MG) > 0. Therefore, (3.1.9) leads to 


(Go) = a(S NG) + w(GoN (G' \ G)) > u(GoN 6) > 0. 


Thus, ©’ is a minimal support for p. 


Minimal supports for the parts of the spectrum in the Lebesgue decompo- 
sition can be expressed in terms of the behavior of the derivative ju’; cf. [335, 
Lemma 4] (see also [676, 682]). 


Theorem 3.1.2. Let u be a regular Borel measure on R. Then the following sets 
(i) {ze €: 0< p(x) < oo}; 
(ii) {1 € €: 0< p(x) <œ}; 
(iii) {c € E: p(x) = oo}; 
(iv) {z € €: pl(a) = 00, p({x}) = 0}; 
(v) {z € €: p(w) = 00, p({2}) > Of, 
are minimal supports for H, Hac; Hs, Hsc; and Hp, respectively. 
For practical reasons the attention is now restricted to finite Borel measures 


on R. The properties of such measures are reflected by the boundary behavior of 
their so-called Borel transform in a sense to be made precise; cf. Appendix A. 


Definition 3.1.3. Let u be a finite Borel measure on R. Then the Borel transform 
F of wis the function F defined by 


a 


y= f es AcC\I (3.1.10) 


If for some x € R the limit lim, | 9 F(x +iy) exists and takes values in [0, co], 
it will be denoted by F(x + i0). The set of points in R where the limit of the 
imaginary part of F exists and takes values in [0, o0] is denoted by 


F= {x ER: Im F(z + i0) exists finitely or infinitely}. (3.1.11) 
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It follows from the integral representation (3.1.10) that 
) 


y Re F(x + iy) -f q re 


pla Fe+ iy) = | pea tl 


and hence, by dominated convergence, 
lim y Re F(a+iy)=0 and lim y Im F(a +iy) = w({z}) (3.1.12) 
y y 

for all x € R; cf. Lemma A.2.6. In particular, 


lim y F(x + iy) = lim iy Im F(x + iy) (3.1.13) 
y40 y40 


for all x € R. Note also that the Borel transform F is a Nevanlinna function (see 
Definition A.2.3) and a(R) = sup, y Im F (iy). Conversely, every Nevanlinna 
function F with 

supyIm F(iy)<œ and lim F(iy)=0 

y>0 yoo 
is the Borel transform of a finite Borel measure p as in (3.1.10); cf. Proposi- 
tion A.5.3. 

An important observation concerning the boundary values Im F(x + 20) is 

contained in the following theorem, which is formulated in terms of the symmetric 
derivative 


(Du)(x) = lim u((z—6 2 + €)) 


lim - (3.1.14) 


of u. Here the limit is assumed to take values in [0,00]. Note that if for some x € R 
the derivative u’(x) in (3.1.4) exists with values in [0,00], then the same is true 
for the symmetric derivative (Dy) (2). 

Theorem 3.1.4. Let u be a finite Borel measure on R, let F be its Borel transform, 
and let x € R. If the symmetric derivative (Du)(x) exists with values in [0, ool, 
then also Im F(x + i0) exists with values in [0,00] and 


Im F(x + i0) = 7(Dp)(x) (€ [0, ov}). (3.1.15) 
In particular, the following statements hold: 


(i) Im F(a + i0) and (Du)(x) exist simultaneously finitely m-almost everywhere 
and (3.1.15) holds; 

(ii) Im F(z + i0) and (Du)(x) exist simultaneously finitely or infinitely -almost 
everywhere and m-almost everywhere and (3.1.15) holds. 


Proof. Assume first that the symmetric derivative (Dj)(x) exists in [0,00) for 
some x € R and choose c_,c+ € R with c_ < (Dyu)(x) < c}. From the definition 
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(3.1.14) it follows that there exists ô > 0 such that 
2c_e < u(Ie) < 2cxe, I := (x-6, x£ +€), (3.1.16) 


holds for all € € (0, ô]. In the following set Ky (s) := 
Then one has 


Im F(x + iy) = IE Y dy(t) 


wiz f y > 0 and s E R. 


= f Ka x —t)du(t) (3.1.17) 
K(x — t) du(t) + K(x — t) du(t) 
Is R\I5 


for y > 0. First one estimates the second term on the right-hand side in (3.1.17). 
Since t € R \ Js, one has |t — x| > ô, so that 0 < K,(t— x) < K,(0). Then it is 
clear that 


0< K, (x — t) du(t) < Ky(6)u(R) — 0 (3.1.18) 
R\Is 


for y | 0. In order to estimate the first integral on the right-hand side in (3.1.17) 
one uses the identity 


ô 
Ky(t = 2) du(t) = MDK) ~ | KONT de (3.1.19) 
Is 0 


To prove (3.1.19), observe that 


[eons ac= f [7 Koad 
“he Paes ie Kj (€) de du(t) 


= o- f ' Kylt — 2) dult), 


where Fubini’s theorem on the triangle in the (t,¢)-plane given by € = t — a, 
ce = x—t, with 0 < e < ð, was used. Now integration by parts, the fact that 
(3.1.16), —Ky,(e) = 0 for €, y > 0, and (3.1.19) give the estimate 


5 
2c_ arctan(d/y) = 2 f Ky(€) de 
0 


ô 
= 2c_ôK (ô) + 2c_ on (—eK,(€)) de 


IA 


(I 
tm (t — x) ae 
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In the same way one verifies the estimate 
f Ky(t — x) du(t) < 2c, arctan(ô/y). 
Is 


It follows that 


rc < lim int [ K,(t — x)du(t) <limsup | K,(t— x) du(t) < mez. 
yO Jr ` yt Is 


Now (3.1.18) and (3.1.17) imply 


rc < liminf Im F(x + iy) < limsupIm F(x + iy) < Tc}. 
y40 yļ0 


Letting c_ t (Du)(x) and c} | (Du) (x), one obtains 

lim Im F (z+ iy) = 7(Dp)(z). 

y40 

Next the case where the symmetric derivative (Du)(x) exists and equals oo 
for some z € R is discussed. In this situation the above reasoning leads to 
nc < liminf Im F(x + iy) 
yļ0 

for all c— > 0. This yields limy)o Im F(x + iy) = œ. 


It remains to show assertions (i) and (ii). Recall that if u’(x) exists at some 
point x € R, then so does the symmetric derivative (Dj)(x) and 


u(x) = (Du)(2), 


with equality in [0, co]. For (ii) the above reasoning implies that the set € in (3.1.6) 
is contained in the set ¥ in (3.1.11) and hence p(R \ §) = 0 and m(R \ F) = 0 by 
(3.1.8). Assertion (i) follows in the same way from (3.1.5) and (3.1.7). 


It follows from Theorem 3.1.4 and (3.1.12) that Theorem 3.1.2 has a coun- 
terpart expressing minimal supports in terms of the Borel transform of ju. 


Theorem 3.1.5. Let u be a finite Borel measure and let F be its Borel transform. 
Then the sets 
(i) {ze 8: 0<ImF(x +10) < ow}; 
(ii) {x € ¥: 0 < Im F(x +10) < oo}; 
) {a € ¥: Im F(x +10) = oo}; 
(iv) {x € §: Im F(z + i0) = œ, limy)o y Im F(a + iy) = 0}; 
) {x€ F: Im F(a + i0) = o0, lim,jo y Im F(z + iy) > 0}, 


are minimal supports for u, Hac, Hs; Hsc, and Hp, respectively. 
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Proof. Only statement (i) will be proved. The proofs of the other statements are 
similar. Let 


M= {re €:0<yp'(x) < oo}, 


and note that W is a Borel set. Recall that, by Theorem 3.1.2 (i), Wt is a minimal 
support for u. Now introduce the set 


mM = {x EF: 0< ImF(z + i0) < oo}, 


which is also a Borel set, as Im F(x + iy), y > 0, and hence Im F(x + i0) are 
Borel measurable functions in x. Then Theorem 3.1.4 shows that M c WM and 
furthermore one has 


mm \MCR\E. 


Since m(R\ €) = 0 according to (3.1.8), it follows that m(IN’\ Mt) = 0 and as 
M cM’, and M is a minimal support for u, one concludes from Lemma 3.1.1 (ii) 
that W is a minimal support for u. 


Most of the results in this section have been stated in the context of finite 
Borel measures on R and their Borel transforms. They will be applied to study the 
spectrum of self-adjoint relations and operators in Section 3.6. However, it is also 
useful for later references to have similar results in the more general context of 
scalar Nevanlinna functions and the corresponding spectral functions; cf. Chapter 6 
and Chapter 7. Let N be a scalar Nevanlinna function of the form 


1 t 
N(A) = a+ Br4 LS m) dr(t), AEC\R, (3.1.20) 


where a € R, 8 > 0, and 7 is a Borel measure on R which satisfies 


1 

>+— drit ; 1.21 
[marO (3.1.21) 

cf. Theorem A.2.5. Then the last condition implies that u defined by 

dr(t) 
du(t) = 3.1.22 
y(t) = SH (3.1.22) 
is a finite Borel measure on R. Let F be the Borel transform of pu: 

n= fy lull AEC\R. (3.1.23) 


The connection between N and F is given in the following lemma. 


Lemma 3.1.6. The Nevanlinna function N in (3.1.20) and the Borel transform F 
in (3.1.23) are connected by 


N(A)=a4+bA+ (4+) F(A), AEC\R, (3.1.24) 
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where a,b € R. If x € R, then the limits Im N(x + i0) and Im F(x + i0) exist 
simultaneously with values in [0,00], and in that case 


Im N(a + i0) = (z? + 1)Im F(a +i0) (€ [0, c«]). (3.1.25) 


Moreover, for each x € R, 


lim y Re N(x + iy) = 0 (3.1.26) 
yt 
and 
lim yIm N(a + iy) = (a? + 1) lim y Im F(z + iy). (3.1.27) 
y40 y40 


Proof. It is an immediate consequence of the integral representation (3.1.20) that 
N can be rewritten as 


NA =a+r(a+ f ano) EA 4 1) f yan AEC\R 


cf. Theorem A.2.4. This leads to (3.1.24). Note that for \ = x + iy one has 


N(x + iy) =a +b(x + ty) + ((x + iy)? +1)F(a2 + iy), 
whence 
Im N(a + iy) = by + (£2? +1 — y?)Im F(z + iy) + 2xy Re F(x + iy). 


Now observe that for each x € R one has limo y Re F(x + iy) = 0 by (3.1.12). 
Together with the previous identity this proves the assertion in (3.1.25). Further- 
more, now one sees (3.1.27) directly; cf. (3.1.12). Finally, note that 


Re N(x + iy) =a + bx + (a? +1 -— y°)Re F(x + iy) — 2xylm F(x + iy), 


which together with (3.1.12) leads to the identity (3.1.26). 


The next corollary deals with the existence of the limit lime, o N(x + ie) for 
any scalar Nevanlinna function N. 


Corollary 3.1.7. Let N be a scalar Nevanlinna function. Then the limit N(x + i0) 
exists finitely m-almost everywhere. 


Proof. It is clear from (3.1.25) and Theorem 3.1.4 that lim, | o Im N(x + ie) exists 
finitely m-almost everywhere. Hence, it suffices to show that 


ne N(a + ie) (3.1.28) 


exists finitely m-almost everywhere. Denote by y- the branch of the square root 
fixed by Im VA > 0 for A € C\ (0,00) and VX > 0 for A € [0, 00). Then it is easy to 
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see that Im \/N(A) > 0 and Im (i\/N(A)) > 0 for A € C% and hence à œ \/N(A) 
and A+ i,/N(A) are scalar Nevanlinna functions when they are extended to C7 
by symmetry. It follows from (3.1.25) and Theorem 3.1.4 that the limits 


lir Im y N(xz+ie) and Hir Rey N(a + ie) = lir Irr (iy N(x + ie) 
exist finitely m-almost everywhere. Since 


Re N(x + ie) = (Re YN (z + ie)” — (Im /N(a« Fie) 


it follows that the limit in (3.1.28) exists finitely m-almost everywhere. 


Let 7 be the Borel measure on R in (3.1.20) which satisfies the condition 
(3.1.21). It has the Lebesgue decomposition 


T = Tac H Ts, Ts = Tsc + Tp, 


where Tac is absolutely continuous, Ts is singular, Tsc is singular continuous, and 
Tp is pure point. In the next corollary, which is a consequence of Theorem 3.1.5, 
(3.1.22), and (3.1.25), minimal supports for these measures are expressed in terms 
of the boundary behavior of N. 


Corollary 3.1.8. Let N be a Nevanlinna function with the integral representation 
(3.1.20). Then the sets 
(i) {xe F: 0< ImN(z +10) < œ}; 
(ii) {x € Ẹ: 0 < ImN(z + i0) < w}; 
(iii) {x € ¥: Im N(x +10) = oo}; 
) 
) 


{x € §: Im N(z + i0) = œ, limyyo y Im N(x + iy) = O}; 
(v) {x € ¥: Im N(x + i0) = œ, limy,o y Im N(a + iy) > 0}, 


(iv 


are minimal supports for T, Tac, Ts, Tsc, ANd Tp, respectively. 


3.2 Growth points of finite Borel measures 


Let u be a finite Borel measure on R. In this section the set of its growth points 
oa(u), defined by 


o(u)={x ER: u((£—e,x£+e€)) > 0 for all € > 0}, (3.2.1) 


is studied. The growth points oa(u) and the growth points o(flac), o(us), and 
o(usc) of the absolutely continuous, singular, and singular continuous part of p 
will be located by means of the minimal supports expressed in terms of the Borel 
transform of ju. 


There is an intimate connection between the set of growth points o(j:) and 
supports for u. 
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Lemma 3.2.1. Let p be a finite Borel measure on R. Then the following statements 
hold: 


(i) If G6 CR is a support of m, then o(u) C ©. 
(ii) The set o(s) is closed and it is a support of p. 


Proof. (i) Let G be a support of u, so that a(R \ 6) = 0. Assume that x € o(p), 
so that for any € > 0 one has p((a — €,x + €)) > 0. Since G is a support of p, it 
follows that 

0< u((x—e,x+e€)) = u((x— e,x +e) N6), 


which implies that for any e > 0 the set (x — e,x + €) N © is nonempty. Hence, 
there exists a sequence £y € (x — 1/n, x +1/n) MG converging to x from inside 
G. This shows that o(u) C ©. 


(ii) In order to show that o() is closed, let x, € o(p) converge to x € R. Assume 
that x ¢ o(u). Then there is € > 0 such that u((x — €, x + €)) = 0. For this e there 
exist no € N and €9 > 0 with (£no — €0, Eno + €0) C (x — €, x + €), and hence 


U((Eno — €0;, Eno + €0)) < u( (z — e, x£ + €)) = 0, 


a contradiction, since £no € oa(u). Therefore, x € o(p) and o() is closed. 

Next it will be verified that o(u) is a support for u. For each x € R \ a(p1) 
there is €s > 0 such that u((£ — €x, £ + €,)) = 0. Since the set o() is closed, it 
follows that the open intervals (£ — €z, £ +€x), x € R\o(), form an open cover for 
R \ø(u). Then there is a countable subcover of open intervals I„ with u(n) = 0 
for R \ oa(u). It follows that 


u(R\ o(u)) < X un) = 0 


and hence u(R \ o(4)) = 0, that is, o(p) is a support for u. 


For completeness it is noted that in general the set o(p) is not a minimal 
support of u. Observe also that, by Lemma 3.2.1, the set of growth points o(u 
has the following minimality property: each closed support © C R of u satisfies 
a(u) C ©. Therefore, one has the next corollary. 


Corollary 3.2.2. Let u be a finite Borel measure on R. Then o(u) is the smallest 
closed support of u. 


The set of growth points of u will now be described by means of the Borel 
transform of ju. 


Theorem 3.2.3. Let u be a finite Borel measure on R and let F be its Borel trans- 
form. Then 


o(u) ={rER:0< lim int Im Fig +iy)}. 
y 


180 Chapter 3. Spectra, Simple Operators, and Weyl Functions 


Proof. With the notation 


N= {reER:0< lim inf Im F(x + iy)} 
y 


it will be proved that o(p) = Ñ. Recall first that, by Theorem 3.1.5 (i), the set 
W = {x € F: 0<ImF(x +10) < ow} 


is a (minimal) support for u. Since IN’ C N, it follows that N is also a support 
for u. Hence, Lemma 3.2.1 (i) yields o(u) C N. For the inclusion N C o(p) it 
suffices to show ÑN C a(y), since o(p) is closed; cf. Lemma 3.2.1 (ii). Assume that 
x ¢ o(u). Then there exists € > 0 such that u((x — e, x + €)) = 0 and it follows 
from 
; y 
Im F(x + iy) = f — > du(t) 
R\(a—e,2+e) (t x)? + y? 

that Im F(x + i0) = 0. This implies x ¢ N and hence N C o(p). 


Analogous to Theorem 3.2.3 there are also results for the parts of the finite 
Borel measure u on R in its Lebesgue decomposition. In order to describe these 
results one needs the following notions of closure. 


Definition 3.2.4. Let B C R be a Borel set. The absolutely continuous closure (or 
essential closure) of B is defined by 

closac(B) := {x E R : m((x — e, £ + €) N B) > 0 for all e > 0}. 
The continuous closure of B is defined by 


close(B) := {x E R : (x — e, x +€) N B is not countable for all e > 0}. 


In general, B is not a subset of cloSac(%) since, e.g., isolated points in B 
are not contained in closa.(%). Moreover, if B C B’ and m(B/ \ B) = 0, then 
closac(B) = closa.(B’). 

Lemma 3.2.5. Let B C R be a Borel set. Then the sets closa.(B) and clos,.(B) are 
both closed and 
closac(B) C clos.(B) c B. (3.2.2) 


Moreover, the following statements hold: 

(i) closac (B) = 0 if and only if m(B) = 0; 

(ii) clos.(B) = if and only if B is countable. 
Proof. First it will be shown that for any Borel set B C R both sets clos,.(B) 
and clos,(8) are closed. 


In order to show that clos,.(®) is closed, let £n € clos,-(%) converge to 
x E€ R. Assume that x ¢ clos,.(8). Then there is € > 0 such that 


m((x— e, £ +e6)N B) =0. (3.2.3) 
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For this e there is no € N and €o > 0 with (£no — €0; Eno +€0) C (x — €, £ +€). One 
then concludes from (3.2.3) that M((£no — €0, Eno + €0) N B) = 0, a contradiction 
as Lp, E Closac (B). Therefore, x € closac(B) and closac(B) is closed. 

To show that close (%8) is closed, let £n € clos,.(%) converge to x € R. Assume 
that x ¢ clos.(®). Then there is « > 0 such that the set (x — e,x + €) N B is 
countable. For this e there exist no € N and €9 > 0 with 


(no — €0, Eno + €0) C (£ — €0, £ + €0), 


so that 

((Eno — €0; Eno + €0) N B) C ((x — €, £ + €) N B) 
is countable, a contradiction, as £no € close(%). Therefore, x € close(%) and 
clos,(8) is closed. 

To see the first inclusion in (3.2.2) assume that x € clos,.(%). Then one has 
m((a—€,x2+€)NB) > 0 for all e > 0 and hence for all e > 0 the set (x — e€, x +e)NB 
is not countable. This implies closac(B) C clos,(B). Likewise, to see the second 
inclusion assume that x € clos,(%) and that x ¢ B. Then there is e > 0 such that 
(2 —¢€,x +€) B = Í, a contradiction. Hence, close(8) c B. 


(i) (=) Assume that clos,.(8) = Ø. This implies that for all x € R there exists 
Ex > 0 such that m((£— €x, £ +€) NB) = 0. First assume that B is compact. Then 
for all  € B the open sets (a — €s, £ + €x) form an open cover for B. Therefore, 
there exists a finite subcover (x; — €i, xi + €i) of B such that 


Bc U (x; — éi, Ti +€) N B, 
i=1 


and hence 
n 


m(B) < m((ai — éi, Zi + €i) N B) =0. 
i=1 
For arbitrary Borel sets B the (inner) regularity of the Lebesgue measure implies 
mB) = 0. 


(=) If m(B) = 0, then m((x — e, x + €) N B) = 0 for all x € R and all € > 0. 
Therefore, closa,(B) = 0. 


(ii) (=) Assume that clos,(®) = Ø. This implies that for all x € R there exists 
€, > 0 such that (£ — €z, £ + €z) N B is countable; in particular, this holds for all 
rational x;. The countable many open sets (x; — €z,,2; + €x,) form an open cover 
for B and this implies that 8 is countable. 


(<) If B is countable, then (x — e,x + €) N B is countable for all x € R and all 
e€ > 0. Therefore, close(8) = @. 


Here is the promised treatment of the absolutely continuous, singular, and 
singular continuous parts of the Borel measure p. 
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Theorem 3.2.6. Let u be a finite Borel measure on R and let F be its Borel trans- 
form. Then the following statements hold: 


(i) o(Lac) = closac({x € 3:0 < ImF(z +10) < oo}); 
(ii) o(us) C {x € ¥: Im F(x + i0) = œ}; 
(iii) o(usc) C close({x € § : Im F(x + i0) = 00, limpo yF (x + iy) = 0}). 


Proof. (i) Let 
Mhe = {x E F: 0 < Im Fle 410) <a} 


and note that 9t/,, is a Borel set. It is claimed that 
(Hac) = closac (D). (3.2.4) 


To verify the inclusion (C) in (3.2.4), assume that x ¢ closac(Dt e). Then there 
exists € > 0 such that 
m((x — e, x + €) N Die) = 0. 


AS Hac is absolutely continuous with respect to the Lebesgue measure m, also 
Mac((t—€,2 + €) N We) =0. (3.2.5) 


Furthermore, by Theorem 3.1.5 (ii), the set W, is a minimal support for Hac and, 
in particular, Hac(R \ Mtie) = 0. Hence, 


feel — €, £ + €) \ Di) =0 (3.2.6) 


and from (3.2.5)—(3.2.6) one obtains Hac((x — e, x + €)) = 0. Hence, x ¢ a(flac). 
Thus, the inclusion (C) in (3.2.4) has been shown. 

For the converse inclusion (D), let £ ¢ o(fac). Then there exists € > 0 such 
that 

0=pel(@-62+0)= f (DHO dml), 
(w—e,r+e) 

where in the last equality the Radon—Nikodym theorem was used; cf. (3.1.3) and 
note that v, = p’ = Du m-almost everywhere. Due to Theorem 3.1.4 and the fact 
that Im F(t + i0) > 0 for all t € ¥, one concludes that 


0= if Im F(t + 10) dm(t) 
(a—-e,2- 


TE te) 
1 : 

= f Im F(t + i0) dm(t). 
T (z—e,1+E)NM} e 


This implies m((x— e, £+6)NWM <) = 0 since Im F (t+i0) is positive on M- Hence, 
x € cloSac(Ht,..). Thus, the inclusion (D) in (3.2.4) has been shown. Therefore, the 
equality (3.2.4) has been established, which gives the assertion (i). 
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(ii) According to Theorem 3.1.5 (iii) the set {x € § : ImF(x+i0) = œo} is a 
minimal support for the singular part us of u. Since o(us) is contained in the 
closure of this set by Lemma 3.2.1 (i), the assertion follows. 

(iii) By Theorem 3.1.5 (iv) and (3.1.13), the Borel set 


Ml = {x € F : Im F(x + i0) = 0, lim yF (x + ty) = 0} 
y 


is a minimal support for jis. and hence, in particular, Hse (R \ Mle) = 0. Let 
close (M. ) be the continuous closure of WM., which is a Borel set, as it is closed; 
cf. Lemma 3.2.5. It will be shown that clos, (9) is a support for Hsc, that is, 


Lsc(R \ clos.(IM.)) = 0, (3.2.7) 


since this implies that ø (psc) C clos, (2N.); ef. Lemma 3.2.1 (i) and Lemma 3.2.5. 

In fact, for x € R \ clos, (9) by definition there exists €e > 0 such that 
(x — ex + €) NIN, is countable; thus use((x — ex + €) N INL) = 0, as Use is 
continuous. Consequently, 


Msc((% — €, £ + €)) < pise((w — €, £ + €) NM.) + Usc(R \ MY.) = 0. 


This yields jis-(K) = 0 for each compact set K C R \ clos, (9t{.) and hence, by 
the (inner) regularity of the finite measure Hsc, (3.2.7) follows. 


3.3 Spectra of self-adjoint relations 


The spectrum of a self-adjoint relation or operator in a Hilbert space will be 
studied in terms of its spectral measure. In particular, a division of the spectrum 
into absolutely continuous and singular spectra will be introduced based on the 
Lebesgue decomposition of a finite Borel measure; cf. Section 3.1. 


Let A be a self-adjoint relation in the Hilbert space §. Then o(A) C R by 
Theorem 1.5.5 and o;(A) = Ø, and hence o(A) = op(A) U o¢-(A); cf. Proposi- 
tion 1.4.4. The spectral measure E(-) of A satisfies 


1 
(A=) t= Fan TE) AEC\R, 


cf. (1.5.6). First the parts o,(A) and o,(A) of the spectrum o(A) will be charac- 
terized in terms of the spectral measure E(-). These results will play an important 
role in the further development; cf. Section 3.5 and Section 3.6. The facts in Propo- 
sition 3.3.1 are immediate consequences of the orthogonal decomposition 


aa) = Nop p Hmu; A = Aop @ Aias (3.3.1) 


where Hop = dom A and mu! = mul A, of the self-adjoint relation A (see Theo- 
rem 1.5.1) and the properties of the spectral measure of Aop- 
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Proposition 3.3.1. Let A be a self-adjoint relation in 9 with spectral measure E(-). 
Then the following statements hold: 

(i) A € p(A) OR if and only if E((A — €, A + €)) = 0 for some e > 0; 

(ii) A € op(A) if and only if E({A}) 4 0, in which case N)(A) = ran E({A}) and 


Tt, (A) = {EAHA AB({LAPh} : hE H}; 


(iii) A € 0, (A) if and only if E({A}) =0 and E((A— €, à + €)) £0 for alle > 0. 


A further subdivision of the spectrum will be introduced analogous to the 
Lebesgue decomposition of a finite Borel measure on R; cf. Section 3.1. This re- 
quires another description of the spectrum via the introduction of a collection of 
finite Borel measures induced by the spectral function. Let A be a self-adjoint 
relation in § with spectral measure E(-). For each h € 9, define un by 
(3.3.2) 


Hh = (E(-)h, h) = (Eop(:)Poph, Pph) 


so that up is a regular Borel measure on R. Note that up = 0 for h € Huw. The 
set of growth points o(un) of un is given by 


a(n) = {c@ ER: pn((w—€,2 + €)) > 0 for all € > 0}. 


It will be shown that the spectrum of A is made up of the growth points of up 
for a dense set of elements h € §. Furthermore, the statement in the following 
proposition is in a local sense, namely, it concerns the spectrum of A relative to 
an open interval A C R; cf. Definition 3.4.9. 


Proposition 3.3.2. Let A be a self-adjoint relation in 9, let A C R be an open 
interval, and assume that Da is a subset of the closed subspace E(A)S such that 


span Da = E(A)S. 


Then the following identities hold: 


ANA= LY otm)= U om). (3.3.3) 


hE B(A)S heDa 


Proof. First it will be shown that 


o(A)NAD [J ol) > LU aln). (3.3.4) 


hEE(A)S heDa 


For this purpose assume that x ¢ o(A)N A. Then there exists € > 0 such that 
(a — €,a + e€)MA contains no spectrum of A. By Proposition 3.3.1 (i), this yields 


E((z@—¢,r+e)NA) =0 
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and for h € E(A)S one obtains 
un((£— €, x +e€)) = (E((x— ex + €))h, h) 
= (E((x— e£ + e))E(A)h, h) 
( 
0 


Therefore, (x — €, x + €) N o (un) = 9 for all h € E(A)S, and thus 


xg o(un). 


heEB(A)H 


Hence, the inclusions (3.3.4) follow. Next it will be shown that 


U oun) > (Ayn, 


hEDA 
which, together with (3.3.4), yields (3.3.3). For this purpose, assume that 
srg (|) o(un). 
hEDA 
Then there exists € > 0 such that (x —e,x +€) C R\øo(un) for all h € Da, that is, 
|E((a —¢,2+6))hl|” = ur((£ -6x +6) =0 (3.3.5) 


for all h € Da, and hence for all h € span Da. Since by assumption span Da is 
dense in F(A), it follows that (3.3.5) holds for all h € E(A) and hence again 
by Proposition 3.3.1 (i), 


E((x— e, £ +e6)N A)h = E((x— e, £ +6))E(A)h = 0 
for all h € §. This shows that (x — e, x + €) N A does not contain spectrum of A, 


in particular, x ¢ o(A) N A. 


The collection of Borel measures un, h € 9, as defined in (3.3.2), is now used 
to introduce a number of subspaces of 5. 


Definition 3.3.3. Let A be a self-adjoint relation in H. The pure point subspace, the 
absolutely continuous subspace, and the singular continuous subspace correspond- 
ing to Ao, are defined by 


S\p(Aop) = {h € Ñ: pup is pure point}, 

Sjac(Aop) = {h €H: up is absolutely continuous}, 

Ssc(Aop) = {h EH: up is singular continuous}, 
respectively. 


In conjunction with the orthogonal decomposition (3.3.1), these subspaces 
span the original Hilbert space and lead to invariant parts of the self-adjoint 
relation, see, e.g., [649, Theorem VII.4] or [691, Proposition 9.3]. 
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Theorem 3.3.4. Let A be a self-adjoint relation in 9. Then 9,(Aop), Hac(Aop), 
and S\sc(Aop) are mutually orthogonal closed subspaces of H and 


SH = S)p(Aop) p Sac(Aop) p S)sc(Aop) p SHmul . 


Each of the Hilbert spaces Hp(Aop); HaclAop);, and Hsc(Aop) is invariant for the 
operator Aop, and the restrictions 


Abp = Aop | plop), 
AS = Aop | Hac(Aop), 
Ax» = Aop | Asc(Aop), 


are self-adjoint operators in p(Aop), Hac(Aop), and Hsc(Aop), respectively. 


By means of these subspaces one defines, in analogy with the case of finite 
Borel measures, the singular subspace and the continuous subspace corresponding 
to Aop by 


§s(Aop) = Hp (Aop) ® Hsc(Aop) and $c(Aop) = Hac(Aop) ® Ssc(Aop); 


respectively. The restrictions of Aop to these subspaces are denoted by A§,, and 
Ab»: respectively, and it follows that 


AS, = APG AS, and AS, = A% 6 AS. 


Definition 3.3.5. Let A be a self-adjoint relation in §. The absolutely continu- 
ous spectrum Cac( A), the singular continuous spectrum Osc(A), and the singular 
spectrum os(A) of A are defined by 


Sl A= AL) CeiA—el As) and eA) =o 4), |: 
respectively. 


Note that for the pure point part AS, one only has op(A) = o(AB,). The 


spectral measures of the self-adjoint operators App, Ag, and A§, in the Hilbert 
spaces SJac(Aop), Hsc(Aop), and s(Aop), are given by the corresponding restric- 
tions of the spectral measure E(-) of A. These spectral measures will be denoted 
by Eac(-), Esc(-), and E,(-), respectively. 

The following corollary relates the absolutely continuous, singular continuous, 
and singular spectrum of A in an open interval A with the growth points of the 


absolutely continuous, singular continuous, and singular parts of the measures pp. 


Corollary 3.3.6. Let A be a self-adjoint relation in 9, let A C R be an open 
interval, and assume that Da is a subset of the closed subspace E(A) such that 


span Da = E(A)9. 
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Denote by Un ac; Hh,sc; aNd Hn s the absolutely continuous, singular continuous, and 
singular part in the Lebesgue decomposition of the Borel measure up in (3.3.2). 
Then the following identity holds: 


ai(A)NA= U olni) i = ac, sc, s. 
hEDA 


Proof. Observe first that the absolutely continuous, singular continuous, and sin- 
gular part of the Borel measure up, h € H, are given by 


Hhac = HPachs Hhsc = Pach} aNd Hhs = HP,h, (3.3.6) 


respectively, where P; denote the orthogonal projections onto the corresponding 
Hilbert spaces 9;(Aop), i = ac, sc, s. This follows from the uniqueness of the 
Lebesgue decomposition and Theorem 3.3.4. If pi, = (Ei(-)hi, hi), hi E€ 9i(Aop), 
is the Borel measure defined with the help of the spectral measures E;(-) of Aj, 
i = ac, sc, s, then Definition 3.3.5, Proposition 3.3.2 and (3.3.6) yield 


a(ANA= [J oid= U ouen = U olani) 


hiEPiDAa heDa hEDA 


for i = ac, sc, s. Here it was also used that the linear span of the set P;D, is dense 


in E;(A)9;(Aop) = P,E(A)S. 


Example 3.3.7. Let u be a Borel measure on R and consider the maximal multi- 
plication operator by the independent variable in L? (R), given by 


(Af)(t) =tf(t), domA= {f € L? (R): t= tf(t) € L? (R)}. 


The operator A is self-adjoint in L? (R) and for every Borel set B C R the spectral 
measure of A is given by 


= 2 


where x denotes the characteristic function of B. For h € LZ (R) the Borel 
measure in (3.3.2) satisfies 


pn(B) = (E(B). h = | AOP dale 


for all Borel sets B C R. It is not difficult to check that o(A) = o(). Furthermore, 
the Lebesgue decomposition 4 = Hac + Hs, Where Hs = Hsc + Hp, gives rise to the 
orthogonal decompositions 


2 2 2 2 2 2 
L,R) = Li R) Li (R) and L,R) = L,,.(R) 9 L;, (R). 


For the spectral subspaces of A in Definition 3.3.3 one has §;(A) = L, (R), 
i = ac, sc, s, and this implies 


Tacl A) = 0 (Hac), Osel A) = 0(Hsc), and os(A) = o(us). 
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3.4 Simple symmetric operators 


It will be shown that any closed symmetric relation in a Hilbert space can be 
decomposed into the orthogonal componentwise sum of a closed simple, i.e., com- 
pletely non-self-adjoint, symmetric operator, and a self-adjoint relation. Criteria 
for the absence of the self-adjoint relation in this decomposition will be given, and 
a local version of simplicity will be studied. 


First some attention is paid to the notions of invariance and reduction. These 
notions appeared already in the self-adjoint case in the previous section when 
subdividing the spectrum, and are also important in the description of self-adjoint 
extensions of symmetric relations. Let S be a closed symmetric relation in the 
Hilbert space §. Decompose H as § = H’ 9 H”, let P’ and P” be the orthogonal 
projections onto §/ and H”, and define 


P{f,g}={P'F,P’g} and Pf, g} ={P"f,P"9}, fg € 9. 
The closed symmetric relation S gives rise to the restrictions 
S=Sn(H')2CP'S and S”=SN(H")? c P'S, (3.4.1) 
which are closed symmetric relations and 
ae ees. (3.4.2) 


In order to describe when S’ and $” span S the following notions are useful. 
The subspaces sy and H" are called invariant under the symmetric relation S if 
S’ = P'S or S” = P"S, respectively. Clearly, the spaces §’ or H” are invariant 
under S if 

Pscs or P"SCS, 


respectively. In the next lemma it turns out that / is invariant under S if and 
only if §” is invariant under S$; in which case S’ and S$” can be orthogonally split 
off from S, i.e., S = F' @ S”. 


Lemma 3.4.1. Let S be a closed symmetric relation in 8 = H9 H” and let S' and 
S” be as in (3.4.1). Then the following statements hold: 
(i) S’ = P'S or, equivalently, S” = P'S implies that S = S @ S". 
(ii) If S’ is self-adjoint in H or S” is self-adjoint in H”, then S = P'S and 
s” = P's. 
Assume, in addition, that S is self-adjoint. Then 


(iii) S’ = P'S or, equivalently, S” = P's implies that S' and S" are self-adjoint 
in 9’ and H”, respectively. 
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Proof. (i) Assume that S’ = P'S. Since S’6 S” C S by (3.4.2), it suffices to 
show that S C S’@ 9S". Let {f, f'} € S and decompose {f, f’} with respect to 
H=5'@H" as 


(APP = {h,k} +{k, RY, bh eg, kk eg". 


Then {h,h’} € P'S = S’ C S and therefore {k,k'} € SN (9)? = S". Hence, 
S = S' © 9S", which implies that S” = P” 5. 


(ii) Assume that S” is self-adjoint in §’. To show that P'S CS’, let {f, f/} € S and 
consider {P f, P’ f'} € P'S. Since S is symmetric it follows for all {h,h'} € S C S 
that 

(PYF Bs: — (PF Rs = (fA) — (F, h')5 = 0. 
The assumption that 9” is self-adjoint in §’ implies {P’f, P’f’} € S’. Therefore, 
P'S C S$". This implies S’ = P'S and (i) yields S” = P” S. 
(iii) According to (i), either of the conditions S’ = P'S or S” = P” S implies that 


S=S8'@ 8S". Since S is self-adjoint, this shows that S’ is self-adjoint in H’ and 
that S” is self-adjoint in 9”. 


Before introducing the notion of simplicity in Definition 3.4.3 below, the 
following lemma on symmetric and self-adjoint extensions of symmetric relations 
that contain a self-adjoint part is discussed. 


Lemma 3.4.2. Let S be a closed symmetric relation in H whose defect numbers are 
not necessarily equal and assume that there are orthogonal decompositions 


a 


H=H'OH", 3=9 8 S", (3.4.3) 


such that S’ is closed and symmetric in H' and S” is self-adjoint in H”. Then every 
closed symmetric (self-adjoint) extension A of S in § admits the decomposition 


A=A'6 8", 
where A’ is a closed symmetric (self-adjoint) extension of S’ in 9’. 
Proof. Observe that the inclusion S C A and the decomposition (3.4.3) imply that 
S” = Sn (8")? c AN(H"). 


Therefore, the assumption that $” is self-adjoint in H” shows that the closed 
symmetric relation AN(S’’)? is actually self-adjoint in H” and that S” = AN(9”)?. 
Hence, by Lemma 3.4.1 (i)-(ii) the relation A decomposes as A = A’ © 9”, where 
A’ = AN (H')? is a symmetric extension of S$’ in H’. Therefore, 


E & s" E A' ran) Ss”. 


If A is self-adjoint in §, then Lemma 3.4.1 (iii) implies that A’ = AN (9)? is a 
self-adjoint extension of S” in H’. This completes the proof. 
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The notion of simplicity or complete non-self-adjointness is defined next. 
Definition 3.4.3. Let S be a closed symmetric relation in H whose defect numbers 
are not necessarily equal. Then S is simple if there is no orthogonal decomposition 

S=S'@SS", where 5=9 99", (3.4.4) 
such that H” # {0} and S” is self-adjoint in H”. 


Every closed symmetric relation S in § has the orthogonal componentwise de- 
composition S = Sop © Smul, where Smul is a purely multivalued self-adjoint rela- 
tion in the closed subspace mu, = mul S; cf. Theorem 1.4.11. Hence, a closed sim- 
ple symmetric relation is necessarily an operator. A similar argument shows that a 
closed simple symmetric relation does not have any eigenvalues; cf. Lemma 3.4.7. 

Any closed symmetric relation S in § has a decomposition as in (3.4.4), 
where S’ is simple in H’ and S” is self-adjoint in H”. To see this, define the closed 
subspace Ñ C § by 

R:= () ran(S— A), (3.4.5) 
AEC\R 


and the closed subspace R = R+Ł, so that 
R= span {M (9*): AEC\R}, Mya(S*) = ker (S* — A). (3.4.6) 


It follows from Lemma 1.6.11 that the set C\R in (3.4.6), and hence in the 
intersection in (3.4.5), can be replaced by any subset of C \ R which has an accu- 
mulation point in Ct and an accumulation point in C7. 


Theorem 3.4.4. Let S be a closed symmetric relation in H whose defect numbers 
are not necessarily equal. Let § be decomposed as H = KP R, where the closed 
subspaces R and R are defined as in (3.4.5) and (3.4.6), and denote 


S=SAR and Sv = Snr. (3.4.7) 
Then the relation S admits the orthogonal decomposition 
S=S'6 9", (3.4.8) 


where S’ is a closed simple symmetric operator in R and S" is a self-adjoint 
relation in Kt. 


Proof. Step 1. First it will be shown that 9% satisfies the following invariance 
property: for any Ao E€ C\R 


(S— Xo) TR CH. (3.4.9) 
To see this, let h € R and h’ = (S — \o)~th. Hence, {h’,h + Aph'} € S and thus 


(h+ oh’, fx) = (W, AFR), (fx AFR} E S*, AC C\R. 
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Since h € ran (S — A) = (ker (S* — A))+, A € C\R, and fx € ker ($* — A), this 
implies 

0 = (h, fx) = (A — Ao)(h’, f3), 
that is, h’ L fx for all A € C \ R, AF Ao. Hence, h’ € ran (S — A) for all A € C \ R, 
A Æ Xo, and it follows from Lemma 1.6.11 that 


ne N ran (S — à) = N ran (S — à) =, 
AEC\R, AAAd AEC\R 


which proves the inclusion in (3.4.9). 


Step 2. Next it will be shown that the relation S N 9? is self-adjoint. Fix some 
Ao € C \ R and define the relation S” first by 


S” = {{(9 — Ao) “th, (I + Ao(S — Ao) *)A}: h € R}. (3.4.10) 


It follows from (3.4.5) that R C ran (S — ào), and hence Lemma 1.1.8 implies 
S” C S, so that in particular S” is symmetric in 9. It follows from (3.4.9) that 
S” C R2. Therefore, S” C S N R?. Next S NAR? c S” will be verified. Let 
{f, f} © SO R?, so that by Lemma 1.1.8 


{F F} = {(S — ro) Th, (I + Ao(S — Ao) h} 
for some h € ran (S — ào). Since {f, f’} € K?, it follows that 
(S—Ap) hER and (I+Ag(S—Ap) AER. 


Therefore, h € R and hence { f, f’} € 9”, so that SR? c 9". This leads to the 
equality S” = S N R? in (3.4.7); in particular, S” in (3.4.10) does not depend on 
the choice of Ao € C \ R. 

From S” C S it follows that S” is symmetric and from (3.4.10) one obtains 
that ran (S” — ào) = %. Since 9” is independent of the choice of Xo, it follows that 
ran (9” — A) = ® holds for every \ € C \ R. Hence, S” = SOW? is a self-adjoint 
relation in R by Theorem 1.5.5. Now Lemma 3.4.1 (i)—(ii) imply (3.4.8). 


Step 3. In order to show that S’ = SN £R? is simple in the Hilbert space R, assume 
that there is an orthogonal decomposition R = Kı ® K2 and a corresponding 
orthogonal decomposition S’ = S; ® S2 such that So is self-adjoint in Ry. Then 


ran (S2 — A) = Re for all A € C \ R and thus 
Ry = ran (S2 — A) C ran (S' — A) Cran(S—A), AEC\R. 


According to (3.4.5), this implies Ry C R while Ry C R = R+. Thus, R2 = {0}, 
so that S” is simple. 


Corollary 3.4.5. Let S be a closed symmetric relation in H. Then S is simple if 
and only if 
H = span {M(S*): \eC\R}. (3.4.11) 
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The set C\R on the right-hand side can be replaced by any set U which has an 
accumulation point in Ct and in C7. 


Proof. It follows from Theorem 3.4.4 and the definition of & in (3.4.6) that the 
equality (3.4.11) holds if and only if S is simple. The last assertion in the corollary 
follows from Lemma 1.6.11. 


Corollary 3.4.6. Let S be a closed symmetric relation in H. Then the following 
statements are equivalent: 


(i) $ =span {M (S*) : AE C\R} Om S; 
(ii) Sop is a closed simple symmetric operator in Hop = H © mul S. 


The set C \ R on the right-hand side in (i) can be replaced by any set U which has 
an accumulation point in C+ and in C7. 


Proof. (i) = (ii) The assumption implies in the context of Theorem 3.4.4 that 
R = mul S, so that 
S" = SAR? = {0} x mul S, 


which is a self-adjoint relation in mul S. Hence, by the decomposition S = S’ @ 9” 
in Theorem 3.4.4 it follows that S’ = Sop in Noy =H © mul S. 


(ii) > (i) Recall that § = Hop © Hmu- By Corollary 3.4.5 one has 
Hop = Span {Ma (Sp): AE C\R}. 
From the decomposition S = Sop 6({0} x mul S) and Proposition 1.3.13 one 


concludes that S* = S$ ®({0} x mul S). Hence, 9t,(S*) = ($3, ), which 
yields (i). 


Lemma 3.4.7. Let S be a closed simple symmetric relation in H. Then S is an 
operator and it has no eigenvalues. 


Proof. Indeed, it follows from Definition 3.4.3 that also S—z and (S—x)7!,2 € R, 
are closed simple symmetric relations in 9. In particular, (S —)~! is an operator; 
cf. the discussion following Definition 3.4.3. This implies ker (S — x) = {0} for all 
x € R and hence S has no eigenvalues. 


In certain situations the assertion in Lemma 3.4.7 has a converse. 


Proposition 3.4.8. Let S be a closed symmetric relation in § and assume that there 
exists a self-adjoint extension A of S in $ such that o(A) = op(A). If op(S) = 9, 
then the operator part Sop of S is a closed simple symmetric operator in the Hilbert 
space Hop = (mul S)+. 


Proof. By Lemma 3.4.2 and Theorem 1.4.11, it suffices to consider the case where 
S is a closed symmetric operator and A is a self-adjoint extension of S. Now assume 
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that S is not simple, so that by Theorem 3.4.4 there are nontrivial decompositions 
§ =8' OH" and S = S' @ S” with S’ closed, simple and symmetric in ’, and 
S" self-adjoint in H”. Then A decomposes accordingly as A = A’ @ 9” with A’ 
self-adjoint in H’ by Lemma 3.4.2. Now o(A) = op(A) implies that S” and thus S$ 
has a nontrivial point spectrum, which gives a contradiction. 


The notion of simplicity of a closed symmetric relation S in § will now be 
specified in a local sense. This will be done relative to a Borel set A C R and by 
means of a self-adjoint extension A of S and its spectral measure E(-). Then 9 
admits the orthogonal decomposition 


§ = E(A)5 6 (I — E(A))5, 


which leads to the orthogonal componentwise decomposition of A into self-adjoint 
components: 


A= [An (E(A)5)’] 6 [An (U - E(A))5)’). 


Note that AN (E(A)S)? is a self-adjoint operator in E(A) which coincides with 
Aop | Eop (A)Mop; cf. Section 1.5. 


Definition 3.4.9. Let S be a closed symmetric relation in § and let A be a self- 
adjoint extension of S with spectral measure E(-). Let A C R be a Borel set. Then 
S is said to be simple with respect to A C R and the self-adjoint extension A if 


E(A) = span { E(A)k : k E N(S*), AE C\ R}. (3.4.12) 
In the next proposition this local notion and some of its consequences are 
discussed. 


Proposition 3.4.10. Let S be a closed symmetric relation in § and let A be a self- 
adjoint extension of S with spectral measure E(-). Assume that S is simple with 
respect to the Borel set A C R and the self-adjoint extension A. Then the following 
statements hold: 


(i) For every Borel set A’ C A one has 
E(A‘)S = span { E(A')k : k € M (S*), AE C\R}. (3.4.13) 
(ii) There is no point spectrum of S in A: 
AN(S) =V. 


(iii) If U is a subset of p(A) with an accumulation point in each connected com- 
ponent of p(A), then 


E(A)S = span { E(A)k : k E \(S*), AE U}. (3.4.14) 


Proof. (i) First note that the inclusion (D) in (3.4.13) holds. To see the converse 
inclusion, let f € E(A’)H. As A’ C A, one has 


E(A‘)§ C E(A)S, 
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and hence f € H(A). By assumption, the identity (3.4.12) holds and so, in the 
linear span of 

{E(A)k: k E Ny(S*), XE C\R} 
there exists a sequence (fn), that converges to f. Then (£(A’)f,,) is a sequence 
in the linear span of 


{E(A)k: k E N(S*), AE C\ R} 
which converges to E(A’)f = f. This shows the inclusion (C) in (3.4.13). 


(ii) Assume that {f,2f} € S for some x € A. Since S C A, it follows that 
f € E(A)S#. Observe that for k € 9t,(S*) with A € C\R one has {k, Ak} € S* 
and hence (Ak, f) = (k,af). As x € R and A € C\R, it follows that (k, f) = 0. 
Further, since f € F(A), one concludes that 


0 = (k, f) = (k, E(A) F) = (E(A)k, f) 
for all k € Ny (S*) and A € C\R. Hence, (3.4.12) implies that f € E(A)SH is 


orthogonal to E(A)§, which shows that f = 0. Thus, S does not possess any 
eigenvalues in A. 


(iii) The inclusion (D) in (3.4.14) is clear. In order to prove the identity, fix u € U 
and recall from Lemma 1.4.10 that the operator [-+(A—)(A—.)~! maps N, (S*) 
bijectively onto 9t,(S*) for all A € C\R. It suffices to verify that the vectors 
E(A)k, k € Na (5*), A € U, span a dense set in L(A). Suppose that E(A)f is 
orthogonal to this set, that is, 


0= (B(A)(E + (A= (A—))gu, ECA) f) (3.4.15) 
for all g, E N,(S*) and all A € U. Since for each g, € N, (9*) the function 
Ars (E(A)(I + (A= u) (A = A) ) gu, ECA) F) 


is analytic on p(A), it follows from (3.4.15) and the assumption that U has an 
accumulation point in each connected component of p(A) that this function is 
identically equal to zero. Hence, (E(A)k, E(A)f) = 0 for all k € 9t\(S*) and 
A € C \ R. Now (3.4.12) yields E(A)f = 0 and (iii) follows. 


The connection with the global notion of simplicity is given in the following 
corollary. 


Corollary 3.4.11. Let S be a closed symmetric relation in § and let A be a self- 
adjoint extension of S with spectral measure E(-). Then S is simple if and only if 
S is simple with respect to any Borel set A C R and the self-adjoint extension A. 


Proof. Assume that S is simple. Then (3.4.11) holds and hence (3.4.12) holds with 
A = R. Then Proposition 3.4.10 (i) implies that § is simple with respect to any 
Borel set A C R and the self-adjoint extension A. Conversely, if (3.4.12) holds for 
any Borel set A C R, then (3.4.12) also holds for A = R, and hence reduces to 
(3.4.11), that is, S is simple. 
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In the following lemma the eigenspace of A corresponding to an eigenvalue 
x is described in the case where x is not an eigenvalue of S. In particular, this 
observation leads to a characterization of local simplicity if the Borel set A C R 
in Definition 3.4.9 is a singleton; cf. Corollary 3.4.13. 


Lemma 3.4.12. Let S be a closed symmetric relation in 9, let A be a self-adjoint 
extension of S with spectral measure E(-), and let x E€ R. Then 


E({x})9 = E({x}),(S") (3.4.16) 
for some, and hence for all A€ C\ R, if and only if x ¢ ap(S). 


Proof. Assume first that (3.4.16) holds for some fixed à € C\ R. Assume that 
{f,cf} € S, which implies {f,2f} € A and hence f € E({x}). Moreover, one 
has (xf, ky) = (f, Aka) for all ky € Na (S*) as {ky, Aka} E€ S*. It follows that 


(xf, E({x})ky) = (wf, kx) = (F, Ak) = (f, AE ({2})ky) 


and hence (f, E({x})k,) = 0 for all ky E 9t\(S*). Now (3.4.16) and f € E({x})H 
yield f = 0, which implies x ¢ o,(S). 

Conversely, assume that x  op(S) and let A € C \ R. The inclusion (D) in 
(3.4.16) is clear and since both subspaces in (3.4.16) are closed, it suffices to verify 
that E({x})9t,(S*) is dense in E({x})§. Suppose that there exists f € E({x})H 
such that 

(f, E({z}k,) =0, ky E Ny(S*). 


As f € E({x}), this implies (f,k,) = 0 and hence f € ran(S — A). Choose 
{g,9'} € S such that g’ — Ag = f. Then 


and 


Jefteka 


and it follows that {f,xf} € S. Since x  op(S) by assumption this yields f = 0. 
Hence, E({x})9t,(.S*) is dense in E({x}) and therefore (3.4.16) holds. 


The above lemma together with Proposition 3.4.10 (ii) implies that S' is 
simple with respect to a point x € R if and only if x is not an eigenvalue of S. 


Corollary 3.4.13. Let S be a closed symmetric relation in 9, let A be a self-adjoint 
extension of S with spectral measure E(-), and let x E€ R. Then 


E({x})5 = span {B({x})k: k EM (S"), \EC\R} 


holds if and only if £ Z op(S). 
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3.5 Eigenvalues and eigenspaces 


Let S' be a closed symmetric relation in a Hilbert space § and let {9,To, r1} bea 
boundary triplet for S* with Ag = kerTo, and corresponding y-field y and Weyl 
function M. The purpose of the present section is to characterize eigenvalues 
and the associated eigenspaces of the self-adjoint relation Ag by means of the 
corresponding Weyl function M. 


Recall that the Weyl function M can be expressed in terms of the y-field and 
the resolvent of the self-adjoint relation Ao; cf. Proposition 2.3.6 (v). In particular, 
for A = x + iy, y > 0, and Ag € p(Ag) one has 


M(x + iy) = Re M (ào) + Y(Ao)* [(z + iy — Re Ao) 
H (æ + iy — Ao) w+ iy — Xo) (Ao = (w+ iy) ] V00). 


This formula will be used to study the behavior of the Weyl function M at a point 
x E R. In the next proposition it turns out that the strong limit of iyM (x + iy), 
y { 0, is closely connected with the eigenspace of Ap at x. Here the spectral measure 
E of Ao is not used explicitly in the assertion; the orthogonal projection onto the 
eigenspace Nz (Ao) = ker (Ap — x) is denoted by Py, (4,) instead of E({x}). 


(3.5.1) 


Proposition 3.5.1. Let S be a closed symmetric relation in 9, let {5,1,T1} be a 
boundary triplet for S*, let Ag = kerTo, let M and y be the corresponding Weyl 
function and y-field, and let x € R. Then for each Xo € p(Ao) and all p € G one 
has 


lim iyM (z + ty) = -|x — ol?y(Ao)* Por, (Ao) 1A0) 2: (3.5.2) 
Proof. For x € R and Ao € p(Apo), it follows from (3.5.1) that 
iyM (x + iy) = iy Re M (Ao) + tyy(Ao)* (x + iy — Re Ao)y(Ao) 
+ iy y(Ao)" (a + iy — ro) (a + iy — Xo) (Ao — (z + ty)) 70): 


As the first and second terms on the right-hand side tend to 0 as y | 0, one obtains 


i : Pa eee eval 
ba iyM (ax + iy)y = |x — Ao|?-¥(Ao) [lim iy(Ao — (£ +iy)) Jyo) (3.5.3) 
for all y € 9. Since x € R is fixed and y | 0, one has that 
iy 
Se. tER, 
t— (x + iy) g 


where the approximating functions are uniformly bounded by 1. The spectral 
calculus for the self-adjoint relation Ap in Lemma 1.5.3 yields 


lim iy(Ao — (£ + iy)) Ooy = -Pnt A0), PES. 


Now the assertion follows from (3.5.3). 
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Definition 3.5.2. Let S be a closed symmetric relation in 9, let {9,1o,Ti} bea 
boundary triplet for S*, let Ag = kerTo, and let M be the corresponding Weyl 
function. For x € R the operator Ry : G — G is defined as the strong limit 


Rey = lim iyM (x + iy)y, peg. 
y 


Observe that Ry in Definition 3.5.2 is a well-defined operator in B(G); indeed, 
this is clear from the identity (3.5.2). It also follows from (3.5.2) that R, = 0 when 
TE p(Ao) OR. 


Remark 3.5.3. If x € R is an isolated singularity of the function M, then zx is 
a pole of first order of M; cf. Corollary 2.3.9. Moreover, in a sufficiently small 
punctured disc B, \ {x} centered at x such that M is holomorphic in B, \ {z}, 
one has a norm convergent Laurent series expansion of the form 


MO\= 


M_ = 
~+ 5° M,(A—2)*, M_1,Mo,M,... € B(S). 
g k=0 


It follows that R, coincides with the residue of M at x, i.e., 


1 


~ mije 


Ra M(A)dà = Ma, 


where C denotes the boundary of By. 


In the following let x € R and recall that the corresponding eigenspaces of Ș 
and Ao are given by 


Rel) = {{f, cf}: F €Me(S)}, Nel) = ker (S — z), 


and 


Ral Ao) = {{f, ef}: f E Me(Ao)}, Nte(Ao) = ker (Ag — 2). 


The main interest will be in the closed linear subspace St,(Ao) © Na (S), which is 


the orthogonal complement of NS yin Na (Ao). Similarly, the orthogonal com- 
plement of Nz (S) in Nz(Ao) is denoted by Ne (Ao) © Na(S). 


Lemma 3.5.4. Let o € p(Ao), let x € R, and let P, be the orthogonal projection 
from 9 onto Na( Ao) © MN, (S). Then the operator R, has the representation 


Rep = (Ao — 2)T1 {Pe Ao) p, tPav(roy}, PES. (3.5.4) 
Proof. First, recall from Corollary 2.3.3 that for x € R and {h, xh} € Ao one has 
Ti{h, zh} = (x — Ao)y(Ao)*hk, A€ plAo)- 
Now let y € J and consider 


h = (Xo — #) Pm, (Ao) YAo)¢ € ker (Ao — 2). 
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According to Proposition 3.5.1 and Definition 3.5.2, 


Rap = —|x— Ap|?¥(Ao)* Por, (49) YA0)E 
= (x — Xo)y(Ao)*h 
=T; {h, zh} 
= (Ao — 2014 Pm, lao) Y(A0) p, Paata) (Ao) y } - 


(3.5.5) 


Now observe that for y € G 
Px,(A)VA0) 2 = PryAo)e + Pm,(sy Vo) ¢- 


Since {Pm,(8)¥(Ao0)e, Pm, (sy ¥Ao)y} E€ S and S = kerTo N kerr; by Proposi- 
tion 2.1.2 (ii), it follows that 


Ti { Px,(sy¥(Ao)¥, Pn, (syy(Ao)y} = 0 


and hence (3.5.5) leads to (3.5.4). 


In the following theorem the eigenvalue x € R and the corresponding eigen- 
space of Ag are characterized by means of the Weyl function M and the operator 
R,. Later it will be shown how to distinguish between isolated and embedded 
eigenvalues of Ao; cf. Theorem 3.6.1. 


Theorem 3.5.5. Let S be a closed symmetric relation in 9, let {9,T0, T1} be a 
boundary triplet for S*, let Ag = kerTo, let M and y be the corresponding Weyl 
function and y-field, and let x € R. Then the mapping 


T: Ne(Ao) © Nal S) >E Re, forif, (3.5.6) 


is an isomorphism. In particular, 


£ € op(Ao) and Nz(Ao) © Na (S) Z {0} Re #0. 


Proof. Let x € R and define R, = Na (Ao) O N, (S). The mapping [1 : S* > G is 
continuous and, in particular, its restriction to R, C S* is continuous. The proof 
consists of three steps. In Step 1 it will be shown that the restriction of [; to Ry 
is injective and in Step 2 it will be shown that it has closed range. Then it follows 
from Step 3 that 7 in (3.5.6) is an isomorphism. 


Step 1. The restriction of the mapping Iı to A, is injective. Indeed, let fi. € Re 
with Tif= = 0. The assumption f € Rx implies that f € Ag and hence Tof = =0. 
Therefore, f € kerro N kerr = S. Since f = {f, xf} € N, (Ao) © T(S), this 


implies f= =0. 


Step 2. The range of the restriction of T4 to R, is closed. In fact, let (pn) be a 
sequence in ran (T; | &,) such that yn —> y € 9. Then there exists a sequence 
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(fn) in Ry such that Tifa = n and as fa € Ao one has Dat. = 0. Therefore, 
fn = {0, pn} > {0,y}. Recall from Proposition 2.1.2 that the restriction of T 


to S* © S is an isomorphism onto 9 x 9. It follows that fa converge to some 
element f, which belongs to the closed subspace R,. This yields [,f = y and 
hence ran (T1 [ Rz) is closed. 


Step 3. The linear space 
{{PxVQo)¥, Prop} : p E S} 


is dense in the Hilbert space R, = Ta (Ao) S Na (S). To see this, let f E Ry 
be orthogonal to all {Psy(ào)p, vPzy(Ao)v}, p € 9. Then, since f = {f af}, 


Corollary 2.3.3 shows that for all p € 9 one has 

0=(f, (Ao) p, 1Ps y(ào)p}) 
ào)p) + (af, Pry (ào)p) 
(F, 10) 9) 
(Oo) "Ff, p) 
(z = 0) (Tif, P), 


so that rf = 0, and hence f= 0 by Step 1. 


= (f, Poy 
Ane 
=(1+27) 
= (1+ 27) 


Step 4. The mapping in (3.5.6) is an isomorphism. To see this, observe that 
ran Ro Cran (T1 | Re) C Tan Ry. (3.5.7) 


The first inclusion in (3.5.7) follows directly from (3.5.4). From the same identity 
one also sees that 


1 
Dy {Pey(Ao)¥, £P (ào)p} = TE Rey € ran Re C TaD Ro. 


Hence, the second inclusion in (3.5.7) follows from Step 3 and the boundedness of 
Tı. It is clear from (3.5.7) and Step 2 that 


Tan (Ty | Rx) = Tan Rg, 


and hence, due to Step 1, the mapping in (3.5.6) is an isomorphism. 


The statement of Theorem 3.5.5 can be simplified if x is not an eigenvalue of 
the symmetric relation S, that is, S satisfies a local simplicity condition at x € R; 
cf. Corollary 3.4.13. 


Corollary 3.5.6. Assume that x is not an eigenvalue of the closed symmetric rela- 
tion S in Theorem 3.5.5. Then 


Epl) & Rr XO. 
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Now the behavior of M at oo will be considered and the multivalued part of 
Apo will be described. First recall that the self-adjoint relation Ag is decomposed 
into the orthogonal sum 


Ao = Ao,op ® Ao mul; (3.5.8) 


where Ap,op is a self-adjoint operator in the Hilbert space 
Hop = (mul Ao)+ = dom Ao (3.5.9) 


and Ap mui is the purely multivalued self-adjoint relation in mu = mul Ag. Then 
the resolvent of Ag has the form 


(Ag — A)71 = Ga Ay o) ; à € p(Ao), (3.5.10) 


with respect to the decomposition 9 = Hop © Nmui; cf. (1.5.1). 

The representation (3.5.1) of M in terms of Ap gives for Ag € p(Ao) and 
x = 0 that 

M (iy) = Re M(Xo) 


l os ~~ (3.5.11) 
+ 7(Ao)* [iy — Re Ao + (iy — Ao) (éy — Ao) (Ao — iy) t]y(à0). 


In order to use this formula for large y decompose the term y(Ao)*y(Ao) as 


YAo)* (Ao) = YAo)* (I — Pop) y (ào) + (Ao) “top Pop (Ao), 


where Pop denotes the orthogonal projection from $ onto Hop, top is the canonical 
embedding of Hop into §, and I — Pop is viewed as an orthogonal projection in . 
From the representation of the resolvent of Ap in terms of the resolvent of Ao op 
in (3.5.10) it follows that (3.5.11) may be rewritten as 


M(iy) = Re M(Ao) + (iy — Re Ao) Y(Ao)* (I — Pop) (Ao) 


me a (3.5.12) 
+ 7(Ao)*top [iy — Re Ao + (iy — Ao) (iy — Ao) (Ao,op — iy) +] Popy(Ao) 


for all y > 0. This formula will be used to study the behavior of M at oo. It 
turns out that the strong limit 4M (iy), y > +00, is closely connected with the 
multivalued part of Ao. 


Proposition 3.5.7. Let S be a closed symmetric relation in 9, let {9,T0, T1} be a 
boundary triplet for S*, let Ag = kerTo, and let M and y be the corresponding 
Weyl function and y-field. Then for each ào E€ p(Ao) and p € G one has 


. 1 ; x 
lim —M(iy)p = y(à0)" U — Pop) yo) ¢. (3.5.13) 
y—>+æ y 
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Proof. It follows from (3.5.12) with ào € p(Ao) that 
iy — Re Ao 
iy 

1 ho te . sz aes 
+ 5,100) * top [iy — Re Ao + (iy — Ao) (ty — Xo)(Ao,op = ty) *] Pop (0). 


Mi) a Re M(o) + (Ao)*(I— Pap) (Ao) 


It suffices to show that the first and the third term on the right-hand side converge 
to 0 strongly. This is obvious for the first term on the right-hand side. For the third 
term note that for y + +00 one has 


iy—Rero , (iy—Ao)(iy—Ao) 1 


iy iy t— iy 


> 0, t ER, 


and hence the spectral calculus for Ao,op shows that for y— +00 


1 . f : = Lae 
jy 10)" top [iy Re ào + (iy — Ao) (iy — ào) (Ao,op — iy) +] Popy(Ao) 


tends to zero for all y € 9; cf. Lemma 1.5.3. This leads to (3.5.13). 


Definition 3.5.8. Let S be a closed symmetric relation in 9, let {9,To, r1} be a 
boundary triplet for S*, let Ao = kerTo, and let M be the corresponding Weyl 
function. The operator Rə : 9 > 9 is defined as the strong limit 


1 
Rop= lim —M(iy)p, pes. 
y>+oo yY 


It follows from Proposition 3.5.7 that R,. € B(G). For the following proper- 
ties of Rə recall the notations 


TRal9) = {{0, f}: f EMN0(S)}, Mo(S) = mul S, 


and 


Noo(Ao) = {{0, F} : f € Moc(Ao)}, Moo(Ao) = mul Ao. 


The next lemma can be viewed as a variant of Lemma 3.5.4 for x = oo. Here the 
main interest is in the closed subspace Nalo) © Nal S), that is, the orthogonal 
complement of Nals) in Naæ(Ao). 


Lemma 3.5.9. Let o € p(Ao) and let P~ be the orthogonal projection from 9 onto 
Nolo) © Nx (5). Then the operator Ræ has the representation 


Roy =11{0, Poy(Ao)¢}, yes. (3.5.14) 
Proof. First recall from Corollary 2.3.3 that for {0,h’} € Ao one has 


T,{0, h’} = ¥(Ao)*h', Xo € p(Ao). 
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Now let y € § and consider h’ = (I — Pyp)y(Ao)y € mul Ap. According to Propo- 
sition 3.5.7, 
Roy = (Ao)* (I = Pop)y(ào)p = Y(Ao)*h! = T1{0, h'} 


=11{0, (I — Pop)y(Ao)¢}- (3.5.15) 


Now observe that for y € § 


(I — Pop) y (ào) 2 = P(o) eo + Pa (sy Vo) ¥- 


Since {0, Pr.(syyAo)y} € S and S = kerlMkerTy by Proposition 2.1.2 (ii), it 
follows that 
Ti {0, Pm.(syy(Ao)y} = 0 


and hence (3.5.15) leads to (3.5.14). 


In the next theorem the multivalued part of Ap is characterized by means of 
the Weyl function M and the operator Rx 


Theorem 3.5.10. Let S be a closed symmetric relation in 9, let {9,1,Ti} be a 
boundary triplet for S*, let Ao = kerTo, and let M and y be the corresponding 
Weyl function and y-field. Then the mapping 


T: Noo(Ao) E Ntoo(S) > TER, f= Df, (3.5.16) 
is an isomorphism. In particular, 


mulAjpOmulS4 {0} @& Ry 0. 


Proof. The proof follows a strategy similar to the one used in the proof of Theo- 
rem 3.5.5. To simplify notation, set 


Roo := Noo(Aa) © NaS) = {{0, f’} : f! € mul Ao © mul S}. 


The mapping Tı : S* — JQ is continuous and, in particular, its restriction to 
Rs C S* is continuous. 


Step 1. The restriction of the mapping I’; to Rx is injective. Indeed, let f E Ræ 
with rı f = 0. The assumption f € Ræ implies that f € Ap and hence Tof = 0. 
Therefore, f € kerTo N kerri = S. Since f = {0, f’} € Nalo) © Mo (S), this 
implies f = 0. 


Step 2. The range of the restriction of T4 to Rə is closed. In fact, let (pn) be a 
sequence in ran (T1 | Roo >) such that Yn > pE 9. Then there exist ( fali in Rə such 
that Tif, = = pn and as f, € Ag one has Tof, = = 0. Thus, Tf, = = {0, pn} > {0,9}, 
and since the restriction of I to S* © S is an isomorphism onto 9 x 9, it follows 
that fa converge to some element f, , which belongs to the closed subspace Ra 
Therefore,  f = y and hence ran (T1 [ Ra) is closed. 
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Step 3. The linear space 
{{0, Poov(Ao)p} : p € 9} 


is dense in the Hilbert space Ræ = Noo (Ao) O Noo (S). To see this, let f € Ræ be 
orthogonal to all elements {0, Pxcy(Ao) vy}, p € 9. Then it follows from f = {0, f’} 
and Corollary 2.3.3 that for all p € G one has 


0 = (F, {0, Poor(Ao)P}) = (f" Poo (Ao) ) = A0)" fs) = (Tif); 
so that Tif= 0, and hence f= 0 by Step 1. 
Step 4. The mapping in (3.5.16) is an isomorphism. To see this, observe that 
ran Ræ C ran (T1 | Ro) C Tan Ro. (3.5.17) 


The first inclusion in (3.5.17) follows from (3.5.14). From the same identity one 
also sees that 


T1{0, Pooy(Ao) yp} = Roy € ran Ro C Tan Roo- 


Hence, the second inclusion in (3.5.17) follows from Step 3 and the boundedness 
of T1. It is clear from (3.5.17) and Step 2 that 


ran (T1 | Ro) = Tan Ro, 


and hence, due to Step 1, the mapping in (3.5.16) is an isomorphism. 


Corollary 3.5.11. Assume that the closed symmetric relation S in Theorem 3.5.10 
is an operator. Then Ag is an operator if and only if Ro = 0. 


An equivalent statement is that Ag is an operator if and only if for all y € 9 


1 
lim —M(iy)y =0. (3.5.18) 


3.6 Spectra and local minimality 


As in Section 3.5, let S be a closed symmetric relation in 9, let {9, To, 1} bea 
boundary triplet for S* with Aj = kerTọo, and corresponding y-field y and Weyl 
function M. The spectrum of the self-adjoint extension Ap and its division into 
absolutely continuous and singular spectra (cf. Section 3.3) will now be discussed 
in detail in terms of the boundary behavior of M. For this purpose it is assumed 
that S either is simple or satisfies a local simplicity condition with respect to an 
open interval A C R and the self-adjoint extension Ag; see Definition 3.4.9 for the 
notion of local simplicity. 


The following theorem describes the point spectrum and the continuous spec- 
trum of Ap in terms of the boundary behavior of the Weyl function M; cf. Propo- 
sition 3.3.1. 
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Theorem 3.6.1. Let S be a closed symmetric relation in 9, let {9,T0, T1} be a 
boundary triplet for S* with Ap = kerTo, let M and y be the corresponding Weyl 
function and y-field, and let Rẹ = limpo iyM(a + iy), x € R, be the operator in 
Definition 3.5.2. Let A C R be an open interval and assume that the condition 


B(A)S = span {B(A)7(v)y :v € C\R,y ES} (3.6.1) 


is satisfied, where E(-) is the spectral measure of Ag. Then the following statements 
hold for each x € A: 


(i) x € p(Ao) if and only if M can be continued analytically to x; 
(ii) £ E€ ce(Ao) if and only if Ry =0 and M cannot be continued analytically to 
t; 
(iii) x is an eigenvalue of Ao if and only if Rẹ A 0; 
(iv) x is an isolated eigenvalue of Ao if and only if x is a pole (of first order) of 
M; in this case R, is the residue of M at x. 


Proof. (i) Recall first that by Proposition 2.3.6 (iii) or (v) the function àA => M (A) 
is holomorphic on p(Ao), which proves the implication (=). In order to verify the 
other implication assume that M can be continued analytically to some x € A. 
Then there exists an open neighborhood O of x in C with ON Rc A to which 
M can be continued analytically. Choose a,b € R with x € (a,b), [a,b] C O, and 
a,b ¢ op(Ao). The spectral projection E((a, b)) of Ao corresponding to the interval 
(a,b) is given by Stone’s formula (1.5.7) 


where the integral on the right-hand side is understood in the strong sense. For 
v € C\R and y € G this implies 


|E((a, Dl? = (Ela, Dlo 9) 
b 
= im zg | (O0 o- E+) (3.6.2) 
= (1(v)"(Ao = (t — i8))-*(v)¢,) at 


and the identities 


M() | M(v) 
@—(tLid)@—v) w- (tis) V-T) 


from Proposition 2.3.6 (vi) (with À = t + iô and fi = v) together with the holo- 
morphy of M in O yield that the integral on the right-hand side of (3.6.2) is zero. 
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Hence, E((a,b))y(v)y = 0 for all v € C\ R and y € 9. On the other hand, since 
(a,b) C A, the assumption (3.6.1) and Proposition 3.4.10 (i) yield 


E((a,6))5 = span {E((a,b))y(v)e : v E C\R, y €S}, 


and hence one concludes from E((a,b))y(v)p = 0 for v € C\R and y € G that 
E((a,b)) = 0. In particular, x € p(Ao) by Proposition 3.3.1 (i). 


(ii)-(iii) According to Proposition 3.4.10 (ii), the condition (3.6.1) implies that S 
does not have eigenvalues in A. Hence, items (ii) and (iii) follow immediately from 
item (i) and Corollary 3.5.6. 


(iv) Assume that x € A is an isolated eigenvalue of Aj. Then by Proposition 2.3.6 
(iii) or (v) there exists an open neighborhood O of x such that M is holomorphic on 
O\ {x}. Since x ¢ o,(S) by Proposition 3.4.10 (ii), it follows from Corollary 3.5.6 
that there exists y € 9 such that 


Rep = lim iyM(x + iy) £0. (3.6.3) 
y 


This implies that M has a pole at x, which is of first order; cf. Corollary 2.3.9. By 
Remark 3.5.3 the residue of M at x is given by Ry. Conversely, if M has a pole 
(of first order) at x, then (3.6.3) holds for some y € 9. Thus, x is an eigenvalue 
of Ao by Corollary 3.5.6 and from item (i) it follows that there exists an open 
neighborhood O of x in C such that O\ {A} C p(Ao). Hence, z is an isolated point 
in the spectrum of Ag. 


Under the condition that S is simple the spectrum of Ap can be described 
completely in terms of the Weyl function M. 


Corollary 3.6.2. Let S be a closed symmetric relation in 9, let {9,T0,T1} be a 
boundary triplet for S*, let Ao = kerTo, and let M and y be the corresponding 
Weyl function and y-field. Assume that S is simple. Then the assertions (i)—(iv) 
in Theorem 3.6.1 hold for all x € R. 


To describe the absolutely continuous, singular, and singular continuous parts 
of the spectrum of Ap in terms of the boundary behavior of the Weyl function M, 
some preliminary lemmas are needed. 


Lemma 3.6.3. Let Xo E€ p(Ao), x E R, and p € G. Then the (possibly improper) 
limits 


Im(M(a+i0)y,) and Im ((Ap — (x + #0))~*y¥(o) 9, Yo) ¢) 
exist simultaneously, and they satisfy 


Im (M(x + i0)y, 9) = |£ — Ao|” Im ((Ao = (a + 10))~"y(Ao) 9, ¥(A0))- 
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Proof. It is no restriction to assume that £x # Ao, as otherwise à + M(A) and 
A+ (Ap — A)71 are both holomorphic at x = Ap € p(Ao) NR, so that the above 
limits are zero and the identities hold. 
For x Æ Xo it follows from (3.5.1) that 
Im (M(x + iy)y, 9) = yllyQo)¢ll? 
.\y-l 
+ (læ — Aol? — y?)Im ((Ao — (a + ty) yo) 9, ¥A0)¢¥) 
Awe 
+ 2(@ — Re ào) y Re ((Ao — (x + iy)) (Ao) 9, YA) ¥)- 


The first term on the right-hand side clearly goes to 0 as y J 0. For the third term 
on the right-hand side, observe that for y | 0 one has 


1 y(t — 2) 
Re (eam) “Beare ee j 


and since the approximating functions are uniformly bounded, the spectral calcu- 
lus for Ao (see Lemma 1.5.3) yields 


lim y Re ((Ao — (x+ iy))~*y(A0)¥, Y(Ao) ¥) = 0. 


Hence, also the third term on the right-hand side goes to 0 as y | 0. Furthermore, 
|z — Ao/? — y? + |x — ào]? > 0 as y | 0. Therefore, Im (M(x + iy)y, p) converges 


as y | 0 if and only if 


Im ((Ao — (@ + ty)) Ao) p, (Ao) ¥) 


converges as y | 0. In addition, it is clear that the identity in the lemma for the 
limits is satisfied. 


Recall that the self-adjoint extension Ap generates a collection of finite Borel 
measures on R: for each h € § the finite Borel measure up in (3.3.2) is defined by 
Ltn = (E(-)h, h), where E is the spectral measure of Ag. Now the interest is in the 
Borel transform F, of up = (E(-)h, h), that is 


1 

Fy, (A) = i —d(E(t)h,h), XEC\R; 
Rt-A 

cf. Definition 3.1.3. In particular, if A = x + iy, where x € R and y > 0, then one 


has 
Im F),(x + iy) = Im ((Ao — (£ + iy)) h, h) (3.6.4) 
and 


yFi,(a + ty) = y((Ao — (£ + ty)) 71h, h). (3.6.5) 


By means of Lemma 3.6.3 the boundary values of the Borel transform Fp for 
a class of elements h € § are expressed in terms of the boundary values of the 
Weyl function M. 
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Lemma 3.6.4. Let A C R be an open interval and let Ao € C \ R. Then for elements 
of the form h = E(A)y(Ao) 9, p € 9, the following statements hold: 
(i) If x € A, then the (possibly improper) limits 
Im Fa(x +i0) and Im(M(a + 70), p) 
exist simultaneously, and 


Im Fp (£ + 10) = |x — Xo|~*Im (M(x + 10), p). 


(ii) fxg A, then Im Fy(x + i0) = |x — Ao|~*Im (M(x + 10)y, p) = 0. 


Proof. It follows from (3.6.4) that for all h € § the (possibly improper) limits 
Im F;,(x + i0) and Im ((Ao — (x + 70))~'h, h) exist simultaneously and coincide. 
For the choice h = y(Ao)y, v € 9, it follows from Lemma 3.6.3 that the (possibly 
improper) limits Im Fp (x + i0) and Im (M(x + 20)y, p) exist simultaneously, and 


Im Fh (2 + i0) = Im ((Ao — (x + i0)) (0) 9, (0) ¢) 
= |x — Xo|~? Im (M (az + i0)¢, p). 
If h = E(A)y(Ao)y, Y € 9, then for x € A the spectral calculus implies 


Im Fp (£ + i0) = Im ((Ap — (x + i0)) E(A)y(Ao) 9, E(A) 10) 9) 


= Im ((Ao — (« + i0)) "y(A0) 9,700) 9) 
= |x — Ao|~? Im (M(x + 10), p), 


while for x ¢ A it follows that 


Im Fy, (x + i0) = Im (Ao — (x + i0)) T B(A) (0) ¢, E(A) 10) ¢) 
=0. 


This shows the assertions in (i) and (ii). 


Now the absolutely continuous spectrum, the singular spectrum, and the sin- 
gular continuous spectrum (cf. Section 3.3) of Ao can be described in terms of the 
boundary behavior of the Weyl function M, still under the assumption of local sim- 
plicity. The results are essentially consequences of Theorem 3.2.3, Theorem 3.2.6, 
and Corollary 3.3.6. 


Theorem 3.6.5. Let S be a closed symmetric relation in 9, let {9,T0,T1} be a 
boundary triplet for S* with let Ao = kerTo, and let M and y be the corresponding 
Weyl function and y-field. Let A C R be an open interval and assume that the 
condition 


E(A)S = span {E(A)y(v)p :v € C\ R,p € $} (3.6.6) 
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is satisfied, where E(-) is the spectral measure of Ao. Then the absolutely contin- 
uous spectrum of Ap in A is given by 


Jac(Ap) NA = U closac({z € A: 0 < Im (M(x + i0)y, p) < co}). — (3.6.7) 
yes 


If S is simple, then (3.6.7) holds for every open interval A, including A =R. 
Proof. By assumption, the span of the set 
Da := {E(A)y(v)p:vEC\R, ve S} 


is dense in E(A) and hence Corollary 3.3.6 implies the identity 


heDa 
According to Theorem 3.2.6 (i) (where the set ¥ was replaced by R), 
(Uh ac) = closac({x €R:0 < Im F(x +710) < oo), 
which for h = E(A)y(v)y € Da is equivalent to 


O(h ac) = closac({x € A: 0 < Im(M(z + i0)y, p) < co} 


by Lemma 3.6.4. This yields (3.6.7). 


The next corollary gives a necessary and sufficient condition for the absence 
of absolutely continuous spectrum. 


Corollary 3.6.6. Let Ao and M be as in Theorem 3.6.5 and let A C R be an open 
interval such that the condition (3.6.6) is satisfied. Then 


Fac(Ao) NA =O 
if and only if for all p € G and for almost all x € A 
Im (M(a + i0)y, p) = 0. 
If S is simple, then the assertion holds for every open interval A, including A = R. 


Proof. Since closa-(®) = 9 if and only if m(%) = 0 for any Borel set B C R by 
Lemma 3.2.5 (i), it is clear that for p € 9 


closac({z € A: 0 < Im (M(x + 10)y, p) < co}) =9 (3.6.8) 
if and only if 
m({z €A:0<Im(M(zx + i0)y, y) < co}) =0. (3.6.9) 


Assume first that gac(Ao) N A = Ø. Then (3.6.7) yields (3.6.8) for all y € 9, and 
hence (3.6.9) holds for all y € 9. Moreover, for h = y(Ao)y, ào € C \ R, anda E€ R 


3.6. Spectra and local minimality 209 


one has 
Im (M(x + i0)y, p) = |x — Ao|?Im Fp (£ + i0) 


by Lemma 3.6.4 (with A = R), and according to Theorem 3.1.4 (i) this limit exists 
and is finite for m-almost all x € R. Hence, (3.6.9) implies Im (M(a+i0)y, y) = 0 
for all p € 9 and m-almost all x € A. For the converse implication assume that 
Im (M(x + 10)y,y~) = 0 for all p € G and for m-almost all x € A. Then (3.6.9) 
and hence also (3.6.8) hold for all p € §. Thus, (3.6.7) yields gac(Ao) NA = b. 


The next lemma is of similar nature as Lemma 3.6.4. Here the limits exist 
for all z € R by (3.1.12)-(3.1.13) and Proposition 3.5.1. 


Lemma 3.6.7. Let A C R be an open interval and let Ao € C \ R. Then for elements 
of the form h = E(A)y(Ao) 9, p € 9, one has 


|z — Ao|~? limyyo y( M(x + iy)p, p), EA, 


lim yF, iy) = = 
kea rg5. 


Proof. For h = y(\o)¥, p € 9, it follows from (3.6.5) and (3.5.1) (cf. (3.5.3) in the 
proof of Proposition 3.5.1) that 


lmà yFn(£ + iy) = lim y((Ao — (x + iy)) Ao), 10) ¢) 
= |x — Ao|~? lim y(M (æ + iy)y, p) 
y40 


for all x € R. If h = E(A)y(ào)p, p € 9, then for x € A the spectral calculus 
shows that 


lim yF} (æ + iy) = lim y((Ao - (« + iy))  E(A)YOo)p, E(A)Y(Ao)p) 
= lim y((Ao — (æ + iy)) (Ao) ¢, YA) 


= |x — Aol? lim y(M (x + iy)p, p), 


while for x ¢ A one has 
lim yF} (2 + iy) = lim y((o = (x + iy)) EA) Ao)e, E(A)10)¢) 


= 0. 


This completes the proof. 


Next some inclusions for the singular and singular continuous spectra of Ao 
will be shown. 


Theorem 3.6.8. Let S be a closed symmetric relation in 9, let {9,T0, T1} be a 
boundary triplet for S* with Ag = kerTo, and let M and y be the correspond- 
ing Weyl function and y-field. Let A C R be an open interval and assume that 
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the condition 
E(A)S = span {E(A)y(v)p :v € C\ R,g € S} (3.6.10) 


is satisfied, where E(-) is the spectral measure of Ag. Then the following statements 
hold: 


(i) The singular spectrum of Ao in A satisfies 


(a3(Ao) NA) C cU {x € A: Im(M(z + i0)y, Y) = oo}. 
ees 


(ii) The singular continuous spectrum of Ag in A, i.e., Js-(Ao) NA, is contained 


in the set 
[J clos.({a € A : Im(M(z + 10)y, 9) = 00, lim y(M (x + iy), p) = OF). 
y 
yes i 


If S is simple, then (i) and (ii) hold for every open interval A, including A =R. 
Proof. By assumption, the span of the set 

Da := {E(A) p: v EC\R, p ES} 
is dense in E(A)9. 
(i) Recall that by Corollary 3.3.6 one has 

aAA = |] o(uns) (3.6.11) 
heDa 

and according to Theorem 3.2.6 (ii) (with ¥ replaced by R) 

O(h) C {2 € R: ImF),(x +10) = oo}. 
For h = E(A)7(v)y € Da this gives, via Lemma 3.6.4, 


a(Hn,s) C{rEA: Im (M(x + i0)p, p) = co}. 


Hence, the set os(Ao) N A in (3.6.11) is contained in 


U {x € A: Im(M(x + i0)y, p) = co} 
hEDA 


=| {x € A :Im(M(z + i0)p, p) = œ}, 
hEDA 


which yields the assertion in (i). 


(ii) Likewise, Corollary 3.3.6 implies 


Gsc(Ao)NA= (J o(tnse)- (3.6.12) 


heDa 
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By Theorem 3.2.6 (iii) (again with ¥ replaced by R), 
(nwl C clos, ({x ER: Im Fr (z + i0) = 0, fae yF, (a + ty) = O}), 
y 


and for h = E(A)y(v)y € Da this gives, via Lemma 3.6.4 and Lemma 3.6.7, that 
o (Hh,sc) is contained in 


close ({a EA: Im(M(a+id)y,~) = œ, lim y(M (a2 + ty)y, p) = 0}). 
y 


Hence, the assertion follows from (3.6.12). 


An immediate corollary of the previous theorem and Lemma 3.2.5 (ii) is a 
sufficient condition for the absence of the singular continuous spectrum in terms 
of the limit behavior of the function M. 


Corollary 3.6.9. Let Ao and M be as in Theorem 3.6.8 and let A C R be an open 
interval such that the condition (3.6.10) is satisfied. Assume that for each y € G 
there exist at most countably many x € A such that 


Im(M(a2+iy)p,y) > co and y(M(x+iy)p,p)>0 as yl. 
Then 
Osc(Ao) f A= 0. 
If S is simple, then the assertion holds for every open interval A, including A = R. 


As a further corollary of the theorems of this section sufficient conditions 
are provided for the spectrum of Ap to be purely absolutely continuous or purely 
singularly continuous, respectively, in some set. 


Corollary 3.6.10. Let Ao and M be as in Theorem 3.6.5 or Theorem 3.6.8 and let 
A CR be an open interval such that the condition (3.6.6) or (3.6.10) is satisfied. 
Assume that for all p E€ G and all z € A 


lim yM (a + iy)p = 0. (3.6.13) 
y40 


Then the following statements hold: 
(i) If for each p € G there exist at most countably many x € A such that 
Im (M(x + i0)y, p) = 00, then o(Ao) N A = Caclo) NA. 
(ii) Jf Im (M(x + i0), p) = 0 holds for all p € G and almost all x € A, then 
o(Ao) NA= Osc(Ao) NA. 


If S is simple and A is an open interval such that (3.6.13) holds for all p € G and 
all x € A, then (i) and (ii) are satisfied. 
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Proof. Note first that the assumption (3.6.13) yields 0,(Ao)N A = 9; this follows 
immediately from Corollary 3.5.6 and the fact that the condition (3.6.6) or (3.6.10) 
implies o,(S) N A = @; cf. Proposition 3.4.10 (ii). The assumption in (i) and 
Corollary 3.6.9 imply os¢(Ao) N A = Ø and hence (Ag) N A = Caclo) N A. 
Similarly, the assumption in (ii) and Corollary 3.6.6 imply gac(Ao)N A = 0 and 
hence a(Ap) N A = ds-(Ao) N A follows. 


3.7 Limit properties of Weyl functions 


Let S be a closed symmetric relation in a Hilbert space 9, let {9,To, r1} be a 
boundary triplet for S*, let Ag = kerTo, and let M be the corresponding Weyl 
function. The aim of this section is to relate limit properties of the imaginary part 
Im M of the Weyl function with defect elements in dom Ap and dom |Aol?, and 
ran (Ag — x) and ran|Ap — z| 2,2ER, respectively, where 


Ag = Ao,op ® Ag,mul and | Ao| = | Ao,op | @ Ag,mul (3.7.1) 


with respect to the usual decomposition § = Nop Ð Amu. This also leads to 
necessary and sufficient conditions for S to be a densely defined operator in terms 
of the Weyl] function. 


The first result connects limit properties of the Weyl function at co with 
elements in dom Ag N ker (S* — A) and dom|Ao|? N ker (S* — A) for A € p(Ao). 
Although the decomposition S* = Ao +9,(S*) is direct for all A € p(Ap), it 
may happen that dom Aj N ker (S* — A) # {0} if S* is multivalued. In fact, if 
f € dom Ag N ker (S* — A), f # 0, then {f, f’} € Ao for some f’ and hence 
{0, f’ — Af} € S*. Since À € p(Ao), this yields mul S* # {0}. 

The representation (3.5.12) of the Weyl function M in terms of the extension 
Ao = kerTo will now be used; cf. (3.5.8)—(3.5.9). For simplicity one takes Ag = 7 
in (3.5.12), which leads to the representation 


M (iy) = Re M(i) + iy y)" (I — Pop) (i) 
+ y(i)” top liy aF (1 = y”)(Ao,op = iy) ~t] O) 


for all y > 0. The spectral calculus for the self-adjoint operator Ao, op applied to 
(3.7.2) shows that for y € 9 and y > 0 


Im (M(iy)p, p) = yll(I — Pop) (4) ¢l|? 


244 (3.7.3) 
vf ar d(Eop(t)Popy()¢, Popy(i)¢) 7 


(3.7.2) 


Proposition 3.7.1. Let S be a closed symmetric relation in 9, let {9,1 o,Ti} be a 
boundary triplet for S*, let Ag = kerTo, and let M and y be the corresponding 
Weyl function and y-field. Then the following statements hold for ọ € 9: 
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(i) y(A)y € dom Ao for some, and hence for all A € p(Ag) if and only if 
li Im (M (i : 
yim, ¥ im (MG), p) < 00; 


(ii) y(A)y € dom|Ao|? for some, and hence for all A € p(Ao) if and only if 


T Im (M(iy)p, p) 
1 yY 


dy < œ. (3.7.4) 


Proof. (i) It suffices to prove the assertion for A = 7, since by Proposition 2.3.2 (ii) 


yA) = (1+ (A= i) (Ao = A)~") 1), 
yli) = (I + (i — A)(Ao — 17") YQ) 
for À € p(Ao) and hence y(i)y € dom Ap if and only if y(A)y € dom Apo. Note first 
that (3.7.3) yields 
ylm (M(iy)p, 9) = y’ — Popiol]? 


oA | l (3.7.6) 
+ di a d( Eop(t) Pop (i), Popa (i) p). 


(3.7.5) 


It is clear that the left-hand side of (3.7.6) has a finite limit for y > +00 if and 
only if (I — Pop)y(i)y = 0 and 


fe d(Eop(t)Popy(4)¢, Pop y(i)¢) <, 


which follows from the monotone convergence theorem. In other words, the left- 
hand side of (3.7.6) has a finite limit for y + +00 if and only if y(i)p € dom Apo. 


(ii) As in the proof of (i), it suffices to verify the assertion for A = i. In fact, if 
yli)p € dom|Ao|?, then y(i)y = (|Ao|? — )~!g for some u € C\R and g € $. 
The first identity in (3.7.5) and the functional calculus for the self-adjoint operator 
Ao,op or self-adjoint relation Ag (see Section 1.5) show 


AJo = (T + (A= i)(Ao = 4)) (Aol? = u) ~g 
= (Aol? = u)! (I + (A — i)(Ao — A)~*) g € dom |Ao]?. 
The same argument and the second identity in (3.7.5) show that y(A)pé dom|Ao|? 


implies y(i)p € dom | Ao|?. 
It follows from (3.7.3) that 


Im (M (iy), p) 


EEL = (E Popol 


t? +1 , , 
+ Ja gp t Eorl Pon ie, Pop r(i)).- 
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Hence, (3.7.4) holds if and only if (J — Pop)y(i)y = 0 and 


[ L d( Eop(t) Pop (i), Polido) ) dy < œ. 


t +y? 


Change the order of integration in the last integral, note that 


oT 1 (a 1 
@+y f maweni arctan 7). t #0, 


and observe that for large |t| one has 


1 1 
(+1) G arctan =) ~ |t| 


t| 


and that on compact subsets of R the function 


1 (a 1 
tr (+1) ( arctan ) 
It] \2 ltl 


is bounded. Hence, (3.7.4) holds if and only if (I — P,»)y(i)y = 0 and 


Í tl d( Bap (t) Berie Por < 00. 


In other words, (3.7.4) holds if and only if y(i)y € dom|Ao|?. 


The following result is essentially a consequence of Proposition 3.7.1 (i). 


Corollary 3.7.2. Let S, Ag, and M be as in Proposition 3.7.1. Then dom § is dense 
in dom Ag if and only if 


lim yIm(M(iy)y,~)=c forall pE $9, p #0. 
y—+00 


Proof. Let A € p(Ao) and note that f € (dom $)+ if and only if for all {h,h’} € S 
0 =(f,h) = (f, (Ao — A)7*(R! — Ah)) = ((Ao — A)" f, h' — AR). 


Hence, f € (dom S)+ if and only if (Ag — A)~!f € ker(S* — A) = rang(A). 
Furthermore, (Ag — A)~ 1 f 4 0 if and only if f ¢ mul Ag = (dom Ag)*. 

Now assume that dom S is not dense in dom Ap. Then there exists a nontrivial 
f € dom Ao such that f € (dom $)+, and hence 


(Ap — d)~!f € ker (S* — A). 


Since f € dom Ap it follows that (Ao —A)~1 f = y(A)¢ for a nontrivial y € 9. This 
means 7(A)y € dom Ag, and hence 


lim yIm(M(iy)p, p) < co (3.7.7) 
y+oo 
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by Proposition 3.7.1 (i). Conversely, if (3.7.7) holds for some nontrivial y € S, 
then by Proposition 3.7.1 (i) it follows that y(A)y € dom Ag. Hence, there exists 
a nontrivial f € dom Ag such that y(A)y = (Ao — A)~1 f. Therefore, one sees that 


f € (dom S)+ and hence dom S is not dense in dom Apo. 


Corollary 3.7.3. Let S, Aj, and M be as in Proposition 3.7.1. Then S is a densely 
defined operator if and only if the following conditions hold: 


1 
(i) lim —(M(iy)y,y) =0 for all p € 9; 
ytoo vy 
(ii) limy++.. y Im (M (iy)p, p) = œ for ally € 9, p £0. 


In this case, S* is an operator and all intermediate extensions of S are operators. 


Proof. Note that Proposition 3.5.7 and the fact that y(Ao)*(I — Pop )y(Ao) in 
(3.5.13) is a nonnegative operator in 9 show that condition (i) is equivalent to the 
condition 


1 
lim —M(iy)p =0, yeg. 


By (3.5.18), this condition is necessary and sufficient for Ao to be an operator, 
which is the case if and only if dom Ag = 9. Moreover, according to Corollary 3.7.2, 
the condition (ii) is necessary and sufficient for the equality dom S = dom Ag to 
hold. Therefore, dom S = $ if and only if conditions (i) and (ii) hold. 


In the next result, which is parallel to Proposition 3.7.1, the limit properties 
of the Weyl function at x € R will be connected with elements in 


ker (S* — A) N ran (Ao — x) and ker (S* — A) N ran |Ao — a|?. 


For this reason the representation (3.5.1) expressing the Weyl function M in terms 
of the self-adjoint relation Ag = kerTọo will be used. For simplicity one takes 
Ao € C \ R such that Re Ap = z in (3.5.1), which leads to 


M(c + iy) = Re M(à0) 
+ ¥(Ao)* [iy + ([Im ào]? — y?) (Ao — (£ + iy))"]y(o). 


It follows by means of the spectral calculus applied to (3.7.8) that for x € R and 
p € 9 one has 


Im (M(x + iy)p, p) 
y 
+ (|Im Xo|? — y”) [ Ga a ae UE (t)y(A0)¢, YA) 9): 


(3.7.8) 


= lo) ¢ll? 
(3.7.9) 


Proposition 3.7.4. Let S be a closed symmetric relation in 9, let {9,T0, T1} be a 
boundary triplet for S*, let Ao = kerTo be decomposed as in (3.7.1), and let M and 
y be the corresponding Weyl function and y-field. Then the following statements 
hold for x E€ R and ọ E€ 9: 
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(i) y(A)y € ran (Ap — x) for some, and hence for all X € p(Ao) if and only if 


Im (M(x +i 
ia TOERE (3.7.10) 
y40 y 


(ii) Popy(A)y € ran |Ao,op — a|? for some, and hence for all X € p(Ao) if and 
only if 
dy < oo. (3.7.11) 


[ Im (M(x + iy), p) 
0 y 


Proof. (i) It will first be shown that for \, ào € p(Ao) one has y(A)y € ran (Ap — 2) 
if and only if y(Ao)y € ran (Ao — xz). Assume that y(Ao)y € ran (Ao — x). Then 
there is {f, f'} € Ao such that y(Ao)y = f’ — af. As 


{ f’ —af,(Ao —A)~'(f’ — af)} € (Ao — A)?" 
it follows that 
{o -AH = af), af + (A= 2) -ATE —2f)} € Ao — 2. 
Hence, f’ — xf + (A—x)(Ao — A)71(f! — wf) € ran (Ap — x) and 


(Ao — A)~"(f’ — xf) € ran (Ao — 2). 


From the identity y(A) = (I + (A — Ao)(Ao — A)71)y(Ao), established in Proposi- 
tion 2.3.2 (ii), one finds that 


AJP = f! — af + (A= Xo)(Ao — A) (F — wf) € ran (Ao — 2). 


Thus, y(Ao)y € ran (Ap — x) implies that y(A)y € ran (Ap — x). Since Ap and À in 
the above argument can be interchanged, it is clear that y(A)y € ran (Ap — 2) if 
and only if y(Ao)y € ran (Ao — 2). 

To verify the remaining assertion in (i) with A = Ao, note first that the limit 
as y | 0 in (3.7.10) is finite if and only if the limit of the integral in the second term 
in (3.7.9) is finite. An application of the monotone convergence theorem shows that 
the limit as y | 0 of the integral in the second term in (3.7.9) is finite if and only 
if 

gap APOYO) Ao) < 20, 
r (t— 2) 


that is, if and only if 


Í TF d(Eop (t) Pop ¥(Ao)¥, Pop (Ao) ¥) < Hw, 


where the definition of the spectral measure E(-) of Ao via the spectral measure 
Eop (-) of Ao,op was used. Therefore, the limit as y | 0 in (3.7.10) is finite if and 
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only if Pop y(Ao)y € dom (Ap,op — £)! = ran (Ao,op — 2), that is, if and only if 
y(Ao)y € ran (Ag — 2). 
(ii) As in (i), it will first be shown that Popy(A)y € ran |Ao,op — a|? if and only if 
PopyAo)¢ € ran|Ao,op — z|? for A, Ao € p(Ao). Assume that 

Pop (do) e = |Aoop = #1? f 


for some f € dom|Ao op — x|2. It follows from the functional calculus for un- 
bounded self-adjoint operators that 


(Ao,op — A)~"|Ao,op — £ r= |Ao,op — z|? (Ao,op =A}! 


and hence, since y(A) = (I + (A — Ao) (Ao — A)7)y(Ao), one has that 
Popy(A)e = Pspy(o) e T (A v2, Ao) (Ao,op = A)T Popy¥Ao)¥ 
= |Ao,op — 2|? f + (A= A0) (Ao,op — A)| Ao,op — 21? f 
= |Ao,op — z|Ż f + (A — Ao)|Ao,op — z|? (Ao,op — A)" f, 


that is, Popy(A)y € ran|Aoop = a2. Thus, Popy(Ao)y € ran|Ao,op — a|? im- 
plies Popy(A)y € ran|Ao,op — a2. Since Ag and A in the above argument can be 
interchanged, it is clear that Popy(Ao)y € ran|Ao,op — x|? holds if and only if 
Papy (A)y € ran |Ao,op — x|? holds. 

To verify the remaining assertion in (ii), it is convenient to fix A = ào € C \R 
such that |Im o| > 1. One then concludes from (3.7.9) that the integral in (3.7.11) 
converges if and only if the integral 


| (/, are a(E()(20)¢.700)¢) dy 


converges. Changing the order of integration in the last integral and observing 
that 


[ l d 1 arct l t 
= rctan ; T, 
o Œa) ty ta] t= a] 


one sees that the integral in (3.7.11) converges if and only if 
1 1 
f ——— arctan —— d(E(t)y(ào)p, Y(ào)p) < œ. (3.7.12) 
r |t— 2 lt — a| 


Since the integrand in (3.7.12) is bounded on R \ (x — 1, x + 1), it follows that the 
integral in (3.7.11) converges if and only 


etl 
f l NN < 00, 


-1 lt- z| 
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which is equivalent to 


Í : d(E(t)y(Ao) 9, YAo)v) < co 


lt = z| 


and to i 
[p Eo ©) Fan V00) Pop V00) < 20. 


Therefore, (3.7.11) holds if and only if 


Pop Y(Ao)¢ € dom | Ao, op — a|7? = ran |Áo,op — x 2, 


that is, if and only if (Ao) y € ran |Ao — x|2. 


3.8 Spectra and local minimality for 
self-adjoint extensions 


In this section the results on eigenvalues, eigenspaces, continuous, absolutely con- 
tinuous and singular continuous spectra from Section 3.5 and Section 3.6 will be 
explicitly formulated for arbitrary self-adjoint extensions of a symmetric relation. 


Let S be a closed symmetric relation in § and let {9, ro, I1} be a boundary 
triplet for S* with y-field y and Weyl function M. Consider a self-adjoint extension 


Ao = {f € S*: Tf € O} = ker (T1 — OL) (3.8.1) 


of S in §, where O = O* is a self-adjoint relation in 9. Recall from Corollary 1.10.9 
that there exist operators A,B € B(G) with the properties 


A*B=B*A, ABS =BA*, A*A+B*B=I=AA*+ BP*, 
such that 
O = {{Ay, By} : p E G} = {{¥, Y} E 9 : AY = Bry}. 


According to Section 2.2, the self-adjoint extensions Ao in (3.8.1) can also be 
written in the form 


Ao = {f€ S*: ATıf=BTof}. 


In order to describe the spectrum of Ao consider the boundary triplet {9, r6, T1}, 


where ; 
To) _ (B* —-A* To). 
(i) = (@ a) (tt): on 


cf. Corollary 2.5.11. Then one has 
Ao = ker, (3.8.3) 
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and the corresponding Weyl function and 74-field will be denoted by Mo and yo. 
For A € p(Ae) N p(o) they are given by 


1 


Me (A) = (A* + B*M(A)) (B* — A*M(A)) © (3.8.4) 


and 
1 


yo(A) = 7(A)(B* - A*M()) ~, 
respectively; cf. (2.5.17) and (2.5.18). From (3.8.3) it is clear that the spectrum 
of Ae can be described by means of the Weyl function Me. Therefore, the earlier 
results expressing the spectrum of Ap in terms of the Weyl function M (and the 
y-field y) can now be simply translated to the present context. The main results 
will be listed below; it is left to the reader to formulate analogs of the results in 
Section 3.7 in the present setting. 
First the analogs of Theorem 3.5.5 and Theorem 3.5.10 will be described. For 
this purpose define the operators RÌ, x € R, and RÌ, similar to Definition 3.5.2 
and Definition 3.5.8: 


Rog = lim iyMo(a + iy)ọ, pes, 
y 
and i 
RY = lim —Meliy)y, ye. 


As in Section 3.5, one has that RÌ, RÌ, € B(S). In terms of the boundary triplet 
{9, T0, T1} in (3.8.2) and the corresponding Weyl function Me in (3.8.4), Theo- 
rem 3.5.5 and Corollary 3.5.6 read as follows. 


Corollary 3.8.1. Let S, Ao, and Me be as above and let x € R. Then the mapping 
T: Naldo) OTt,(S) >R, FOATOF+B Tf, 


is an isomorphism. In particular, 


z € op(Ao) and Ne(Ae) © B(S) # {0} & RP #0, 
and if x Z op(S), then x € op(Ae) if and only if RÌ £0. 
Similarly, Theorem 3.5.10 and Corollary 3.5.11 take the following form. 
Corollary 3.8.2. Let S, Ao, and Me be as above. Then the mapping 


T : Rolde) © Ntoo(S) + ran RE, fro ATof t+ BTif, 
is an isomorphism. In particular, 


mul Ag © mul S ¥ {0} Re #0, 


and if mul S = {0}, then Ao is an operator if and only if RY, = 0. 
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For the next results the local simplicity condition appearing in many of the 
results in Section 3.6 has to be reformulated with respect to Ae. According to 
Definition 3.4.9, the closed symmetric relation S is simple with respect to A C R 
and the self-adjoint extension Ae if 


Ee(A)S = span { Eo (Ayo (v): 7 E C\R, y €S}, (3.8.5) 
where Ee(-) is the spectral measure of Ao. 


Then Theorem 3.6.1 yields the following statement. 


Corollary 3.8.3. Let S, Ao, and Me be as above, let A C R be an open interval, and 
assume that the local simplicity condition (3.8.5) is satisfied. Then the following 
statements hold for each x € A: 


(i) z € p(Ao) if and only if Me can be continued analytically to x; 
(ii) x € o-(Ae) if and only if R? =0 and Me cannot be continued analytically 
to x; 
(iii) x is an eigenvalue of Ao if and only if RÌ ¢ 0; 
(iv) x is an isolated eigenvalue of Ae if and only if x is a pole (of first order) of 
Mo; in this case RẸ is the residue of Me at x. 
If S is simple, then the statements (i)—(iv) hold for all x € R. 


Finally, the corresponding results for the absolutely continuous, singular, and 
singular continuous spectra will be formulated; it is left to the reader to state the 
analogs of Corollaries 3.6.6, 3.6.9, and 3.6.10. 


In the present situation Theorem 3.6.5 reads as follows. 
Corollary 3.8.4. Let S, Ao, and Mo be as above, let A C R be an open interval, and 


assume that the local simplicity condition (3.8.5) is satisfied. Then the absolutely 
continuous spectrum of Ae in A is given by 


axlo) NA = U closac({z € A: 0 < Im (Me(x + i0)p, Y) < co}). (3.8.6) 
peg 


If S is simple, then (3.8.6) holds for every open interval A, including A =R. 


For the singular and singular continuous spectra one obtains the following 
version of Theorem 3.6.8. 


Corollary 3.8.5. Let S, Ao, and Me be as above, let A C R be an open interval, and 
assume that the local simplicity condition (3.8.5) is satisfied. Then the following 
statements hold: 


(i) The singular spectrum of Ao in A satisfies 


(o,(Ae) NA) Cc U {x € A: Im(Me(z + i0)p, p) = oo}. 
peg 
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(ii) The singular continuous spectrum of Ao in A, osc(Aoe) NA, is contained in 
the set 


LL clos.({a € A : Im (Me(z + i0)p, p) = 00, lim y(Mo (a + iy)p, p) = Of). 
y 
pEg 


If S is simple, then (i) and (ii) hold for every open interval A, including A =R. 


Finally, the special case where the self-adjoint relation © in (3.8.1) is a 
bounded self-adjoint operator will be briefly discussed. In this situation there is 
a more natural choice of the transformed boundary triplet {9,Tġ, r1} above. In 
fact, if S is a closed symmetric relation, {S,[o,[1} is a boundary triplet for S* 
with y-field y and Weyl function M, and © € B(S) is self-adjoint, then, by Corol- 
lary 2.5.7, the mappings 


i = rı = OTo and T = -To 
lead to a boundary triplet {9, T6, T1} for S* such that 
ker T6 = ker (Ti — Oro) = Ao. 


For \ € p(Ap) N p(Ae) the corresponding 7-field yo and the Weyl function Me 
are given by 


yo(A) = —7(A)(9— M(A)) and Mel) = (© - MA), (3.8.7) 


respectively. Then the above results in Corollaries 3.8.1-3.8.5 remain valid with 
the function Mo in (3.8.7) and the mapping f +> A*To f+8B*T: f in Corollary 3.8.1 
and Corollary 3.8.2 replaced by f > —Tof. 
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Chapter 4 


Operator Models for 
Nevanlinna Functions 


The classes of Weyl functions and more generally of Nevanlinna functions will be 
studied from the point of view of reproducing kernel Hilbert spaces. It is clear 
from Chapter 2 that every Weyl function is a uniformly strict Nevanlinna func- 
tion and it is one of the main objectives here to show that also the converse is 
true: every uniformly strict Nevanlinna function is a Weyl function. The model 
space is built as a reproducing kernel Hilbert space of holomorphic functions. A 
brief introduction to reproducing kernel Hilbert spaces is given in Section 4.1. 
Using the Nevanlinna kernel in Section 4.2 multiplication operators by the inde- 
pendent variable are studied and a boundary triplet whose Weyl function is the 
original Nevanlinna function is constructed. For scalar Nevanlinna functions an 
alternative model in an L?-space is given in Section 4.3. The uniqueness of these 
constructions will also be discussed in detail. An extension of the operator model in 
Section 4.2 to Nevanlinna functions which are not necessarily uniformly strict, and 
to Nevanlinna families is provided in Section 4.4. This also includes a discussion 
of generalized resolvents, and as a byproduct one obtains the Sz.-Nagy dilation 
theorem. The connection with extension theory is given via the compressed re- 
solvents of self-adjoint relations in the Krein—Naimark formula in Section 4.5. It 
will be shown that for every Nevanlinna family there is a self-adjoint exit space 
extension whose compressed resolvent is parametrized by the Nevanlinna family. 
Closely connected is the discussion about the orthogonal coupling of two boundary 
triplets in Section 4.6, which also complements the considerations in Section 2.7. 


4.1 Reproducing kernel Hilbert spaces 


The following discussion of reproducing kernel Hilbert spaces is focused on what 
is needed in this text. Within these bounds there is a complete treatment for 
the reader’s convenience. In the first definition one restricts attention to open 
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sets, as the emphasis will be on reproducing kernel Hilbert spaces of holomorphic 
functions. 


Definition 4.1.1. Let Q C C be an open set and let 9 be a Hilbert space. A mapping 

K(-,-):Qx Q> B(S) (4.1.1) 
is called a B(G)-valued kernel on Q. The kernel K(-,-), the kernel K for short, is 
said to be 


(i) nonnegative, if for any finite set of points A1,...,An € Q and any choice of 
vectors 1,---,Yn E F the n x n matrix 


((K(Ai, Aje, pido); j= 
is nonnegative; 
(ii) symmetric, if K(A, w)* = K(u, A) for all A, w € Q; 
(iii) holomorphic on Q, if the mapping A++ K(A, u) is holomorphic on Q for each 
BED; 


(iv) uniformly bounded on compact subsets of Q, if for any compact set K Cc Q 
one has supyex ||K(A, A)|| < œ. 


Note that the first two items in this definition are not independent. Nonneg- 
ativity is the stronger condition. 


Lemma 4.1.2. Let K(-,-) be a B(G)-valued kernel on Q as in (4.1.1). If K(-,-) is 
nonnegative, then K(-,-) is symmetric. 


Proof. Let y,w € G and A, u E€ Q. According to (i), the 2 x 2 matrix 


Grea LRN 
(KH A)P.Y)s (KH uY, Y)s 


is nonnegative, and, hence hermitian. In particular, this implies that 
(KO, uY, p)s = (Klu, AJo, Y)s = V, Klu, A)9)s 


for all y, € 9. This gives K(A, )* = K(u, A), so that the kernel K(-,-) is sym- 
metric. 


The kernels described in Definition 4.1.1 form the basis of the theory of 
reproducing kernel Hilbert spaces. They arise naturally in the following context. 
Let 2 C C be an open set and let (8, (-,-)) be a Hilbert space of functions defined 
on Q with values in a Hilbert space 9. The Hilbert space § is called a reproducing 
kernel Hilbert space if for all u € Q the operation of point evaluation 


fen sfmes 
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is bounded. In other words, for each u € Q the linear operator E(u): 5 > 9, 
defined by E(u) f = f(u), belongs to B(8, 9). 

In the next theorem a kernel is related to a Hilbert space of functions in 
which point evaluation is bounded. 


Theorem 4.1.3. Let G be a Hilbert space and assume that (,(-,-)) is a Hilbert 


space of G-valued functions on an open set Q C C such that point evaluation is 
bounded for all u E€ Q. Define the corresponding kernel K(-,-) by 


K(A, u) = EF) E(u)" € BS), Awe Q. 
Then the following statements hold: 


(i) For f € § one has the reproducing kernel property 
(FKE ue) = (F) e)s PES, ER. (4.1.2) 
(ii) The identity 
(K(-, v)n, K(:, L)) = (K(u, v)n, ~)s 
is valid for all v, E Q andn, € G. 
(iii) K(-,-) is nonnegative and symmetric. 
(iv) 6 =span {K(-,u)p: u EQ, p E9}. 


(v) If the G-valued functions in § are holomorphic on Q, then K(-,-) is holomor- 
phic and uniformly bounded on compact subsets of Q. 


Proof. (i) & (ii) Note that for f € 5, p € 9, and u € Q one has 


(Flu) 9)3 = (E(w, p)s = (f, E(u) e) 


and observe that E(u)"ọ is a function in § whose value at A € Q is given by 
(E(u)"e)Q) = EAE)" p = KA, We. 


This implies that K(-,-) has the reproducing kernel property (4.1.2). The identity 
in (ii) follows with the special choice f(-) = K(-,v)n. 
(iii) To see that K(-,-) is a nonnegative kernel it suffices to observe that the matrix 


n 


= (EA pj BAD i)i 
is nonnegative. Lemma 4.1.2 implies that K(-,-) is symmetric. 


(iv) In order to see that the subspace span {K(-, w)y : u E€ Q, p € G} is dense in 
§, assume that there is an element f € H such that (f,K(-,~)y) = 0 for all p € 9 
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and u € Q. But then (f(u), p) = 0 for all y € 9 and u € 2. Hence, f(u) = 0 for 
all u € 9, i.e., f is the null function, which completes the argument. 


(v) To see that K(-,-) is uniformly bounded on compact subsets of Q, note first 
that 
IKANI = EWEA" = IEAI. (4.1.3) 


Now observe that for all f € § and ye 9, 
(EA) p)s = (FA) p)s- 


Since by assumption the function A +> f(A) from Q to J is holomorphic, it follows 
that the mapping A + E(A) from Q to B(S,9) is holomorphic, which implies 
that A +> ||E(A)|| is continuous. Hence, for any compact set K C Q there is some 
M’ > 0 such that 

sup ||(X)|| < M’. 

AEK 


Therefore, (4.1.3) shows that the kernel K(-,-) is uniformly bounded on compact 
subsets of Q. 


It has been shown in Theorem 4.1.3 that a Hilbert space of S-valued func- 
tions in which point evaluation is bounded gives rise to a nonnegative kernel that 
possesses the reproducing kernel property in (4.1.2). Now it will be shown, con- 
versely, that any nonnegative kernel K(-,-) gives rise to such a reproducing kernel 
Hilbert space. Assume that K(-,-) is some nonnegative kernel on Q with values 
in B(G). Then K(.,-) is automatically symmetric by Lemma 4.1.2. Consider the 
linear space of functions from Q into 9 generated by K(-,-) via 


o 


H(K) := span {à > K(A, py: HEN, pE S}. (4.1.4) 
Define the form (-,-) on generating elements by 
(K(,”)7, K(-, u)p) = (K(u, v)n, P)s; v, u E Q, n, E9, (4.1.5) 


and extend it to a form on $(K) by 


n,m 


ome ajK(-,))23, 0, BKC mhi) = Do (Klm viajp, Bi) g, (4.1.6) 
i ij=l 


where aj, 8; € C, vj, Hi € OQ, and pj yj € G forj =1,...,n,i=1,...,m. 
In particular, one has by (4.1.5) for all f € (K) 


(KO, up) = (Flu) p)ss HER, pes. (4.1.7) 


Thus, the definition of the form (-,-) in (4.1.6) implies the reproducing kernel 
property in (4.1.7); the kernel K(-,-) is called a reproducing kernel, relative to the 
linear space §(K) in (4.1.4). It will now be shown that the form defined by (4.1.5) 
or (4.1.6) is actually a scalar product. 
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Lemma 4.1.4. Let Q C C be an open set, let G be a Hilbert space, and let the kernel 
K(-,-) in (4.1.1) be nonnegative. Define the space $(K) by (4.1.4) and define the 
form (-,-) on §(K) as in (4.1.5) and (4.1.6). Then §(K) is a pre-Hilbert space with 
the scalar product (-,+). 


Proof. A straightforward calculation shows that (-,-) is a well-defined sesquilinear 
form on §(K). By Lemma 4.1.2, the kernel K(-,-) is symmetric and this yields that 
(-,-) is symmetric. In order to show that (-,-) is nonnegative on §(K), observe that 


(SO ak ren Do, uK) = DO Kon rayen as) g 
i,j=1 
= > ((K(v%i, vi) Pj Pi) gaj ai), 
i,j=l 


(4.1.8) 


for all 41,...,Un E€ Q, Y1,---,Yn E€ J, and ay,...,Qn E€ C. Clearly, the last term 
is equal to 


(K(11,%1)¢1,91)5 e (K(M1,%)en, g1)s\ for a 


(K(vn, v1)Y1, Pn)s aa (Kn, Un) Pns Pn)s An An 


The assumption that the kernel K(-,-) is nonnegative means that the n x n matrix 
n 
[(K(vi, vj) pj, pi)s] i,j=1 


is nonnegative. Thus for a typical element 
f= DF KC v)p; ESK) 
j=1 


one sees that (f, f) > 0 and hence (-,-) is a nonnegative symmetric sesquilinear 
form on §(K). In particular, (-,-) satisfies the Cauchy-Schwarz inequality. This 
implies that (-,-) is positive definite. In fact, if (f, f} = 0 for some f € 9(K), then 


(if. 9)? <(ff)(g.g) =0 forall g € §(K). 


Hence, with g = K(-,u)~, u € Q, Y € 9, the reproducing kernel property (4.1.7) 
shows that 
0= (F, KC, u)Y) = (FH), ¥)s- 
Thus, f(u) = 0 for all u € Q and so f = 0 € $(K). 
Summing up, it has been shown that (-,-) is a positive definite symmetric 
sesquilinear form on $(K), that is, (+) is a scalar product and (5(K), (,:)) isa 
pre-Hilbert space. 


228 Chapter 4. Operator Models for Nevanlinna Functions 


In the following theorem it is shown that a nonnegative kernel K(-,-) on Q 
produces a Hilbert space 9(K), as a completion of $)(K), of functions on 2 for which 
point evaluation is a continuous map. Moreover, if the kernel is holomorphic and 
uniformly bounded on compact subsets of Q, then the functions in the resulting 
Hilbert space are holomorphic. 


Theorem 4.1.5. Let G be a Hilbert space, let K(-,-) be a nonnegative kernel on the 
open set Q C C, and let the form (-,-) on 9(K) be defined as in (4.1.5) and (4.1.6). 
Then the following statements hold: 


(i) The completion (K) of the pre-Hilbert space (5(K), (-,-)) can be identified 
with a Hilbert space of S-valued functions defined on Q. 


(ii) For f € H(K) one has the reproducing kernel property 


(F, KC, u)p) = (F(u), p)s, LEQ, PES. 


(iii) For A € Q the point evaluation E(A) : H(K) > 9, f = E(A)f = f(A) isa 
continuous linear mapping and 


K(A, u) = BA) E(u)", A, we Q. 


(iv) If the kernel K(-,-) is holomorphic and uniformly bounded on every compact 
subset of Q, then the functions in (K) are holomorphic on Q. 


Proof. (i) Let (9(K),(-,-)) be the Hilbert space that is obtained when one com- 
pletes the pre-Hilbert space ((K), (-,-)). It will be shown that the elements in 
§(K) can be identified with S-valued functions on Q. For this let f € §(K) and 
fix some A € Q. Consider the functional 


Wpra:G>C, gr (KC, Ap, f). 


Then an application of the Cauchy—Schwarz inequality shows that 


Maly)? = MKC, AYO AP? 


< IKC Apl IFIP? 

= (K(-,A)e, KC AJp)ILFI? 
= (K(A,A)¢, p)s IfI? 

< KA, AHAI Tells, 


and hence Wy is continuous. By the Riesz representation theorem, there is a 
unique vector Ys a € G such that 


(2 Vers =Vrrly) = KGA fh PES. 
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Let §(Q, 9) be the space of all S-valued functions defined on Q, and consider the 
mapping 


1: 8(K) > 39,9), falf), where o(f)(A):= Yfa. (4.1.9) 


It follows from the definition of 1 and Ypf à that 


(L(A)OA), P) ¢ = (Wraps = (f, K(-, A)p), (4.1.10) 


and this equality also shows that v is a linear mapping. 

The mapping + in (4.1.9) is injective. To see this, assume that (f) = 0 
for some f € §(K). This means o(f)(A) = 0 for all A € Q, and (4.1.10) implies 
(f, KC, A)y) = 0 for all A € Q and ọ € 9. Since the linear span of the functions 
K(-,A)y forms the dense subspace §(K) of (K), it follows that f = 0, that is, v 
is injective. 

Observe that for f € $(K) it follows from (4.1.10) and the reproducing kernel 
property (4.1.7) that 


(AIO), ¥)g = (f, K(-, A)y) = (f(A), 9)s; gE S, 


for all A € Q, and hence (f) = f for f € §(K). In other words, + restricted to the 
dense subspace $)(K) is the identity, so that 4(5(K)) = 9(K). 

Finally, item (i) follows when the subspace ranv of §(Q, 9) is equipped with 
the scalar product induced by (K), that is, for f,g € ranı define 


(a) = (OF 079). 
Then z is a unitary mapping from the Hilbert space (5(K), (-,-)) onto the Hilbert 
space (ran, (-,:).). 


(ii) After identifying ı( f) and f € (K) as in (i), the reproducing kernel property 
is immediate from (4.1.10). 


(iii) With the identification from (ii) observe that for all A € Q and y € G the 
mapping 
fr (FO), 9)s (4.1.11) 


is continuous on §(K). In fact, this follows from (ii) and the computation 
(fA), p)sl? = (f KC, )¢)I? 


| 
< (f, PKC, A)Y, K(, A)y) 
(KA, A), y)sIlfIP?- 


For a fixed à € Q the mapping 


E(A):9(K) +9, fr EA) = fA), 


230 Chapter 4. Operator Models for Nevanlinna Functions 


is closed. To see this, suppose that fa > f in (K) and E(\)f, > Y in 9. As 
dom F(A) = (K), it follows that f € dom F(A) and the continuity of (4.1.11) 
then yields 


(Y, p)s = lim (E(A) fn, p)s = lim (fn(A), 9)s 
= (fA), p)s = (EAS, 9)s 


for all y € J. This shows E(A)f = w and hence E(A) is a closed operator. Since 
dom F(A) = H (K), the closed graph theorem implies that E(A) is continuous. 

It remains to check the identity K(A, u) = E(A)E(u)* for A, u € Q. For this 
let y, Y E€ 9, å, u E€ Q, and note that E(u)*p € H(K) is a function in the variable 
à. Hence, E(A)E(u)*p = (E(u) p)(à), the reproducing kernel property, and the 
symmetry of the kernel K(-,-) imply 


which shows that K(A, u) = E(A)E(p)*. 


(iv) Let f € H(K) and choose a sequence fn € §(K) such that fn > f in §(K). 
By assumption, the functions K(-, u) are holomorphic on 2, and hence so are the 
functions fn. Now let K C Q be a compact set and let supye,x ||K(A, A)|| = Me. 
Then for A € K one gets 


IEA) = fr), 9)s1 =F- fas KO A) 
< || f — fallllK( All 
< IIF = fall(KO, AJo, 9) 67 
< MPI - fallllells, 


and hence (fn(-),~)g > (F(C), p) uniformly on K for all y € 9. As K is an 
arbitrary compact subset of Q, it follows that the function A +> (f(A),y)g is 
holomorphic on Q for all p € 9. This implies that f is holomorphic. 


If the kernel K(-,-) is holomorphic and uniformly bounded on every compact 
subset of Q, then the elements in the reproducing kernel Hilbert space §(K) can 
be described as holomorphic functions from Q to 9 which satisfy an additional 
boundedness condition involving the kernel K(.,-). 


Theorem 4.1.6. Let G be a Hilbert space, assume that K(-,-) is a nonnegative 
holomorphic kernel on the open set Q C C which is uniformly bounded on every 
compact subset of Q, and let (§(K),(-,-)) be the associated reproducing kernel 
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Hilbert space. Then f € 9(K) with || f|| < y if and only if f : Q —> G is holomorphic 
and then x n matrix 


P [Kwi vipi pis]; = [(F%), vio FO), ¥9)6 1; 5-1 (4.1.12) 
is nonnegative for all n € N, 4,...,Un E Q, and Y1,..., Pn E€ G. 


Proof. In order to prove the necessary and sufficient conditions it is helpful to note 
that the formulation of the condition (4.1.12) is based on the following identities. 
For the reproducing kernel K(-,-) one has, as in (4.1.8), 


5 ((K(vi, 45) 23, Pi) gaz ai) = |, aKu) (4.1.13) 


ij=1 
for all 11,...,Un € Q, Y1,..-,n E 9, and ay,...,a, € C. Furthermore, for a 


function f : Q — 9 which is holomorphic one has 


n 


DY (Sed. STUA 1-00) 
= So (fi) ipi) (FU), ap) 
edas) (Theres (4.1.14) 


j=1 


II 
TT 
3 
m 


for all r1,..., Vn E Q, Y1,- -., Yn E 9, and ay,...,Q@, E C. 

Assume that the function f : Q —> 9 is holomorphic and there exists y > 0 
such that the nxn matrix (4.1.12) is nonnegative for all n € N, v1, ..., Vn € Q, and 
P1;,::-;Pn € 9. Together with (4.1.13) and (4.1.14), this implies that the relation 
from §(K) to C, spanned by the elements 


B ajK(-, viend (ajPj, fesh 


where n1,..., Vn E Q, Y1,.--;,2n E€ 9, and ay,...,a, € C, is a bounded func- 
tional with bound y. Furthermore, it is densely defined on §(K), so that it admits 
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a uniquely defined bounded linear extension defined on all of §(K). This func- 
tional is represented by a unique element F € §(K) with ||F|| < y via the Riesz 
representation theorem. In particular this means that 


(p, FU) = (Ke Ye, F), ved, pes, 


whereas by the reproducing kernel property one has 


(KC v)p, F) = (F, KC v)p) = (Fu), 9)g =@FW))g, VER, ves. 


Combining the last two identities one concludes that f = F, which gives that 
f € 5(K) and || FI] < 7. 

For the converse statement, assume that f € §(K) and ||f|| < y. Then the 
function f : Q > 9 is holomorphic and for all v1,..., Vn € Q, %1,-.-;, Yn € 9, and 
Q1,---,Qn € C one has by means of (4.1.14) and the fact that f € 5(K) 


m 


a (Fi), pi)s (f (ri), Pi)g Qj, ai) 


n 2 


=X Se) ag) 


j=1 


n 


=| X (f, a; KC 19) @5) 


j=1 


2 


n 


E (PE KC ves) 


X aK vej 
j=1 


2 


2 


< IIZI? 


Together with (4.1.13) and ||f|| < y this gives (4.1.12). 


Due to the holomorphy it is sometimes convenient to consider a set of func- 
tions A+ K(A, u)y, p € 9, on a determining set of points p € Q. 


Corollary 4.1.7. Let K(-,-) be a nonnegative holomorphic kernel on an open set 
Q C C which is uniformly bounded on every compact subset of Q, and let H(K) be 
the associated reproducing kernel Hilbert space. Let D C Q be a set of points which 
has an accumulation point in each connected component of Q. Then 


H(K) = span {à > K(A, up: uE D, pE} 


Proof. The inclusion (D) is obvious from (4.1.4). To show the inclusion (C), it 
suffices to verify that the linear space 


span {A> K(A,u)p:uED, ye G} 
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is dense in H(K). Therefore, let f € H(K) be orthogonal to this set. Then 


0 = (f, KC, u)p) = (F(u) p)s 


for all u € D and ọ € SG, and hence f(u) = 0 for all u € D. Since f € H(K) is 
holomorphic on 2, the assumption on D now implies that f(A) = 0 for all A € Q. 
Hence, f = 0 and the proof is complete. 


Let K(-,-) be a nonnegative holomorphic kernel on an open set Q. If Q’ c C 
is an open set such that Q C Q’ and if K’(-,-) is a nonnegative holomorphic kernel 
on Q extending K(-,-), then the functions in the reproducing kernel Hilbert space 
§(K) may be seen as restrictions to Q of the functions in the reproducing kernel 
Hilbert space §(K’). 

Proposition 4.1.8. Let K(-,-) be a nonnegative holomorphic kernel on an open 
set Q C C which is uniformly bounded on every compact subset of Q. Assume 
that Q! C C is an open set such that Q C Q’ and that K'(-,-) is a nonnegative 


holomorphic kernel on Q! which is uniformly bounded on every compact subset of 
Q and which is equal to K(-,-) on Q. Then 


HK) = { fla: fE H(K’)}. 
Proof. Consider the linear space of functions from Q’ into § generated by K’(-,-) 
via 
§(K’) := span {A+ K’(A, py: EV, p ES}. 


It is clear that the analogous linear space 
$(K) = span {À > KOA, py: HENES} 


is contained in §(K’) in the sense that each function A+ K(A, u)ọ with u € Q is 
the restriction to Q of the function À > K’(A, )y. Hence, a continuity argument 
shows the inclusion 
S(K) C {fla : f € 5(K)}. 
For the opposite inclusion consider f|o : Q — C for some f € H(K'), and set 
y = ||fl|.- Then, by Theorem 4.1.6, the matrix 


m 


7 [(K' (vi, 19) 95, pis]; j= = [ (Fri), Yi)g (Fwi) Pa)g lij- 


is nonnegative for all n € N, 11,..., Vn € Q’, and ¢,...,%n € J. In particular, 
P [(K(r;, viej pida] 51 E | (Fri), vids (f(v), i)g laj 
is nonnegative for all n € N, r1,..., Vn € Q, and %1,..., Yn € J. Another applica- 


tion of Theorem 4.1.6 implies f|o € (K). 


Under suitable circumstances multiplication of a given reproducing kernel 
by an operator function gives rise to a new reproducing kernel. In the follow- 
ing proposition this fact and the relation between the corresponding reproducing 
kernel Hilbert spaces are explained. 
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Proposition 4.1.9. Let G be a Hilbert space, assume that K(-,-) is a nonnegative 
kernel on Q, and let (9(K), (-,-)) be the associated reproducing kernel Hilbert space. 
Let ® : Q — B(G) be such that 0 € p(®(A)) for all `E Q. Then 


KoA, u) = ®(A)K(A, 1) O(n)" (4.1.15) 


is a nonnegative kernel on Q and the corresponding reproducing Hilbert space 
(H(Ke), (-,-)e) is unitarily equivalent to §(K) via the mapping 


Moreover, if K(-,+) is holomorphic and uniformly bounded on every compact sub- 
set of Q, and ® is holomorphic, then also Ko(-,-) is holomorphic and uniformly 
bounded on every compact subset of Q. 


Proof. The definition (4.1.15) leads to the identity 


((Ka (àz, Ajj Fads D= i = ((K(Ai, ABAD pj BAN Gi) 8), 


i j=1 


Hence, the nonnegativity of K(-,-) implies that Ka(-,-) is a nonnegative kernel. 
Moreover, (4.1.15) shows that for all u € Q and y € 9 


DKC, u)y = B(-)K(-, 4) B(u)* Eu) “yp = Kal, u) p. 
Hence, Ma maps §(K) onto (Ko). The identity 


(DKC up, BC) KC, vb) = ees Kal, parades 


— (K “LY, K( (,v)v), 


which is valid for all u,v € Q and all y,v € 9, shows that the mapping Mo 
from (K) onto §(Kg) is an isometry. Its unique bounded linear extension gives 
a unitary mapping from §(K) onto (Kə). In order to see that this extension Mo 
acts as multiplication by ® on all functions in (K), let f € (K) and choose 
a sequence fn € §(K) such that fa — f in (K). By isometry, the sequence 
Mefn converges to Maf in §(Ke). Observe that the approximating sequence 
(fn) satisfies for all y € 9 


(Ma fn)(-), Kal H)%)— = (®(-)fn(-), Kol, 4) 2)» 
= en ) p)s 
= (falu) ®(H)"¥) g 
= (fnl-), KC, #)®(u)* p). 
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Hence, taking limits one sees that 
((Mef)(-), Kalo “)e)5 = (FC), KC, u)E (u) 9), 

and therefore 
(Mafu) y) = ( 
={ 
( 


(Mo f)(-), Kel u)P)a 
f(-), KC, #)®(H)*y) 
f(u), P(H)* 9) g 

= (®(u) f(H),%) 


for all y € §. This shows (Mo f)(u) = (u) f(u) for all p € Q. 
The last assertion on the holomorphy and uniform boundedness of Ke(-,- 
on compact subsets of Q is clear. 


4.2 Realization of uniformly strict Nevanlinna functions 


The aim of this section is to show that every operator-valued uniformly strict 
Nevanlinna function can be realized as the Weyl function corresponding to a 
boundary triplet. The reproducing kernel Hilbert space associated with a given 
uniformly strict Nevanlinna function will serve as a model space. The uniqueness 
of the model is discussed as well. 


Let 9 be a Hilbert space and let M be a B(G)-valued Nevanlinna function. 
The associated Nevanlinna kernel 


Nac(-,:) :Q xQ B(9) 
with Q = C \ R is defined by 
M(A) - M(u)" 

A- fp 


Naz (, y) = ’ A, u C\R, A 4 h, (4.2.1) 


and Nm (à, A) = M’ (A), A € C \ R. Then clearly the kernel Nyy is symmetric. The 
kernel Nw is holomorphic, since 


Ar Nar, u) 


is holomorphic for each u € C \ R. Moreover, from the definition of Nay one sees 
immediately that 
Im M(A) 
Nm(à, A) = ————, AEC\R 

u( ; ) Im \ ; € \ ’ 
and hence Na(A, A) > 0, A € C\R. In the next theorem it turns out that the 
kernel Nm is, in fact, nonnegative on C\ R. Note also that the kernel Nm is 
uniformly bounded on compact subsets of C \ R since 
IMO) 
[Im A} ’ 


Nm (A, A) || < AEC\R. 
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Theorem 4.2.1. Let M be a B(G)-valued Nevanlinna function. Then the kernel 
Nm in (4.2.1) is nonnegative. 


Proof. The function M has the integral representation 
1 t 
M(A)=a4 dX(t), R, 4.2.2 
A=atas+ | (re) aO Aec (4.2.2) 


with self-adjoint operators a, 8 € B(9), 6 > 0, and a nondecreasing self-adjoint 
operator function © : R + B(9) such that 


J 22 s0, 


where the integral in (4.2.2) converges in the strong topology; cf. Theorem A.4.2. 
For any n € N, points à1,..., Àn € C \ R, and elements ọ1,..., Yn € 9 it follows 
from (4.2.2) that 


(Nar (As, A5) 25 i)8) 5 j= 


= ((89;,¥%)8)5 gaa + (Ce ay a) ene) ) (42.3) 


ijg=l 


The first matrix on the right-hand side in (4.2.3) is nonnegative as for any vector 
(a1,--.,%n)' € C” and y = Ù 2,9; the nonnegativity of the operator 6 implies 
(Be1,~1)9 +++ (Bens yis) [2 Tı 
: : : = (Bp, p) 2 0. 
(By1,9n)g © (BYn:~n)s/ NEn) \tn 


To see that the second matrix on the right-hand side in (4.2.3) is also nonnegative, 
first use Proposition A.3.7 and Proposition A.3.4 to obtain 


Tı Tı 


En (4.2.4) 
a e 1 1 
3 a i b—Aj 


It is clear that for any finite partition a = tọ < tı < --- < tk = b of a finite interval 
[a,b] one has 


4.2. Realization of uniformly strict Nevanlinna functions 237 


and when max |t; — t;-1| tends to zero these finite Riemann-Stieltjes sums con- 
verge to 
n 


ey : . d(E(t)Ljpj, Tipi) o > 0. 
a tài t- àj eal 


ij=l 


Hence, also (4.2.4) is nonnegative; thus, both matrices on the right-hand side in 
(4.2.3) are nonnegative, and so is their sum, i.e., the kernel Nj, is nonnegative. 


According to Theorem 4.1.5, the nonnegative kernel N jy gives rise to a Hilbert 
space of holomorphic §-valued functions, which will be denoted by H(Nm), with 
inner product (-,-); cf. Section 4.1. Recall that the reproducing kernel property 


(Num uo) = (F) p) eS, wEeC\R, (4.2.5) 


holds for all functions f € H(Nm). The main results in this section concern a 
Nevanlinna function M and the construction of a self-adjoint relation which rep- 
resents M in a sense to be explained. The construction will involve the associated 
reproducing kernel space H(N m). 


Let M be a (not necessarily uniformly strict) B(G)-valued Nevanlinna func- 
tion. The first main objective in this section is the contruction of a minimal model 
in which the function 


AH -(M(A) +A) 


is realized as the compressed resolvent of a self-adjoint relation. The uniqueness of 
the construction will be discussed after the theorem. Note that the definition of the 
self-adjoint relation involves multiplication by the independent variable; however, 
the resulting functions do not necessarily belong to (Nas). 


Theorem 4.2.2. Let M be a B(G)-valued Nevanlinna function and let H(N m) be the 
associated reproducing kernel Hilbert space. Denote by Ps the orthogonal projection 
from H(Nm)®9 onto G and let tg be the canonical embedding of 9 into H(Nm) 99. 


Then 
a {{ a ' (27) i T (4.2.6) 


is a self-adjoint relation in the Hilbert space H(Nm)®9 and the compressed resol- 
vent of A onto G is given by 


P(A — A) lis = —(M(A) + A)}, AEC\R. (4.2.7) 


Furthermore, the self-adjoint relation A satisfies the following minimality condi- 
tion: 


H(Nm) © 9 = span {G,ran(A—A)“hg : AG C\ R}. (4.2.8) 
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Proof. Step 1. The relation A in (4.2.6) contains an essentially self-adjoint relation. 
Indeed, define the relation B in S(Nm) 6G by 


pam {{ (2), (AA) eessen 


It follows from the definition of Nm in (4.2.1) that 
HNm(E, Bo — ENm (E B) = M(u)jp- M(E)p, pes. 


Therefore, one sees from (4.2.6) that B C A. It remains to show that B is essen- 
tially self-adjoint. 

The symmetry of B is easily verified: it follows from the definition in (4.2.1) 
and the reproducing kernel property (4.2.5) that 


Ww ee ue) _ wa e Hl 
Mue Jj’ \ -o -9 J?\ Mow 
= (uNu(-,2)9, Nu(-,7)b) — (M (u)p, Y)s 
-= (Nu, Bp, uN (-,27)¥) + (p, M(v))5 
= (u -P)(Nmu (P, By, Y)s — (M (up, ¥)5 + (2, M(w)p)s =0 
for all p, % € 9 and all u,v € C \ R. This identity implies that B is symmetric in 
H(Nm) 9. 
To see that B is essentially self-adjoint, it now suffices to establish that 


ran (B — ào) is dense in H(Nm) © G for arbitrary Ao € C\ R. Observe that it 
follows from the definition that 


ran (B — ào) = span eee >ypeG, weCc\ R} ; 


The choice u = Ag together with the fact —Ao € p(M(Ao)) (see Definition A.4.1) 
imply that ran (M (Ao) + Ao) = 9 and hence 


{0} ®G Cc ran(B-— Ao). (4.2.9) 


Therefore, also the elements of the form 


uu? pEŞ, HEC\R, p#r, (4.2.10) 


belong to ran (B — ào). Moreover, since the set 
span {Nm (; u): p E€ 9, u E€ C\R, uF ro} 


is dense in H(Nm), see Corollary 4.1.7, it follows from (4.2.9) and (4.2.10) that 
ran (B — Xo) is dense in (Nm) @ G for all Ap E€ C \ R. 
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Now let B be the closure of the symmetric relation B. It is clear that B is 
symmetric and that ran (B— Ao) is closed (see Proposition 1.4.4 and Lemma 1.2.2). 
Hence, it follows from the above considerations that ran (B — ào) = H(Nm) @ 9, 
and Theorem 1.5.5 yields that B is self-adjoint in (Nm) © S. 


Step 2. The relation A is self-adjoint. To prove this, it suffices to establish that 
the closure of B coincides with the relation A. 
First one shows that the relation A is closed. To see this, let 


tlm) CEM tG) E ES) «OS: 


where the sequence on the left-hand side belongs to A, so that 


FalE) — Efn(8) =M(E)yn- Yn, €EC\R. 


Then taking limits in the last identity and using the continuity of point evaluation 
in (Nm), see Theorem 4.1.5, leads to the identity 


FE- EFE) =M(He-y', EEC\R 


Therefore, the relation A is closed. 
Since B C A and A is closed, one has B c A. Hence, to see that A = B 
it suffices to prove the inclusion A C B. As B is self-adjoint, it suffices to show 


A C B*. For this let 
iC) (ate 
yp ’ —y' 


Then f, f € H(Nar), p, g’ € 9, and 
FE- ESE = M(E- e, EEC\R (4.2.11) 
For an element in B of the form 
{ ee ae e n 
y JN Mu 
with ~ € 9 and some p € C \R it follows that 
(( f ) wuu p i) ae) 
=g —=4 p)’ \ M(uw 
= (fH) — Efi) +p — Mie.) q 
= (M(f)p—¢'+'- M(B), Y); =9, 


= 


where (4.2.11) with € = fi was used. This implies A c B* and thus A = B. Hence, 
A is self-adjoint in H(Nm) 6G. 
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Step 3. It remains to establish the identities (4.2.7) and (4.2.8). Both are direct 
consequences of (4.2.6). In fact, let A € C \ R and note that 


ao (LN) Ag stoi] 


and hence 


Ah —1 = a ae f F =Af, fE 5(Nu), p,p € 9, 
A-s = {tv ro (Dh r Gig Moe ef 
The condition f’ = Af yields (A — €)f(€) = M(E)y — ọy', € € C\R, and setting 
E = X one obtains y’ = M(A)y. Conversely, if (A — 6) f(€) = (M(€) — M(A))e 


and y! = M(\)y and f’ = Af, then f’(€) — €f(§) = M()y—y' for £ € C\R. 
Therefore, 


A-ayteg={{-arey +90. (2) beg Fens E roe) 


and this yields Ps(A — d)~!4g = —(M(A) + A)7!; recall that ~À € p(M(A)) for 
all A € C \ R. Hence, (4.2.7) is shown. Moreover, from (4.2.1) it follows that 


ran Paina) (F — A) Neg = {F € (Nm) : (A — ESE) = (M(E) - MA) p € 9} 
= {-Num ($, à) p: p E€9,EEC\R, EFA} 


and hence 


span {ran Po(ny) (A — A) tog > AE C\R} = H(Nar) 


by Theorem 4.1.5 and Corollary 4.1.7. This implies (4.2.8). 


The model and the self-adjoint relation in Theorem 4.2.2 are unique up to 
unitary equivalence. This is a consequence of the following general equivalence 
result. 


Theorem 4.2.3. Let 9, H, and $)' be Hilbert spaces and let A and A’ be self-adjoint 
relations in the product spaces 9 © 9 and H’ ® G, respectively. Denote by Pg and 
Ps the orthogonal projections from 8 ®G and H 8G onto X, respectively, and let 


tg and UG be the corresponding canonical embeddings. Assume that A satisfies the 
minimality condition 


ý © 9 =span{G,ran(A—)~tig : A € C\R} (4.2.12) 
and that A’ satisfies the minimality condition 


9' © G =span {9, ran (A — A)T : AC C\R}. (4.2.13) 
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Furthermore, assume that 
Pg(A—A)“Mg = P(A — A) th,  AEC\R (4.2.14) 


Then A and A’ are unitarily equivalent, that is, there exists a unitary operator 


U € B(§ @S,5’ @Y) such that A’ = UAU*. 


Proof. Note that the elements of the form 


X (ajy; + B(A- Ag) t), (4.2.15) 
j=1 
where pj, Yj € 9, œj, Bj E C, A; E C\R for j =1,...,n, and n € N are arbitrarily 
chosen, form a dense subspace of the Hilbert space § ® 9 by the assumption 
(4.2.12). Likewise, the elements of the form 


if 
n 


X (aj) + BA — A)T), (4.2.16) 
j=l 
where p}, Y; E€ 9, aj,8; E€ C, Aj E€ C\R for j = 1,...,n’, and n’ E€ N are 
arbitrarily chosen, form a dense subspace of the Hilbert space 9’ @ 9 by the 
assumption (4.2.13). 
Define the linear relation U from § @ G to §’ @ G as the linear span of all 
pairs of the form 


n n 


N lop + By(A — Ag) 1g), Y lap + By(A’ — Ag) Y) 9 


j=1 j=1 


where pj, Yj € 9, œj, Bj E C, A; E C\R for j =1,...,n, and n € N are arbitrarily 
chosen. Then according to (4.2.15) and (4.2.16) the relation U has a dense domain 
and a dense range. To show that the relation U is isometric, i.e., ||h’|| = ||A]| for 
all {h, h’} € H, one has to verify that 


yh aj pj + B(A àj) 1p), G Qipi + bi(4' = ADT Yi) 
j=1 i=1 
= X (aie; + B;(A- dy) by), > (aay + Bi(A- di) Vi) 
j=l i=l 


To see this, it suffices to observe that (4.2.14) ae 
((A’ ~~ dj) by, Pi) g = (P(A 1) hy, Pi) g 
= (PA Wy, Pilg 
=((A a Yi) g> 
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and, likewise, by symmetry, 
(pj, (4 - ADT ti) = (Yi, (A- A)T Pi) g- 


Moreover, using the resolvent identity, one sees that for A; # A; (4.2.14) implies 


= (Aj — a)? (A! = Ag) 1 Bi) g — ((A’ — ay, Hi) g] 
= (Aj = A)T (A = Ag)", Bi) g = (A = Aa)", bi) g] 
= ((A- rg) tA — ADT, Wi) g 

( AT j (A A) hi) gs 
and a limit argument together with the continuity of the resolvent shows that the 
same is true in the case A; = A;. Thus, the relation U is isometric; hence it is 
a well-defined isometric operator and the closure of U, denoted again by U, is a 
unitary operator from 5 6G onto H 9: 

Next it will be shown that A and A’ are unitarily equivalent under U. To see 

this, one needs to show 


U(A -At = (A -A'U (4.2.17) 


for some A € C \ R; cf. Lemma 1.3.8. Since all operators involved are bounded, it 
suffices to check this identity on a dense set of § 6 9; thus, in fact, it suffices to 
check this only for the elements in (4.2.15). Observe that for elements in (4.2.15) 


with A £ A; and y; := a one has, again by the resolvent identity, 
g a 


U(A— A)! (azp; + B(A — Ay) t4) 
=U((A-A)™* (azp; — ys) +y- As) 4) 
= (A! — A)! (aj9j — yt) + yA — A) 
= (A’ — A) (azp; + B(A — Aj) 7t) 
= (A’ -ATU (ajy; + By(A — A) t), 


and by the continuity of the resolvent the same relation holds also for A = Aj. 
Thus, (4.2.17) has been established. 


The second main result in this section concerns a minimal model for uniformly 
strict Nevanlinna functions. By means of Theorem 4.2.2 it will be shown that every 
uniformly strict Nevanlinna function M is the Weyl function corresponding to a 
boundary triplet of a simple symmetric operator in the Hilbert space (N m). After 
this result it will be shown that every boundary triplet producing the same Weyl 
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function is unitarily equivalent to the boundary triplet in this construction. Note 
that the description of (Sm )* involves functions which do not necessarily belong to 
(Nar); however the definition of Swm concerns functions which remain in (Nm) 
after multiplication by the independent variable. 


Theorem 4.2.4. Let M be a uniformly strict B(G)-valued Nevanlinna function and 
let H(Nyz) be the associated reproducing kernel Hilbert space. Then 


Su = {{f, F3 E H(Nar)? : FE) = EF(O} 4.2.18) 


is a closed simple symmetric operator in H(Nm) and its adjoint is given by 


(Sm) = {{F, F} E Nm)’ : FE- ESE =M Ep- o'p p € G}. (4.2.19) 


Moreover, the mappings 


ITof=% and Tif=¢', felSm), 4.2.20) 
are well defined and {9,T0, T1} is a boundary triplet for (Sm)*. The corresponding 
y-field is given by 


IAJ = -Nuh Ap (4.2.21) 
and the corresponding Weyl function is given by M. 


Proof. By Theorem 4.2.2, the relation 


= {{(Z) ( r )} | FF €H(Nmu), p ES, } 
ge}? \-0'] J FE - EFE) = M(E)y-¢' 
is self-adjoint in (Nar) © 9. The relations in (4.2.18) and (4.2.19) are defined in 


the component space §(Nj,); the condition that M is uniformly strict makes it 
possible to connect them with A. 


Step 1. The relation Sm in (4.2.18) is a closed symmetric operator with adjoint 
(Sar)* given by (4.2.19). First observe that the relation Sm in (4.2.18) satisfies 


senn( (MY) ONA) a 


when the space (Nyy) x {0} is identified with §(Nj,). Since A is self-adjoint, 
(4.2.22) implies that Sm is closed and symmetric, and it is clear from (4.2.18) 
that Sm is an operator. In order to find the adjoint of Sm, let the relation Ty, be 
defined by 


Tu = {{f.f} E 9(Nau)?: FE- EFE = MEP- o, pp ES} 


Observe that 


ljea e SE) (S) jT- @ tashe sw, 
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which leads to 
(Tm) = (Su)*. 


Hence, to conclude (4.2.19), it suffices to show that Tw is closed. To see this, 
assume that {fn, fL} € Tm converges in H(Nm)? to {f, f’}. Then there exists a 
sequence {pn, Y% } € 9? such that 


Sal =E Sne) = M (E)Pn — Pr» EEC\R 


By Theorem 4.1.5 (ii), the point evaluation is continuous, so that 


PaE) > FE and f,(€) > FE). 
Hence, 
M(E)pn — Gn > F(E) — EF (8) 
for all £ € C \ R. Taking € = ào and € = ào with Ay € C \ R one sees that 
(M(Ao) — M(Ao)) pn => f"(Ao) — Aof (Ao) — (F/(A0) — Aof(Ao)) 


and using that Im M(Ao) is boundedly invertible (since M is assumed to be uni- 
formly strict), it follows that 


(Qn > and hence also yi, > y 
for some y, y’ € 9. Therefore, 
FE- EFE = ME- €€C\R. 
In other words, {f, f’} € Tm, and hence Tm is closed. 


Step 2. The mappings in (4.2.20) form a boundary triplet for (Sm)*. First note 
that they are single-valued. Indeed, assume that {f, f’} € (Sm)* is the trivial 
element, then M(£)y — y’ = 0 for the corresponding elements y, y’ € 9 and all 
¿£ € C\R. Taking € = ào and € = ào with Ay € C\R and using the fact that 
ker (Im M (ào)) = {0}, one concludes that y = 0 and y’ = 0. 


To verify the abstract Green identity, let f = {f, f'},9 = {9,9'} € (Su)*. 
Then 


FE- EFE = MEy- y and g’(€) — Egl) = M(E- y 


for some y, y’, y, Y’ in G and some € € C \ R; moreover it is clear that 


OCOC 


Since A is self-adjoint and thus symmetric, one sees that 


(Fg) — (6,9) = (9.05 -(@¥)s5 = Cif, Tod) — (Cof, r19)s. 
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Thus, the abstract Green identity is satisfied. It remains to show that [ maps onto 
9?, which then implies that {9, To, I1} is a boundary triplet for (Sm)*. 

First, it will be shown that ranT is dense in §?. Suppose that {a’,a} € 9? 
is orthogonal to ranT, that is, 


(a’,y) + (a,y’)=0 forall {y,y’} € ranr. 


TO 


and hence M(é)a + a’ = 0 for all € € C\ R. Now as above one concludes that 
a = 0 and a’ = 0. Therefore, ranT is dense in 9?. 

Next, it will be shown that ranT is closed. For this consider again the self- 
adjoint relation A as a subspace of (§(Nar) ® 9)? and define the orthogonal pro- 
jections P and I — P by 


P(E CCRC) 
RASOM OR] 


respectively. Then PA= Tm = (Syz)* is closed and hence, by Lemma C.4, 


AF verP =AF (Q) ()) 


is closed. Since A is self-adjoint, it follows from this and (1.3.5) that 


ran a) Co -I7 7 
A+ (( {0} x {0} A + ker (I =P) 
is closed. By Lemma C.4, the relation (I — P)A is closed. Observe that (I — P)A 
is given by 
Hao} E 9: FE -EE = MOL- 9, ff’ E (Nu) } (4.2.23) 


and hence (4.2.23) is closed. In other words, ran([',—I',)' is closed or, equiva- 
lently, ran (To, T1)" is closed. 


It follows that 


and 


Step 3. The y-field and Weyl function corresponding to the boundary triplet 
(4.2.20) are given by y in (4.2.21) and M, respectively, and the symmetric op- 
erator Sm in (4.2.18) is simple. 

To establish the assertion about M being the Weyl function, fix A € C\R 
and let fy € Ñy ((Sm)*). Then fi (€) = Af (E) for all € € C\ R, and by (4.2.19) 


(A= Eal) = M (Epa -ya €€C\R, (4.2.24) 
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where p) = Tof and yp, = DA. The choice € = A in (4.2.24) shows M(A)y) = P5 
and hence ie x 

M(A)Pofx =P ify. 
As this is true for all fy € My ((Sar)*) and all À € C \ R, one concludes that M is 


the Weyl function corresponding to the boundary triplet (4.2.20). 


_ To compute the y-field and to show that Sm is simple, assume again that 
fy © M((Sar)*). Then (4.2.24) with € Æ A implies that 


M =p M(é)— M(A x 
: Sa Pr _ a ( = Nm (é, AJga. 


fr(€) 


Hence, the y-field corresponding to the boundary triplet (4.2.20) is given by 
(4.2.21), and since the elements fy(-) = Nas(-,A)y, E ker ((Saz)* — A) form a 
dense set in the Hilbert space H(Nm) (see Theorem 4.1.5 and Corollary 4.1.7), it 


follows from Corollary 3.4.5 that Sm is simple. 


Corollary 4.2.5. Let {9,To,T1} be the boundary triplet from Theorem 4.2.4 for 
(Sm)*. Then 


Ao = kerT'o = {{f, f} € H(Nu)? : FE- EFE =¢', v' ES} 


and 


A; =kerT, = {{f, f’} E H(Nu)* : F(E) — EFE) = MEy, p € 9} 
are self-adjoint relations in H(N m). 


It follows from Theorem 4.2.4 that mul (Sm)* is the linear space spanned 
by all linear combinations M(-)y — vy’, v,y’ € 9, which belong to the Hilbert 
space §(Nj,). Likewise, it follows from Corollary 4.2.5 that mul Ag consists of 
all constant functions in (Nm), while mul A, consists of all linear combinations 
M(-)y, p € 9, which belong to the Hilbert space H(N m). 


The construction of the boundary triplet in Theorem 4.2.4 is unique up to 
unitary equivalence. More precisely, if S is a simple symmetric operator in a Hilbert 
space §) and there is a boundary triplet for S* with the same Weyl function M as 
in Theorem 4.2.4, then the boundary triplets are unitarily equivalent in the sense 
of Definition 2.5.14 (where 9 = 9’). This is a consequence of the following general 
equivalence result, which is a further specification of Theorem 4.2.3. 


Theorem 4.2.6. Let S and S’ be closed simple symmetric operators in Hilbert 
spaces $) and $y’, respectively. Let {9,T0, T1} and {9, T6, T} } be boundary triplets 
for S* and (S")* with y-fields y and y', respectively. Assume that the corresponding 
Weyl functions M and M' coincide. Then the boundary triplets {9,T0, T1} and 
{9, T0, T1} are unitarily equivalent by means of a unitary operator U : 5 > 8! 
which is determined by the property 


Uy(A) = y (A), AEC\R. (4.2.25) 
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Proof. The basic idea of the proof follows the proof of Theorem 4.2.3. By as- 
sumption, the Weyl functions M and M’ of the boundary triplets {9, To, r1} and 
{9, T6, T1} coincide. It follows from Proposition 2.3.6 (iii) that the corresponding 
y-fields y and y’ satisfy the identity 


yu) yA) = ——— 
AN TE (4.2.26) 


for all A, € C\R, à # m, and y(A)*7(A) = y (A)*y (A) follows by continuity. 
Define the linear relation U from § to §/ as the linear set of all pairs of the form 


where y; € 9, aj E€ C, Ay € C\R for j = 1,...,n, and n € N are arbitrarily 
chosen. It is clear from the definition of U that its domain is given by 
dom U = span {rany(A) : à € C \ R} 
= span {ker ((S)* — A): \€C\ R}, 
and its range is given by 
ranU = span {rany/(\):A€C\R} 
= span {ker (($”)* — 4): AE C\ R}, 
which are dense in § and ’, respectively, since S and S’ are both simple by 
assumption; cf. Definition 3.4.3 and Corollary 3.4.5. From (4.2.26) it follows that 
the relation U is isometric; hence, it is a well-defined isometric operator. Therefore, 
U extends by continuity to a unitary operator from 9 to 9’, denoted again by U. 
From 
UyA)e = Y (A)y, AEC\R, ves, (4.2.27) 
it follows that for each A € C \ R the restriction U : ker (S* — A) — ker ((.$’)* — A) 
is unitary. Thus, (4.2.27) implies by Proposition 2.3.6 (ii) that 
PiyA)y, aYA)¢} = {e, MOA) ¢} 
= {p, M’(A)y} 
=T'{7/A)e.A7 Ae} 
=I" {U7(A)y, AUYA}, 
and, in particular, 
To{yA)e, AAP} = To{U Ale, UIA) ¢}, 
ri {Ay AIA) e} = TU IA) ¢, AVIA) }, 
for all A € C\ Rand ye S. 


(4.2.28) 
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Now let Ag = ker and Aj = ker IG. Then the property (4.2.27) and Propo- 
sition 2.3.2 (ii) imply 


U(I+ (A= p)(Ao — A) yle) = UA) 


for all A, u € C \ R, and hence 
U(Ao — A) y(u) = (4g = A) Uglu), AE C\R. 


Since S' is simple, one sees that span {ran y(u) :  € C \ R} is a dense subspace of 
§ and hence 
U(Ap — A) = (Ah — A) 1U, AEC\R, 


and 
U(Ap — A) *U* = (Ah — A), AEC\R, (4.2.29) 


follow. Therefore, by Lemma 1.3.8, the self-adjoint relations Aj and Ap are uni- 
tarily equivalent, that is, 
Ao = {{Uf,Uf'} : {F, F'} € Ao}. (4.2.30) 
This immediately yields 
To{Uf,Uf'}=0 and To{f, f’} =0, {f, F} € Ao. (4.2.31) 
Furthermore, each { f, f’} € Ao can be written as 
{ff} = {(Ao — A)-*U"g, (I + A(Ao — A)~*)U*g} 
for some g € 9’, so that by means of (4.2.29), Proposition 2.3.2 (iv), and (4.2.27) 
one obtains that 
DUS, US} =T {U(Ao — A) 7U*g, U (I + (Ao — d)~*)U*g} 
=T{(Ap —A)~"g, (I + A(Ag — A)" g} 
= 7 (A)*g 
= 7(A)*U"g 
=T1{(4o — A) Ug, (I + A(Ao — aya}. 
Therefore, 
TULU FY =A fh, {hf} E Ao- (4.2.32) 


To see that the boundary triplets are unitarily equivalent, first recall that Ao 
and Ag are unitarily equivalent, see (4.2.30), and that 


PASY) = {{U fa, Ua} : (fa, Afa} E SY 
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cf. (4.2.27). The direct sum decompositions 
(S’)* = Ag + 9t\((S’)*) and S* = Ao + My(S*) (4.2.33) 
for À € p(Ao) = p(Ap) from Theorem 1.7.1 now show that 
ey = {0r An rreh (4.2.34) 


so that S* and (S')* are unitarily equivalent. It follows from (4.2.33) and the 
equalities (4.2.28), (4.2.31), and (4.2.32) that 


roU UF} = Tof f} and THUFLUFY SAEF {hf pes. 


Together with (4.2.34) this shows that the boundary triplets are unitarily equiva- 
lent. 


Let M be a uniformly strict B(9)-valued Nevanlinna function and consider 
the corresponding model in Theorem 4.2.4. Denote the boundary triplet (4.2.20 
for (Sm)* in this model by {9, (Tm)o, Tumhi: 


Tum)f=p and (Tuf =%', f =f F} € (Sm). (4.2.35) 


According to Theorem 2.5.1 and Proposition 2.5.3 every operator matrix 


— Wit Wie 
W= es n] € B(S x 9,95 x39) (4.2.36) 


with the properties (2.5.1) gives rise to a boundary triplet {9, (T m)h, (T m)1} for 
(Sm) via (Caz)! = WT m, that is, 


(Tm)o Wir Wi2\ /Tm)o 

— 4.2.37 
(an Wo. Woe) WCmu)’ ( ) 
and the corresponding 7-field and Weyl function are then given by 


1 


YA) = (A) (Wir + Wi2M(A)) ~ (4.2.38) 


and 
M'(A) = (War + W22M(A)) (Wir + Wi2M(A)) ~. (4.2.39) 


The function M’ = W[M] in (4.2.39), being a Weyl function, is a uniformly 
strict B(G)-valued Nevanlinna function. Let (Nw) be the associated reproducing 
kernel Hilbert space. Then according to Theorem 4.2.4 


Sw = {{F, F'} € (Nw)? : F'(€) = EF (6)} 
is a closed simple symmetric operator in (Nw) and its adjoint is given by 


(Sm )* = {{F, F'} € §(Nw)? : F'(€) — EF (6) = M'(W— ', p, y € 9}. 
(4.2.40) 
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The corresponding boundary triplet {S, (T w )o, (Tw )1} is given by 
Cum) =y, CumhFf=p, P={FF}€ (Sw), (4.2.41) 


and according to Theorem 4.2.4 the corresponding Weyl function is W’. In the 
next proposition it will explained how this model for M’ is connected with the 
space (N) and the transformed boundary triplet {9, (Tm), (T m)1} for (Sar)* 
in (4.2.37). The unitary map ® in (4.2.43) below provides the unitary equivalence 
between the boundary triplets in the sense of Theorem 4.2.6. 


Proposition 4.2.7. Let M be the Weyl function in Theorem 4.2.4 with boundary 
triplet {9, (T m)o, (T m)ı} and let W be of the form (4.2.36) with the properties in 
(2.5.1) so that {9, (T m)o, (Par) } in (4.2.37) is a boundary triplet for (Sm)* with 
corresponding Weyl function M’. Then the kernels Nyy and Nyy are connected via 


Nw (A, u) = P(A)Nm (à, WPu)“, (4.2.42) 
where ® : C \ R > B(9) is a holomorphic function given by 
D(A) = (Wi + M(Q)Wi) `. (4.2.43) 


Furthermore, f= {f, F} € (Sm)* if and only if P= {PFEF} E€ (Saz-)*, and the 
boundary triplets in (4.2.37) and (4.2.41) are connected via 


(Ci of = wer and Tuf = Twik (4.2.44) 
for f € (Sm)* and F = {8f, Of"} € (Syp)*. 
Proof. To establish (4.2.42), note that 


Nw (à, u) = Aiu = ae = ¥'(\)*7' (P), 


and hence, in view of (4.2.38) and (4.2.43), 

1 + MAW) YOA) (War + Wi2M (ji) 
AVIA 

)Nm (A, u) (u)* 


Nw (à, u) = (We 
p 
P 


À 
À 


( 
(A)Nm 
for all å, y E€ C \ R. 

Therefore, according to Proposition 4.1.9, each {F, F'} € (Nw)? is of the 
form 


{FF} ={f, Of}, {FF © H(Nu)’, (4.2.45) 
and conversely. Let {F, F’} € (Nw)? and {f, f’} € (Nar)? be connected by 
(4.2.45), then 


F'(€) - EF (E) = M'E -w & FE EFE) = MEy- o, (4.2.46) 
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where y, y’ € G and Y, Y’ € G are related by 


P\ _wAift\)_({ We -Wb Y 
=n G e we) G). oe 


In fact, if F’(§) —EF (£) = M'(€)w —y", then it follows from (4.2.45), (4.2.39), and 
(4.2.43) that 


fO-€© = 96) "(F'©-£F) 
= (E) (M A Y’) 
= P(E) (MEY — v’) 
= P(E) (Wi + MOWH) (Wi + MEW) — y’) 


= (Wy, + M(E)Wo_)h — (Wi + MOWRY 
E (Why — Why’) —- C Way + Wi’) 
£) 


M 
M(¿)p- p, 


where (4.2.47) was used in the last equality. Conversely, if {f, f’} € H(Nm)? and 

f'(§) — Ef(€) = M(E) — ¢’, then a similar computation shows that {F, F’} in 

(4.2.45) satisfy F’ (€) — €F(€) = M’(€)W — y with Y, Y’ from (4.2.47). 
Comparing (4.2.19) and (4.2.40), it follows from the equivalence (4.2.46) that 


(Sm) = {{OF, OF} : LF, FYE (Sur)*}. 


Moreover, from (4.2.35) and the model in Theorem 4.2.4 one then concludes 
Tu)of = y =Wyb—-Wipy’ and (Cu)if = gv = Wi + Wie 


for f € (Sm)*, that is, 


or, equivalently, 


on We (S a) a FE (Sm); 


cf. (2.5.1). The result (4.2.44) now follows from (4.2.37) and (4.2.41). 


Finally, note that in Theorem 4.2.2 a model was constructed for a B(9)- 
valued Nevanlinna function M. Under the extra condition that the Nevanlinna 
function M is uniformly strict, Theorem 4.2.4 provides by means of this model a 
boundary triplet for (Sm )* for which M is the Weyl function. Observe that with 
this boundary triplet the self-adjoint relation A in Theorem 4.2.2 in the Hilbert 
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space §(Nj,)@9 can be written by means of (4.2.19) and (4.2.20) in the alternative 


way 7 NEA | (a :f={f fe (Su)"} 


This representation is in fact the counterpart of the observations concerning Weyl 
functions in Proposition 2.7.8. 


4.3 Realization of scalar Nevanlinna functions 
via L?-space models 


In the case of a scalar Nevanlinna function M one may also construct a minimal 
model via the corresponding integral representation 


1 t 
M(A) =a4 do(t), À R. 4.3.1 
Q)=aror+ | (h-ra) dow, aech (43.1) 
Here the constants a, 3, and the nondecreasing function o satisfy 
a2éER, B20, Í IE da(t) < œ. (4.3.2) 


It is a consequence of this representation that 
1 
Im M(A) = a+ f — do(t), AEC\R. 
r lé = Al? 


Therefore, a scalar Nevanlinna function M is equal to the real constant a if and 
only if M is not uniformly strict, i.e., if and only if Im M (A) = 0 for some, and 
hence for all A € C\ R. Under the assumption that the Nevanlinna function is 
not constant, a model involving the integral representation is constructed in this 
section. Moreover, a concrete natural isomorphism between the new model space 
and the reproducing kernel Hilbert space H(N m) in Theorem 4.2.4 will be given. 


The new model is build in the Hilbert space £2, (R) consisting of all (equiv- 
alence classes of) complex do-measurable functions f such that fp |f|? do < oo, 
equipped with the scalar product 


oa = f Fo do, fag € Lel). 
The following observations will be used in the construction of the model. Under 


the integrability condition on ø in (4.3.2) one has that 


t 1 
Tae’ IFE € Lio (R), (4.3.3) 
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and, in addition, 
FO, tf) E LR) = f) E€ La,(R). (4.3.4) 


It is first assumed for convenience that the linear term in the integral repre- 
sentation (4.3.1) is absent, that is, 8 = 0. The general case 8 4 0 will be discussed 
afterwards in Theorem 4.3.4. The usual notation for general elements { f, f’} will 
also be used here; the reader should be aware that f’ is not the derivative here. 


Theorem 4.3.1. Let M be a scalar Nevanlinna function of the form (4.3.1) with 
B =0 and assume that M is uniformly strict, that is, M is not identically equal 
to a constant. Then 


S= UOO SOO ER, f Fdo()=0) (438) 


is a closed simple symmetric operator in L? (R) and its adjoint is given by 


S* = {H FO}: O, FO E Li R), tfO-fQ=ceC}. (4.3.6) 


Moreover, the mappings 


< ~ tf'(t t > 

Iof=c and Tif =ac4 l POF IO do(t), f={f,f'}eS*, (4.3.7) 
pe 14+? 

are well defined and {C, To, T1} is a boundary triplet for S*. The corresponding 

y-field is given by the mapping 


cr fy(t) = — E ker (S* — A), (4.3.8) 


and the corresponding Weyl function is M. 


Proof. The proof consists of two steps. In Step 1 it will be shown that S in (4.3.5) 
is a closed symmetric operator and that {C, To, I1} is a boundary triplet for its 
adjoint S* in (4.3.6). Moreover, it will be shown that the y-field is given by (4.3.8) 
and that M is the corresponding Weyl function. In Step 2 the simplicity of S is 
concluded from Corollary A.1.5. 


Step 1. The right-hand side of (4.3.6) is a relation which satisfies the conditions 
in Theorem 2.1.9. To see this, denote the relation on the right-hand side of (4.3.6) 
by T and think of To and [4 as being defined on T. Observe that the mapping T1 
is well defined thanks to (4.3.3). Likewise, the operator S is well defined due to 
(4.3.4). 

First, it is clear that Ag = kerTọo C T is the maximal multiplication operator 
by the independent variable in Z4, (R): 


(Aof)(t) = tf(t), dom Ao = {F (t) € La, (R) : tf() € La,(R)}- 
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Since Apo is a self-adjoint operator in L2 (IR), one sees that condition (i) in Theo- 
rem 2.1.9 is satisfied. 

Next, one has that I is surjective. For this, note that, by (4.3.6), the defect 
subspace Ña (T), A€ C \ R, of T consists of elements of the form 


PERIE c}, (4.3.9) 


which after a simple computation gives 


Tofi =c and DA =M(A)c, 
or, in other words, 7 A 
Tifa = M(A)Lo fa- (4.3.10) 
Using (4.3.10) one now observes that 


Polfaca ie Frey) 7 ( Cy tex | ) 
Ti(frxex + fxex) M(A)ey + M(A)ecx 


-ÒM MO (2). 


This shows that I is surjective; just note that A € C \ R implies that Im M(A) # 0. 
Hence, condition (ii) in Theorem 2.1.9 is satisfied. 

Finally, the abstract Green identity for T and I in Theorem 2.1.9 (iii) will 
be exhibited. For this purpose, let f = {f, F'}.9 = {g9,9'} € T, and assume that 
tf (t) — f’(t) = c and tg(t) — g'(t) = d for some c,d € C. Then a calculation shows 
that 


Tif Tog -Tof TG 


2 («ac | i: tf Wty ®© do())a efaa | f tot) + g) do(t)) 


= f LOFIO zot- f eTO sot 
R R 


1+ ¢ 1+ 


The last line gives, after substitution of c and d, 


pe + f(t) 
R 


Par O-O) doe) — O-O) 
= | rO- | FOTO dot) 

R R 
= (f',9)12,(@) — (F,9') 12, R 


Hence, also condition (iii) in Theorem 2.1.9 is satisfied. 
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Therefore, all conditions of Theorem 2.1.9 have been verified. As a conse- 
quence the relation ker To N ker Ty is closed and symmetric. It coincides with S in 
(4.3.5), since for f € T one has 


lof =lif =0 if and only if f'(t) =tf(t) and [saat =0. 


Thus, it follows from Theorem 2.1.9 that the adjoint of the closed symmetric 
operator S in (4.3.5) is given by T and hence has the form (4.3.6), and, moreover, 
{C, To, Pi} is a boundary triplet for S*. As a byproduct of (4.3.9) and (4.3.10) one 
sees that the corresponding 7-field is given by (4.3.8) and that the corresponding 
Weyl function coincides with M. 


Step 2. It remains to show that the operator S in (4.3.5) is simple. To see this, 
assume that there is an element g € L2, (IR) which is orthogonal to all elements 
fy € ker (S* — A), A € C\R, that is, 
1 
—— q(t) do(t) = 0, AEC\R. 
pt—-rA 
Then g = 0 in L2, (IR) by Corollary A.1.5. Thus, the linear span of the defect spaces 
ker (S*—A), A € C\ R, is dense in L3, (R) and now Corollary 3.4.5 implies that the 
symmetric operator S is simple. This completes the proof of Theorem 4.3.1. 


Note that in the model in Theorem 4.3.1 the self-adjoint extension Ao is 
equal to the operator of multiplication by the independent variable. The closed 
minimal operator S' is not densely defined if and only if the constant functions 
belong to £2, (IR) or, equivalently, ø is a finite measure. 


According to Theorem 4.2.6 the L2, (IR)-space model for the function M and 
the model in Theorem 4.2.4 are unitarily equivalent thanks to the simplicity of 
the underlying symmetric operators. A concrete unitary map will be provided in 
the following proposition. 


Proposition 4.3.2. Let M be the Nevanlinna function in (4.3.1) with 6 = 0, and 
let H(Nm) be the associated reproducing kernel Hilbert space. Then the operator 
V : Lå (R) > (Nm) defined by the rule 


1 
r>- peg EU EEC\R, (4.3.11) 
t= 

is unitary. Moreover, under this mapping the boundary triplets in Theorem 4.3.1 
and Theorem 4.2.4 are unitarily equivalent. 


Proof. It suffices to show that the operator in (4.3.11) satisfies (4.2.25); cf. Theo- 
rem 4.2.6. In fact, recall that the y-field corresponding to the boundary triplet in 
Theorem 4.2.4 at a point A € C \ R is given by the mapping 


cH —cNm(:, X) € ker ((Sm)* — A). (4.3.12) 
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The 4-field corresponding to the boundary triplet in Theorem 4.3.1 at a point 
A € C \ R is given by the mapping 


cr fa(t) = =I E ker (S* — A). (4.3.13) 


It follows from the integral representation (4.3.1) with 6 = 0 that 


Nu ($, à) = — = lao da(t). 


In view of (4.3.11) and (4.3.13), it follows that 


1 c E 
EIA da(t) = =c Nm (£, A), 


VANE = [ 


and taking into account (4.3.12) one concludes that (4.2.25) is satisfied. Hence, 
Theorem 4.2.6 ensures that the operator V in (4.3.11) is well defined and uni- 
tary, and the boundary triplets in Theorem 4.3.1 and Theorem 4.2.4 are unitarily 
equivalent. 


The special case of a rational Nevanlinna function serves as an illustration of 
Theorem 4.3.1. In this situation the measure do in (4.3.1) has only finitely many 
point masses and the space L?, (IR) can be identified with C”. 


Example 4.3.3. Let a, E R, n E€ N, 71,---,Y%n > 0, and 
—00 < ĝi < dg < +++ < Ôn < Ov, 


and consider the rational complex Nevanlinna function 


m 


Vio Sa = AF by 1S Tage. (4.3.14) 
i=1 ’ 


Define a nondecreasing step function ø : R > [0,00) by 


0, te (—oo, 61], 

i t € (ô1,ô2], 
a(t) = yı + 25 te (52, 03], 

yı H Y2 paced Yn) t (On, o0), 


and consider the corresponding L?-space L3 (R) with the scalar product 


Hoi = f IOD dott) = Yo O: 
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The rational Nevanlinna function N in (4.3.14) admits the integral representation 


as in (4.3.1), where 


t ĝi 
Q Ay, lm a(t) aero) 1+0? 
The Hilbert space L3, (R) can be identified with (C”, (-,-)), where 
(z y)y = Yon: Ziti, L= (z1, tee Gay's y= (y1, . Un) = C”, 
i=1 


via the unitary mapping 


f (61) 


Fön) 


and the maximal operator of multiplication by the independent variable in L2- (R) 
is unitarily equivalent to the diagonal matrix 


ae JG 
a ae (4.3.15) 
O ea a 
ñ f(61) 1 
Í räv- atl hill 
isi Fn) \a 


y 
the simple symmetric operator S in Theorem 4.3.1 is unitarily equivalent to the 
restriction of the diagonal matrix in (4.3.15) to the orthogonal complement of the 
subspace span (1,...,1)'. Furthermore, $* corresponds to the relation 


HF FIEC xC: 6: f(6) — Fl) =c EC, i=1,...,n} 
and the boundary triplet {C,T o, I1} in Theorem 4.3.1 is of the form 


A s WO NHE = ' $ 
Tof =c, Ey =e 1+ 0 , f={tf,fpes*. 
According to Theorem 4.3.1, the corresponding Weyl function is the rational 
Nevanlinna function N in (4.3.14). 
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Now the general case of a scalar Nevanlinna function of the form (4.3.1) with 
8 > 0 will be addressed. 


Theorem 4.3.4. Let M be a scalar Nevanlinna function of the form (4.3.1) with 
B>0. Then 


s= S(O), (AP) } seer € rR, f 10 adore = -ar } 


is a closed simple symmetric operator in L3? (R) ®@C and its adjoint is given by 


E OTE y 


Moreover, for fe S* the mappings 


do(t) + 8" ?h' 


Tof=6"?h and Tf =ap"?h- [ e i . 
R 


are well defined and {C, To, T1} is a boundary triplet for S*. The corresponding 
y-field is given by the mapping 


C 


cH fy(t) = | 7A | € ker(S*— A) (4.3.16) 
Br 


and the corresponding Weyl function is given by M. 


Proof. The proof is similar to the one of Theorem 4.3.1, thus only a brief sketch 
will be given. Denote the right-hand side of the formula for S* by T and think of 
To and T; as being defined on T. It is clear that Ag = ker To C T is the orthogonal 
componentwise sum of the maximal multiplication operator by the independent 
variable in £2, (R) and the purely multivalued part {0} x C. Hence, Ap is a self- 
adjoint relation. To show that T is surjective, note that the defect subspace Ñ A(T), 
A E€ C \ R, of T consists of elements of the form 


CA ACA 
h= t—=à |,| t-A E M(S"), 
Bey AB ey 


which gives N T 
Tofa = C) and rif = M(A)cx. 


Again, as in the proof of Theorem 4.3.1 it follows that T is surjective. It can be 
checked by straightforward calculation as in the proof of Theorem 4.3.1 that the 
abstract Green identity is satisfied. Thus, by Theorem 2.1.9, one concludes that 
T is the adjoint of the closed symmetric relation S and that Io and I; define a 
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boundary triplet for S*. Hence, the statements about the y-field and the Weyl 
function follow. 
To show the simplicity of S, assume that there is an element orthogonal to 
MM (S*) for all A € C\R, i.e., there exists an element g € L2, (R) and a constant 
y € C such that 
1 
pt—-A 
For A = iy and y — œ it follows that y = 0 and hence Corollary A.1.5 implies 
g = 0. Therefore, the closed linear span of all 9%,(S*), A € C\R, is equal to 
L? (R)®C, and, as a consequence, the closed symmetric operator S is simple. 


g(t) do(t) = 7, AEC\R. 


In the situation of Theorem 4.3.4 one sees that S is a nondensely defined 
operator and that mulS* is spanned by the vector 


@ € 12,(R) @C. (4.3.17) 


Now Ao is the only self-adjoint extension of S which is multivalued: it is the 
orthogonal sum of multiplication by the independent variable in L3, and the space 
spanned by (4.3.17). 


Proposition 4.3.5. Let M be the Nevanlinna function in (4.3.1) with B > 0 and 
let H(Nyz) be the associated reproducing kernel Hilbert space. Then the operator 
V: LŽ- (R) @C > H(Nm) given by the rule 


(f) -> Ben- f rO dole) 


is unitary. Moreover, under this mapping the boundary triplets in Theorem 4.3.4 
and Theorem 4.2.4 are unitarily equivalent. 


Proof. The proof is similar to the one of Proposition 4.3.2 and will be sketched 
briefly. Recall that the y-field corresponding to the boundary triplet in Theo- 
rem 4.2.4 at a point A € C \ R is given by the mapping 


eh —cNm(, À) € ker ((Sm)* — A), (4.3.18) 
while the -field corresponding to the boundary triplet in Theorem 4.3.4 at a point 
A € C \ R is given by the mapping 

c 
cH falt) = | EA | € ker(9* — A). (4.3.19) 
BY 


It follows from the integral representation (4.3.1) that 


nEeD = MEO) <4 f aot) 
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Hence, (4.3.18)—(4.3.19) and the fact that 


VAO =-08- | 2 O = -Nule A), 


imply that the property (4.2.25) holds. This implies that the boundary triplets in 
Theorem 4.3.4 and Theorem 4.2.4 are unitarily equivalent. 


In the following it is briefly explained how the self-adjoint multiplication 
operator in L2, (R) and the model discussed in this section (in the case 8 = 0) are 
connected with the spectral theory and the limit properties of the Weyl function 
in Chapter 3. For this assume that ø : R —> R is a nondecreasing function such 


that i 
— da(t 
lm oD ees 


and consider the self-adjoint multiplication operator 
(Aof)(t) =tf(t), dom Ap = {f € L7,(R): t> tft) € L3,(R)} 


in £2, (R). Then it is known from Example 3.3.7 that the spectrum o(Ag) coincides 
with the set of growth points of the function ø, see (3.2.1), and the same is true 
for the absolutely continuous part Cac, singular continuous part Csc, and singular 
part os of o. On the other hand, the one-dimensional restriction 


S = SOFO: AOO € eR, fs doy =o} 
of Ap in Theorem 4.3.1 is a closed simple symmetric operator in L2 (R) and 


{C, To, Pi} in (4.3.7) is a boundary triplet for S* in (4.3.6) with Ag = kerTọo and 
corresponding Weyl] function 


1 t 
M(A) =a4 do(t), AEC\R, 4.3.20 
A =at f (re) aw, aec (4.3.20) 
where a is an arbitrary real number in the definition of the boundary map Tı 
in (4.3.7). Hence, the results on the description of the spectrum of Ag via the 
limit properties of the Weyl function from Section 3.5 and Section 3.6 apply in 
the present situation. For example, Theorem 3.6.5 shows that 


Oac(Ao) = closac({z €R:0<ImM(a + i0) < oo}), 


which is also clear from Theorem 3.2.6 (i), taking into account (3.1.25) and Corol- 
lary 3.1.8 (ii). Similar observations can be made for the other spectral subsets. 
In other words, in the special situation where Ap is the self-adjoint multiplication 
operator in L?, (IR) the general description of the spectrum of Ag and its subsets 
in Chapter 3 in terms of the limit properties of the associated Weyl function in 
(4.3.20) agrees with Example 3.3.7. 
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4.4 Realization of Nevanlinna pairs and 
generalized resolvents 


In this section the model from Section 4.2 for Nevanlinna functions will be extended 
to the general setting of Nevanlinna pairs and of generalized resolvents. As a 
byproduct the extended model leads to the Sz.-Nagy dilation theorem. 


Let 9 be a Hilbert space and let {A, B} be a Nevanlinna pair of B(G)-valued 
functions; cf. Section 1.12. The associated Nevanlinna kernel N4,B 


Na.p(-,-):Qx 2 B(S) 
is defined on Q = C \ R by 
B(A)" A(T) — AQ)* BR) 
\— fi 
and Na.p(A,A) = B’(A)*A(A) — A’(A)*B(A), A € C\R. Then clearly the ker- 


nel N4,g is symmetric. Recall that A ++ A(A) and A œ> B(A) are holomorphic 
mappings on C \ R. Hence, 


Na,B(, i) = >» AH C \ R, à # H, (4.4.1) 


Aw Na BÀ, u) 
is holomorphic for each u € C \ R, that is, the kernel N4,g is holomorphic. More- 
over, it follows from (4.4.1) and Definition 1.12.3 that 
Im (AQ)*BQ)) >0, 
Im A = 
In the next theorem it is shown that the kernel N4,g is, in fact, nonnegative on 


C\R. Note also that the kernel N4,g is uniformly bounded on compact subsets 
of C \ R since 


Na B(à, A) = 


AEC\R. 


AQ) IBAI 

|Im à| , 
Theorem 4.4.1. Let {A,B} be a Nevanlinna pair in G. Then the kernel N4, B is 
nonnegative. 


|Na,B(,A)|| < AEC\R. 


Proof. To see this, let N be a uniformly strict B(G)-valued Nevanlinna function 
and let € > 0. Then eN is again a uniformly strict Nevanlinna function. Define 
the function Se by 


S-(A) = -A()(eN(A)A(A) + BA), AE C\R. 


By Proposition 1.12.6, Se is a Nevanlinna function. A calculation shows that the 
Nevanlinna kernel associated with the function S, is of the form 


y\\—* 


Ns. (A, u) = (eNQ)A() + BQ) 


g o (442) 
- [Na B(A, u) + €A(A)*Nw (A, HAA) (EN (n) Am) + B) 
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Observe that for any £ > 0 the kernel Ng. is nonnegative since Ss is a Nevanlinna 
function. The identity (4.4.2) shows that the kernel 


Na,B(A, u) + EANN (A, 1) ACE) (4.4.3) 
is nonnegative for any € > 0. 

To show that the kernel N42 is nonnegative, assume the contrary, i.e., as- 
sume that N4,g is not nonnegative. Then it follows from the definition of nonneg- 
ativity that there exist n € N, Ay,...,An € C \ R, elements y1,...,¢n E€ 9, anda 
vector c € C”, such that 


(((Na,B(Ai, Az) 97, ¥i)8); j6) = 2 <0. 


Since —x > 0 and the kernel Ny is nonnegative, one can choose € > 0 so small 
that 


0 < e(((A(\) "Nx (ii, ADAE PiS); j6 c) < =p: 


Combining these results one arrives at the inequality 


((((Na,B (Ai, Ag) + EAA" N n (Ai, AAAG) yy pi)s) 


m 

ij=1Ċ c) <0 

which contradicts the nonnegativity of the kernel in (4.4.3). Thus, the kernel N4, B 
is nonnegative. 


Let {A,B} be a Nevanlinna pair in §. According to Theorem 4.1.5, with 
the nonnegative kernel N4,p there is associated a Hilbert space of holomorphic 
G-valued functions, which will be denoted by §(N4,z), with inner product (-,-); 
cf. Section 4.1. Recall that the reproducing kernel property 


(F Nag He) = (f(4),¥)5, yes, we C\R, 


holds for all functions f € §(N4,g). The following realization result extends The- 
orem 4.2.2 to the case of Nevanlinna pairs. It follows from Theorem 4.2.3 that 
this construction is unique up to unitary equivalence. Note in this context that a 
Nevanlinna function M always gives rise to a Nevanlinna pair {I, M}. 


Theorem 4.4.2. Let {A,B} be a Nevanlinna pair in G and let T = {A, B} be the 
corresponding Nevanlinna family. Let H(N 4B) be the associated reproducing kernel 
Hilbert space generated by {A,B}. Denote by Ps the orthogonal projection from 
H(Nar) S G onto G and let ig be the canonical embedding of G into H(Naz) @ S. 


Then 
us ao en | mož GO- Be- aie] 


is a self-adjoint relation in the Hilbert space H(N4 B) © G and the compressed 
resolvent of Aa g onto G is given by 


Pg(Aa.p — à) lg =—(r(A) +A),  AEC\R. (4.4.4) 
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Furthermore, the self-adjoint relation AaB satisfies the following minimality con- 
dition: 


9(Na,p) © G = span {9, ran (Aap — A) teg : AC C\R}. (4.4.5) 


Proof. The proof is almost the same as the proof of Theorem 4.2.2; therefore, only 
the main elements are recalled and the details are left to the reader. 


Step 1. Use the Nevanlinna pair {A,B} to define the auxiliary relation B in 
H(Na4,B) © G by 


Basin Lae) (ae) ees eee). 


It is a direct computation to show that B C A A,B. Likewise, by a similar computa- 
tion one verifies that B is symmetric in §(N4,8) © 9. Observe that for Ao € C \ R 
one has 


= (u—Ao)Naa(. Ae) . 
ran (B — ào) = span {( T :pE9, pec\r}. 


Therefore, choosing u = Ao and taking into account that 
ran (B(ào) + Ao A(Ao)) = G 


by Definition 1.12.3 and Lemma 1.12.5 it follows that {0} @ G C ran (B — Ao); 
hence also the elements of the form 


U a? peg, weC\R, pr, 


belong to ran (B — Ag). It follows from Corollary 4.1.7 that ran (B — ào) is dense 
in §(N4\2) @ 9, and thus B is essentially self-adjoint. 


Step 2. One verifies in the same way as in the proof of Theorem 4.2.2 that A A,B is 
closed and that A A,B C B*. Since BcA A,B and B is self-adjoint, it follows that 
Aas is self-adjoint in H(N4, g) 9. 


Step 3. The statement (4.4.4) follows in a similar way as in Theorem 4.2.2. In fact, 
observe that (A4,p — A)~+ consists of all the elements 


ence ’ G \ ’ f, F € H(Na,B), p,p € S, 


FE- EF) = BE- AQ *Y, €€C\R (4.4.6) 


Hence, the compression P(A A,B — )~ leg is formed by the pairs 


{p -Ap ph vy ES, (4.4.7) 


for which 
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which satisfy (4.4.6) for some f, f’ € (Nas) and, in addition, f’(€) = Af (£) for 
E €C\R. This implies that (4.4.6) becomes 
(A= ESE) = BEO p- AE, €¢C\R, 


and the choice = A gives 


BA) o = AA)". (4.4.8) 


On the other hand, as 7(A) = {{A(\)v, B(A)Y} : Y € G}, one has by the symmetry 
property of the Nevanlinna family r and (1.10.3) that 


T(A) = TA)" = { {4 V} : BAY = ANY}, 


and since the pair {y, y’} in (4.4.7) satisfies (4.4.8), it follows that {y, y’} € T(A). 
Hence, {—y’ = App} (T(A) + A)“, which yields the inclusion 


Pg(Aa,p — A) ttg C —(r(A) +A). 


Since the compressed resolvent of A A,B and —(r(A) + A)~+ are both everywhere 
defined and bounded operators (4.4.4) follows. 

Finally, the minimality condition (4.4.5) is shown in the same way as in the 
proof of Theorem 4.2.2. 


Theorem 4.4.2 provides a representation of the resolvent of the Nevanlinna 
family 7 in terms of the model for the Nevanlinna pair {A, B}. Now let {C, D} be 
a Nevanlinna pair which is equivalent to {A, B}: 


C(A) = A(A)X(A) and D(A) = B(A)X(A), (4.4.9) 


where X(A), A € C\R, is a bounded and boundedly invertible holomorphic op- 
erator function in B(); cf. Section 1.12. Then the kernels N4,g and Nc,p of the 
Nevanlinna pairs in (4.4.9) are connected by 


Nc, D(A, u) = X(A)*Na,B (à, 1) X (F). (4.4.10) 


The following special case is of interest. 


Lemma 4.4.3. Let {A,B} be a Nevanlinna pair in 9 and consider the bounded and 
boundedly invertible holomorphic operator function X(A) = (B(A) + AA(A))7I, 
A E C\R. Then the Nevanlinna pair {C,D} in (4.4.9) satisfies 


C(A)* =C(A), D(X = D(A), and D(A) +AC(A) =], 
and for A,u€ C\R the corresponding Nevanlinna kernel can be written as 


DANC(u)* = CA)D(u)* _ Clu 
A— fi 


No,p(A, u) = — C(X)C(u)*. 
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Let again {A, B} be a Nevanlinna pair, let 7 be the corresponding Nevanlinna 
family, and consider a Nevanlinna pair {C, D} which is equivalent to {A, B} via 
(4.4.9), so that it generates the same Nevanlinna family r. Then according to 
Theorem 4.4.2, 


Ac = HG) i (5) PG) EPO) = Dee Low! PEA 


is a self-adjoint relation in the Hilbert space H(Nc,n) © § and the compressed 
resolvent of Ac,p onto G is given by 


Ps(Ac,p — A)“'tg = -(7(A)+A)7?,  AEC\R. 
Furthermore, the self-adjoint relation Ac, p satisfies the following minimality con- 
dition: T 
§(No,p) © 9 = Span {9, ran (Ac,p — A) tig: AEC\R}. 
The explicit connection between the various models involving these kernels in The- 


orem 4.4.2 now depends on Proposition 4.1.9. The corresponding self-adjoint rela- 
tions are then unitarily equivalent in the sense of Definition 1.3.7 and Lemma 1.3.8. 


Lemma 4.4.4. Let the Nevanlinna pairs {A,B} and {C, D} be equivalent in the 
sense of (4.4.9). Then the mapping U defined by 


i aa E (50g) (7) E (©) » ia 


p p 


is unitary. Moreover, the self-adjoint relation AaB in §(Na,B) ® G in Theo- 
rem 4.4.2 and the self-adjoint relation Ac pn in XH(Nc,p)®9 in (4.4.11) are unitarily 
equivalent under the mapping U, that is, Ac,p = UA,,pU*. 


Proof. In the identity (4.4.10) set ®(\) = X(A)* with X(A) as in (4.4.9). Since 
X(A) is boundedly invertible one may apply Proposition 4.1.9 and hence U in 
(4.4.12) is unitary. Now consider an element 


(2) (4a) ias 


FE) = ESE = BE p- AE, EEC\R. 
Then with F(€) = X(€)* f(€) and F’(€) = X(€)* F'(€) it follows that 
F'(€) — EF (E) = XO BO o — X(T AQ p = D(E)*p — CE g. 
This implies 


so that 
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One verifies in the same way that every element 


F F’ ~ 
OE 
can be written in the form 


VORE) seam (C) 


This shows that the self-adjoint relations A A,B and Ac, p are unitarily equivalent 
under the mapping U; cf. Definition 1.3.7. 


The discussions in this section so far centered mainly on Nevanlinna pairs 
and will now be put in a slightly different context. 


Definition 4.4.5. Let § be a Hilbert space and let R be a B()-valued function 
defined on C \ R. Then R is a called a generalized resolvent if it has the following 
properties: 


(i) A+ R(A) is holomorphic on C \ R; 
(ii) R(A)* = RO), AEC\R; 
Im R(A) 
(iii) Tm 


— R(A)R(A)* > 0, AE C\R. 


With the function R one associates the kernel Rr 
Rr(-,-): Q x Q> BCH), 


defined on Q = C \ R by 


RRA, u) = — R(A)R(u)*, AċuEC\R, AFM, (4.4.13) 


R(A) - R(u)* 
A— Hl 


and R(A, A) = R'(A) — R(A)?, A € C\ R. Then clearly the kernel Rg is symmetric. 
Since A ++ R(A) is holomorphic, the mapping A +> Ra(A, u) is holomorphic for 
each u € C\R, that is, the kernel Rg is holomorphic. Note also that the kernel 
Re is uniformly bounded on compact subsets of C \ R since 


|RO)I| 
|Im à| 


I[RR(A, A)|] < +||RA)?, A€C\R. 


For Rr to be a reproducing kernel in the sense of Theorem 4.1.5 one needs non- 
negativity. 


Lemma 4.4.6. Let R: C\R > B(S) be a generalized resolvent. Then the kernel 
Rr(-,:) is nonnegative. 
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Proof. Introduce the pair of B()-valued functions C and D by 
C(A) =—-R(A) and D(A) =I+AR()), AEC\R. 


Since R is a generalized resolvent, a straightforward computation shows that 
{C, D} is a Nevanlinna pair and that the kernels satisfy 


Nc,p(à, u) = RR(à, u), Awe C\R; (4.4.14) 


cf. (4.4.1) and (4.4.13). Now it follows from Theorem 4.4.1 (with 9 = 9) that the 
kernel Rg(-,-) is nonnegative. 


Let R : C\R > B(5S) be a generalized resolvent. By Theorem 4.1.5, the 
corresponding nonnegative kernel Rg induces a Hilbert space of holomorphic 9- 
valued functions, which will be denoted by (Ra), with inner product (-,-); cf. 
Section 4.1. Recall that the reproducing kernel property 


(f, Rr(-, 4)¥) = (f(u), 9) 5, pen, wEC\R, 


holds for all functions f € (Rpr). The following result gives a representation of 
the function R. 


Corollary 4.4.7. Let R: C\R > B(S) be a generalized resolvent and let §(Rr) 
be the associated reproducing kernel Hilbert space. Denote by Ps the orthogonal 
projection from (Rr) 9H onto H and let rs be the canonical embedding of H into 
H(Rr) 6H. Then 


n= {{(Q. (Ls pre a re} 
hj’ \ =h FE) — ESE) = U + ERCE))h + RE 
is a self-adjoint relation in the Hilbert space (Rr) @H and the compressed resol- 
vent of Ar onto H is given by 
Ps (Ar — A) tig = RA),  AEC\R. 
Furthermore, the self-adjoint relation Ar satisfies the following minimality condi- 


tion: 


H(Rr) © H = span {H,ran(Ap — A) lg : AEC C\R}. (4.4.15) 
Proof. Let R : C \R > B(S) be a generalized resolvent and consider the Nevan- 
linna pair {C, D} defined by 
{C(A), D(A)} = {-R(), I+ ARQ)}; 


cf. the proof of Lemma 4.4.6. Then the kernels Nc,p and Rp coincide by (4.4.14) 
and hence one has §(Nc,p) = H(Rr). Now Theorem 4.4.2 (with 9 = §) can be 
applied to the Nevanlinna family 7(\) = {C(A), D(A)}. It follows that Ar := Ac,p 
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is a self-adjoint relation in the Hilbert space (Rpg) © H and that its compressed 
resolvent is given by 

P5(Ar—A) "a = -(T(A) +A) =RA), AEC\R, 


where the fact that 7(A) +A = {—R(A), I} was used in the last equality. Moreover, 
the minimality condition (4.4.15) holds. 


By Corollary 4.4.7, every generalized resolvent can be interpreted as a com- 
pressed resolvent of a self-adjoint relation. Such compressed resolvents have been 
discussed briefly in the context of the Krein formula in Section 2.7 and will be 
further studied in Section 4.5. The next theorem complements Corollary 4.4.7 by 
providing equivalent conditions. In particular, generalized resolvents or, equiva- 
lently, compressed resolvents, are characterized as Stieltjes transforms of nonde- 
creasing families of nonnegative contractions. As a simple consequence one obtains 
the Sz.-Nagy dilation theorem in Corollary 4.4.9. 


Theorem 4.4.8. Let § be a Hilbert space and let R : C \\R— B(S) be an operator 
function. Then the following statements are equivalent: 


(i) The function R is a generalized resolvent. 


(ii) There exist a Hilbert space R and a self-adjoint relation A in the space HPR 
such that 7 
R(A) = P(A- A) tg, AEC\R. 


Furthermore, the self-adjoint relation A satisfies the following minimality 
condition: 


9 © R = span {H,ran(A—d)~'g : AE C\ RR}. 


(iii) There exists a nondecreasing function £ : R —> B(H), whose values are 
nonnegative contractions, such that f,dX(t) € B(S), || fe @(t)|| < 1, and 


RA) = | aa) AEC\R. 


Proof. (i) = (ii) This follows directly from Corollary 4.4.7. 


(ii) > (iii) Since A is self-adjoint, one can write 


(A-») = | a(n, AEC\R, 


with the spectral measure E(-) of A; cf. (1.5.6). The function t => E((—oo,t)) isa 
nondecreasing family of orthogonal projections from R to B(§ @ &) and one has 
that i 


R(A) = Pp (A — A) hey = I ry bP Ets. 
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Now define X(t) = Ps E((—0v, t))ts5, which is a nondecreasing family of nonnega- 
tive contractions from R to B(S) that satisfies fẹ dX(t) € B(§) and the estimate 
Il Jn @E(e)|| < 1. 


(iii) = (i) It is clear that the function R : C\R — B(S) is holomorphic and 
satisfies R(A) = R(A)* for A € C \ R. Moreover, it follows from Proposition A.5.4 
that 


Im R(A) Im R()) 
R — 
Im A 


| 

pa 
Si 
Z 
* 
a 
= 
Si 


)>0, AEC\R, 


which implies that R is a generalized resolvent. 


The next corollary is a variant of the dilation theorem, which goes back to 
M.A. Naimark and B. Sz.-Nagy; here it is obtained from Theorem 4.4.8 and the 
Stieltjes inversion formula. 


Corollary 4.4.9. Let X : R > B(S) be a left-continuous nondecreasing function, 
whose values are nonnegative contractions, such that 


few € B(S), 
R 


[eol <1, and X(—œ)=0. 
R 
Then there exist a Hilbert space R and a left-continuous nondecreasing function 
E : R > B($ 8 8), whose values are orthogonal projections, such that 
E(t) = Ps E(t)ts, tER. 
Proof. Associate with © the function 


ra)= [ = daat), r€C\R. (4.4.16) 
re 


By Theorem 4.4.8, there exists a Hilbert space and a self-adjoint relation Ain 
H ® K such that the compression of the resolvent of A onto § is given by 


P(A — A) lg = R(A), AEC\R. (4.4.17) 


Let E(-) be the spectral measure of A and let t ++ E((—oo, t)) be the corresponding 
spectral function, which is left-continuous and satisfies lim;_,_.. E((—oo,t)) = 0. 
As in the proof of Theorem 4.4.8 one has 


~ 1 1 
P(A —d)T hig = Pa( TE aB) ls = f TF dP E(t)ts. 
R“ R` 


Taking into account (4.4.16) and (4.4.17), it follows that 


1 1 
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and hence for all h € $ 


[ aon. ish) = | Oh, h), AEC\R. 


Since the functions t > (E(t)Lghħ, th) and t > (X(t)h, h) are left-continuous, and 


lim (E((—oo, t))tgh, ish) = 0 = (X(-oo)h, h), 

t—oo 7 
the Stieltjes inversion formula in Corollary A.1.2 yields (E(t)igh, ish) = (E(t)h, h) 
for allt € R and h € 8. This leads to the assertion. 


4.5 Krein’s formula for exit space extensions 


Let S be a closed symmetric relation in the Hilbert space 9, let {9, To, r1} be 
a boundary triplet for S*, Ag = kerTo, and let y and M be the corresponding 
y-field and Weyl function, respectively. Suppose that A is a self-adjoint extension 
of S in §@ 9’, where 9’ is the exit space. It was shown in Theorem 2.7.4 that 
there exists a Nevanlinna family 7(\), A € C \ R, in J such that 


P5 (A — A)T" = (4o = A)? = (A (M(A) +70) A), AEC\R, 


holds. This is Kreïn’s formula for the compressed resolvents of self-adjoint exit 
space extensions (as studied by M. A. Naïmark); it is also referred to as Krein— 
Naimark formula in this text; cf. Section 2.7. 

The goal of this section is to show the converse statement. More precisely, 
it will be proved that for every Nevanlinna family 7(A), \ € C \ R, in the Hilbert 
space 9 there exists a self-adjoint exit space extension A of S such that the com- 
pressed resolvent of A onto § is given by the Kren—Naimark formula. The following 
result is a first step. 


Lemma 4.5.1. Let S be a closed symmetric relation in 9, let {9,To, T1} be a 
boundary triplet for S* with Ag = kerTo, and let y and M be the corresponding 
y-field and Weyl function, respectively. Let T = {A, B} be a Nevanlinna family in 
G and define R(A), AE C\R, by 


R(A) = (Ao — A)“ — Y(A)(M(A) + TA) A)". (4.5.1) 
Then the kernel 
Rr(A, u) = ag ROA)R(u)*, A BMEC \ R, AEH, (4.5.2) 


satisfies 
Rr, u) = WOA)Na,B(A, u)W (u)*, (4.5.3) 
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where 
Inj 


W(A) = yA (M(XÐAA + BA)) ~. (4.5.4) 


In particular, the kernel Rr is nonnegative, symmetric, holomorphic, and uni- 
formly bounded on compact subsets of C \ R. 


Proof. Step 1. For A € C \ R introduce the following notations 
Ro(X) = (Ao — A)? and Q(A) = (MQ) +7(0)) 
so that R in (4.5.1) is given by 
R(A) = RA) =- YAQA)IOA)*: 
Rewrite the kernel Ra(-,-) in (4.5.2) in terms of this notation: 


Rr(A, 4) = —— (R0) — Rolu)“ — IARAA +F) yl) 


Recall that, by Proposition 2.3.2 (ii) and Proposition 2.3.6 (iii), 


Roha = PAW) Ar = TA 
and 
a ve yt [MA)- MN _ MQ) - M(p)* 
TALI = A) = (FAE = 
Therefore, the kernel Rg(-,-) has the form 
Rau!) = IAR ~ QQ) ies 


+ Q)M(n)*Q(H)* — QA)M(A)Q(H)*} yu)". 


Step 2. Express the identity (4.5.5) in terms of the Nevanlinna pair {A, B}, repre- 
senting the Nevanlinna family 7. For this, consider the equivalent Nevanlinna pair 
{C, D} as in Lemma 4.4.3, that is, 


C(A) = A(A)X(A) and D(A) = B(A)X(A), 
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where X(A) = (B(A) + AA(A)) 7+, so that 


D(A)C(u)* = CAND)" 


Nc,p(à, u) = ACT (4.5.6) 
Observe that (A) can be written in terms of 7r = {C, D} as 
QA) = CA (MACA) + DQ) *s 
cf. (1.12.10). It follows that 
QA) = QA) = (CAMA) + DA) CA) (4.5.7) 
and 
Q(u)* = Q(B) = C(u)* (C(u)M (u) + D(w)) (4.5.8) 


Inserting the expressions (4.5.7) and (4.5.8) in (4.5.5) one arrives after a straight- 
forward computation at the identity 


RR(A, u) = Z(A)No, p (à, u) Z(H)", 
where the factor Z(A) is given by 


=1 


ZX) = 7(A)(C(A)M(A) + D(A)) (4.5.9) 


Recall that N4,g and Nc,p are related via (4.4.10). Therefore, with (4.5.6) and 
(4.5.9) one obtains the identity (4.5.3), where 


* 


WA) = Y0A)(CA)M(A) + DA) (BQ) + XAQ)) (4.5.10) 
The proof is finished by writing the normalized pair {C, D} in (4.5.10) in terms 
of the pair {A, B}. Observe that since X(A) = (B(A) + AA(A))~*, the symmetry 
property B(A)*A(A) = A(A)* B(A) of the Nevanlinna pair yields 


(BA) + AA(Q)*) (CAMA) + DA)) 
os (A)* + AA(A)*) (AQ) X(A)M (A) + BAXA) 
= A(X) (B(A) + AA(A)) X (AJM (A) + B(A)* (B(A) + AA(A)) X) 
A(\)*M(A) + B(A)* 


-q XAO) + BA)”, 


which gives (4.5.4). 
It follows from (4.5.3) and (4.5.4) that the kernel Rp in (4.5.2) is nonnegative, 
symmetric, holomorphic, and uniformly bounded on compact subsets of C \ R. 


Lemma 4.5.1 shows that Rr(-,-) is a reproducing kernel. Therefore, one may 
apply Theorem 4.4.8. 
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Theorem 4.5.2. Let S be a closed symmetric relation, let {9,T0, T1} be a boundary 
triplet for S* with Aj = kero, and let y and M be the corresponding y-field and 
Weyl function, respectively. Let r be a Nevanlinna family in G. Then there exist 
an exit Hilbert space §' and a self-adjoint relation A in § H’ such that A is an 
extension of S and the compressed resolvent of A is given by the Kretn—Naimark 
formula: 


P(A- A) tg = (Ao— A) — A) (MA) +A) A, AEC\R. (4.5.11) 


Furthermore, the self-adjoint relation A satisfies the following minimality condi- 
tion: 


9@ 9! =span{,ran (A — u) tg : we C\ R}. (4.5.12) 
Proof. Define the function R as in Lemma 4.5.1. Then R is a B(4)-valued holo- 


morphic function on C \ R which satisfies R(A) = R(A)* and so, by Lemma 4.5.1, 
R is a generalized resolvent. Hence, by Theorem 4.4.8, the function R is a com- 
pressed resolvent, that is, there exist a Hilbert space 9’ and a self-adjoint relation 
Ain H9 H’ such that 


R(A) = P(A — A) lg, AEC\R; 


this implies (4.5.11) Moreover, it follows from Theorem 4.4.8 that A satisfies the 
minimality condition (4.5.12). 

It remains to prove that S C A. Observe first that by (4.5.11) the Straus 
family corresponding to A satisfies 


T(A) = {{RQO)h, (I+ AR(A))h} sh E€ $} 
C {RoA)hk, I+ ARoA))h: he H} FLA AA}: p ES}. 


Since each relation on the right-hand side is contained in S*, so is the relation 


T(A). As T(A)* = T(A), it follows that S C T(A). Now let {f, f’} € S so that for 
each A € C \ R there exists h € H’ such that 


‘ames X 
TORON 
The relation A is self-adjoint and, in particular, symmetric. Therefore, one sees 


that (f’, f) + A(h,h) € R, while by definition (f’, f) € R. Since A € C\R, it 
follows that h = 0, and thus 


This shows that 9 C A. 
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4.6 Orthogonal coupling of boundary triplets 


In this section a different look is taken at the Krein—Naimark formula. By means of 
an abstract coupling method for direct orthogonal sums of symmetric relations and 
corresponding boundary triplets, a particular self-adjoint extension_A of the direct 
sum is identified, and it is shown that the compressed resolvent of A is of the same 
form as in the Krein—Naimark formula. When combined with Theorem 4.2.4, this 
coupling procedure provides a constructive approach to the exit space extension 
in Theorem 4.5.2 in the special case where the Nevanlinna family 7 is a uniformly 
strict Nevanlinna function. 


First a slightly more general, abstract point of view is adopted. In the fol- 
lowing let S and T be closed symmetric relations in the Hilbert spaces § and 9’, 
respectively, and assume that the defect numbers of S and T coincide: 

nz($) =n_(S) =n4(L) = n-(T) < œ. 
Let {9,T0, I1} be a boundary triplet for S* with Ao = ker To and let {9, r9, r1} 
be a boundary triplet for T* with By = ker}. Then it is easy to see that the direct 


orthogonal sum S$ ST is a closed symmetric relation in HH’ and {999, To, ry}; 
where 


P f =2 Tof T f = lif T x ^a * 
Be and Ti Jaa fE S*,gET*, (4.6.1) 


is a boundary triplet for (S6T)* = S* ®T*, and that 
Ao = Ag & Bo = ker i; (4.6.2) 


is a self-adjoint extension of SOT in § @ 4’. Furthermore, if y and y’ denote 
the 7-fields corresponding to the boundary triplets {9,To, T1} and {9, r0, r1}, 
and M and 7 are the Weyl functions corresponding to {9, To, r1} and {9, r0, r1}, 
respectively, then it is clear that for À € p(o) = p(Ao) N p(Bo) the 7-field y and 
the Weyl function M corresponding to the boundary triplet {9 @ 9, To; Ty} have 
the forms 


0a) = (709 ny and Ta = (MP ne (4.6.3) 


Let A bea self-adjoint extension of S 6 T in H H. Then Krein’s formula in 
Theorem 2.6.1 has the form 
(A— A) = (Ap — A)? + F(A) (6 - MQ) 


Sierk 
IA) 

for all A € p(A) N p(Ao), where ¥ and M denote the y-field and the Weyl function 
corresponding to the boundary triplet {9 6 9,To, T1} in (4.6.3). If O = {A,B} 
with A,B € B(G @ S), then 

an re 


(A—d)7 = (Ap — A) — FOAA(M(Q)A - B) FA, 
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see Corollary 2.6.3. Writing A and B as block operators 


Ai A12 Bi Bis 
A= d B= l 
es a) = ee ni) 


where Ais Bij < B(S), it follows that 


M(A)Au = Bu M(A)Ai2 = a] 


M(\)A-B= 
( ) ( T(A)A21 — Bay T(A)A22 — Boo 


so that 


1 


A(M(A)A —B)~' = s a eve =~ Bi MO Ain a 


Az, A22 T(A)A21 = Bar T(A)A22 — Boo 


The following proposition exhibits a particular self-adjoint extension of S@T in 
HOH’. 

Proposition 4.6.1. Let S and T be closed symmetric relations in the Hilbert spaces 
H and H with boundary triplets {9,T0, T1} and {9,1,14} as above, respectively. 
Then 


A= { (2) : f € *, 9 € T*, Tof = T99, lif = ria} (4.6.4) 


is a self-adjoint relation in H 8! and for all A € C\ R the resolvent of A has the 
form 


(B= at = Fo) 70) (ETO ee a tr) 70 


where Ae and ¥ are as in (4.6.2), and M and T denote the Weyl functions corre- 
sponding to {9,To, T1} and {9,T9, T1}, respectively. 


Proof. Consider the boundary triplet {9 @ 9, To, T1} in (4.6.1) and observe that 


the relation 
OKO es 


is self-adjoint in 9 @ 9. Hence, by Corollary 2.1.4 and (4.6.1), 


T * Ar. p f = Tof Tif OQ * A mk 
(f) es ƏT ae e Je} cs ƏT (4.6.6) 


is a self-adjoint relation § @ H’. Now it follows from the particular form of © in 
(4.6.5) that the self-adjoint relation in (4.6.6) coincides with A in (4.6.4). 

Next the resolvent of A will be computed. Recall first that Krein’s formula 
in Theorem 2.6.1 implies 


Fi Lee 


(A= d)7! = (Ap -= A) = F(A) (6 — MQ) “FO)* (4.6.7) 
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for all A € p(A) N pt Ao), where ¥ and M denote the y-field and the Weyl function 
corresponding to {9 $ 9,To, T1} in (4.6.3). From (4.6.5) and (4.6.3) one obtains 


(O-M(Q)) "= eee (2)} PPE sh. 


Setting ¢:= Y — M(A)y and x := —¢4 —7T(A)y one has 6+ y = —(M(A) +7 (A))¢. 
For A € C\R it follows from Lemma 1.11.5 (see also Proposition 1.12.6) that 
(M(A) +7(A))~! € B(S), and hence 

p =—(M(A) + TA) — (MA) +7())*x, AEC\R. 


This yields 


and the statement about the resolvent of A follows from (4.6.7). 


The compressions of the resolvent of the self-adjoint relation A in (4.6.4) to 
Ñ and §/ are of interest. Note that the resolvent of Ao in (4.6.2) is given by the 
direct orthogonal sum of the resolvents of Ag and Bo, and hence for A € p(Ao) the 
compressions to § and H’ are 


Po (o = A) tg = (Ao = AJI and Po (Ao = A)T leg! = (Bo = A), 
respectively. The next statement follows directly from Proposition 4.6.1 and (4.6.3). 


Corollary 4.6.2. Let S and T be closed symmetric relations in the Hilbert spaces 
H and H with boundary triplets {9,To,Ti} and {9,T6, T1}, and corresponding 
y-fields and Weyl functions y,y' and M,T, respectively. Then for all A € C\R 
the following statements hold: 


(i) The compression of the resolvent of the self-adjoint relation Ain (4.6.4) to 
H is given by 


Py(A — A)" = (Av = A)? = YAMO) +A) A. 
(ii) The compression of the resolvent of the self-adjoint relation Ain (4.6.4) to 
H' is given by 
Pry (A — d) Tay = (Bo — A)T = V (A)(MQ) +A) YO. 


Corollary 4.6.2 and Proposition 4.6.1 can also be viewed as an alternative 
approach to the Krem—Naimark formula in the special case where the Nevanlinna 
family 7 in Theorem 4.5.2 is a uniformly strict Nevanlinna function. In fact, ac- 
cording to Theorem 4.2.4 every uniformly strict B(S)-valued Nevanlinna function 
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can be realized as a Weyl function, that is, there exist a (reproducing kernel) 
Hilbert space 9’ (= H(N-)), a closed simple symmetric operator T (= S+) in 9’, 
and a boundary triplet {§,1,I} for the adjoint T* such that 7 is the corre- 
sponding Weyl function. In this situation the relation A in (4.6.4) is self-adjoint 
in § 6 9’ = H @SH(N,) and its compressed resolvent in Corollary 4.6.2 coincides 
with the one in the Krein—Naimark formula in Theorem 4.5.2. Summing up, the 
following special case of Theorem 4.5.2 is a consequence of the coupling method 
in Proposition 4.6.1 and Corollary 4.6.2. 


Corollary 4.6.3. Let S be a closed symmetric relation, let {9,T0,T1} be a boundary 
triplet for S* with Ap = kerTo, and let y and M be the corresponding y-field and 
Weyl function, respectively. Let r be a uniformly strict B(G)-valued Nevanlinna 
function. Then there exist an exit Hilbert space §' and a self-adjoint relation A 
in § ® 9! such that A is an extension of S and the compressed resolvent of A is 
given by the Kretn—Naimark formula: 


Pp (A — A) tg = (Ao — A)T — Y(A)(M(QA) + rA) A)", AE C\R. 
Furthermore, the self-adjoint relation A satisfies the minimality condition 
HH’ = span {9,ran (A — u) tis :4eC\R}. (4.6.8) 


Proof. All statements except the minimality condition (4.6.8) follow from Proposi- 
tion 4.6.1, Corollary 4.6.2, and Theorem 4.2.4 as explained above. For (4.6.8) recall 
first that the closed symmetric operator S+ (= T) in Theorem 4.2.4 is simple, and 
hence 


§! = span {ker (T* — u) : u € C\R} = span {ran y(u): uE C\R}. (4.6.9) 

It follows from Proposition 4.6.1 that 

Py (A= u) hey = -y (0) (M (u) + r0) E; 
and since ran7(7i)* = 9 and dom (M (u) +7T(u)) = 9, one sees that 

ran (Pø (Å — tem) = rang’ (u), = wEC\R. 
With (4.6.9) one then concludes that 

5! = span {ran (Pa: (Ã— p)“ug) : u € C\R}, 

which in turn yields (4.6.8). 


In the next proposition a particular boundary triplet {1989, To Ti } is spec- 
ified such that the self-adjoint relation A in (4.6.4) coincides with the kernel of 


the boundary mapping To. The corresponding Weyl function M is useful for the 
spectral analysis of A; cf. Chapter 6. 


278 Chapter 4. Operator Models for Nevanlinna Functions 


Proposition 4.6.4. Let S and T be closed symmetric relations in the Hilbert spaces 
H and H with boundary triplets {9,T0, T1} and {9,T6,T]} and corresponding 
Weyl functions M and T, respectively, as in the beginning of this section. Then 
{98 9, To, T1}, where 


PO- (FB) nO- G) eaer 
is a boundary triplet for S* & T* such that the self-adjoint relation A in (4.6.4) 
corresponds to the boundary mapping To, that is, 

A=ker ion 
The Weyl function of {9 ® S, To, ray is given by 


nas- (MO a) 


_ ( —(M(A) + 7(A))* (M(A) + TA) TA) ) 
T(A)(M(A) +A) TAMA) + TAMA) 


forXEC\R. 


(4.6.10) 


Proof. Instead of a direct proof the assertions will be obtained as consequences of 
the results in Section 2.5. For this consider the boundary triplet {9 @ 9, To, r1} in 
(4.6.1) with the Weyl function M given in (4.6.3), let 


1 /I 0 1/0 T 
a) in E 
and observe that © = {A,B}, with © in (4.6.5). It is easy to see that A and B 
satisfy the conditions in Corollary 2.5.11. Therefore, {9?, To, 01}, where 


To = B*To > ATi and Ti = A*To + B*T], 
is a boundary triplet with corresponding Weyl function 


1 


M(A) = (A* + B*M(A)) (B* — A*M(A)), AEC\R. 


Mf-M9) fes ger 
nalirah Penser 
f 1l Tof +19 E S*.g¢ T* 
nOA) Penser 


It follows that 


and 
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Furthermore, it is easily seen from the above that 


G ta) MP HY" 


=( 1 1 yeas +7(A))t  (M(A) + TA) tr (A) ) 
M(X) -7(A)) \—(M(A) + 7()) T! —(M(A) + r(A) TMQ) )? 


where the last step used the identity 
M(A)(M(A) + TADTIT(A) = (AM (A) + TA) TM (A). 
Thus, it is clear that 


M(A) = ( =2(M(A) + T(A)) (M(A) + TANTEA) = MOD) 
(T(A) = MAMA) + r(A) 2M(A)(M(A + 7(A)) 777A) 


holds for all A € C \ R. Now let 


1 /I 0 š 1/0 I 
p= +, (0 ee and P=3() a 


and apply Corollary 2.5.5 to conclude that 
To = DT and ie = D*T, + Pp T, 


give a boundary triplet for S* @T*. According to Corollary 2.5.5, the correspond- 
ing Weyl function is given by 


M(A)=D*M()D+P, AEC\R, 


and one verifies that the first identity in (4.6.10) holds. It is straightforward to 
check the second identity in (4.6.10). 
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Chapter 5 


Boundary Triplets and Boundary 
Pairs for Semibounded Relations 


Semibounded relations in a Hilbert space automatically have equal defect numbers, 
so that there are always self-adjoint extensions. In this chapter the semibounded 
self-adjoint extensions of a semibounded relation will be investigated. Special at- 
tention will be paid to the Friedrichs extension, which is introduced with the 
help of closed semibounded forms. Section 5.1 provides a self-contained intro- 
duction to closed semibounded forms and their representations via semibounded 
self-adjoint relations. Closely related is the discussion of the ordering for closed 
semibounded forms and for semibounded self-adjoint relations in Section 5.2; this 
section also contains a general monotonicity principle about monotone sequences 
of semibounded relations. The Friedrichs extension of a semibounded relation is 
defined and its central properties are studied in Section 5.3. Particular attention is 
paid to semibounded self-adjoint extensions which are transversal to the Friedrichs 
extension. Section 5.4 is devoted to special semibounded extensions, namely the 
Krein type extensions. In the nonnegative case these extensions include the well- 
known Krein—von Neumann extension. The Friedrichs extension and the Krein 
type extensions act as extremal elements to describe the semibounded self-adjoint 
extensions with a given lower bound. In Section 5.5 there is a return to boundary 
triplets and Weyl functions for symmetric relations which are semibounded. Of 
special interest is the case where the self-adjoint extensions determined by the 
boundary triplet are semibounded and one of them coincides with the Friedrichs 
extension. In particular, this leads to a useful abstract version of the first Green 
formula. The notion of a boundary pair for semibounded relations is developed in 
Section 5.6. In conjunction with the above first Green formula, this notion serves 
as a link between boundary triplet methods and form methods when semibounded 
self-adjoint extensions are described; in a wider sense it establishes the connection 
with the Birman—Krein—Vishik method. 
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5.1 Closed semibounded forms and 
their representations 


A sesquilinear form t[-,-] in a Hilbert space § with inner product (-,-) is a mapping 
from D x D to C, where D is a linear subspace of 9, such that t[-,-] is linear in 
the first entry and anti-linear in the second entry. The domain dom t is defined by 
dom t = D. The form is said to be symmetric if tly, Y] = ty, p] for all y,  € domt. 
The corresponding quadratic form t|] is defined by t[y] = tly, p], p E€ domt. The 
polarization formula 


tey = Fleto- to- y) + (ie tiv] - tle iw) 611) 


for y,w € domt is easily checked. In the following the term sesquilinear will be 
dropped; whenever a form t[-,-] is mentioned it is assumed to be sesquilinear and 
it will be denoted by t. For instance, the inner product (-,-) is a form defined on 
all of §. 


Definition 5.1.1. Let tı and tə be forms in §. Then the inclusion to C tı means 
that 
dom tz C domtı, təl] = tiv], p € dom tə. (5.1:2) 


If to C t,, then tg is said to be a restriction of tı and tı is said to be an eztension 
of tg. The sum tı + te is defined by 


(ti + t)[y,¥) = tilp, Y] + talp, Y], p, Y Edom (tı + t2), 
where dom (tı + t2) = dom tı N dom tz. 
If a € C the sum ¢[-,-] + a(-,-) is given by 
tlp, y] +alp, Y), p,p E domt. 


This sum will be denoted by t+a. It is symmetric when t is symmetric and a € R. 


Definition 5.1.2. A symmetric form t in § is bounded from below if there exists a 
constant c € R such that 


ti] > ellyll?, p € domt. 


This inequality will be denoted by t > c. The lower bound m(t) is the largest of 
such numbers c € R: 


m(t) = inf { me : p E domt, pF o} : 


If m(t) > 0, then t is called nonnegative. 
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In the following the terminology semibounded form is used for a symmetric 
form which is bounded from below. Note that t is a semibounded form if and 
only if for some, and hence for all a € R the form t + a is semibounded. For a 
semibounded form t the lower bound m(t) will often be denoted by y. Note that 
the form t — y, y = m(t), is nonnegative with lower bound 0. Therefore, one has 
the Cauchy—Schwarz inequality 


IE- Vly HI (t-l? (t y], p, Y E domt, (5.1.3) 


and, hence the triangle inequality 


(t- yle +d]? < (t- le]? +t- y], p, E domt. (5.1.4) 
It follows from (5.1.4) that 
\(¢— [el]? — t-l] < t-i- y], pY E domt. (5.1.5) 


The following continuity property is a simple consequence of (5.1.5). For a sequence 
(Pn) in domt and y € domt one has 


(t= lp- p] 70 => (E= Vln] > t- lel. (5.1.6) 


Let t be a semibounded form in § with lower bound y and let a < y. Equip 
the space dom t C 9 with the form 


(y, Y-a = tiy, y] — aly, Y), p, Y E€ domt. (5.1.7) 


By rewriting this definition as 


(p, Yji-a = (t a yy, y] ate (y = a)(y, p), P, p E domt, (5.1.8) 


one sees that (-,-)¢-a is the sum of the semidefinite inner product t — y and the 
inner product (y — a)(-,-). Hence, (-,-)t—a is an inner product on dom t and the 
corresponding norm ||- ||t-a satisfies the inequality 


llia = (y¥—a)llel?, p € domt. (5.1.9) 


When dom t is equipped with the inner product (-,-)t—a, the resulting inner prod- 
uct space will be denoted by H-a. Note that if y > 0, then obviously a = 0 isa 
natural choice in the above and the following arguments. 


Lemma 5.1.3. Let t be a semibounded form in 9 with lower bound y and leta < y. 
Let (pn) be a sequence in domt. Then (pn) is a Cauchy sequence in Ht—a if and 
only if 

tlgn -— Ym] 70 and ||Pn-— Pml] > 0. (5.1.10) 
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Proof. According to (5.1.8), (Yn) is a Cauchy sequence in H-a if and only if 


(t—)[~n— Gm] 40 and ||~n — pml? > 0. (5.1.11) 


Now assume that (pn) is a Cauchy sequence in Ht—a. Then it follows from (5.1.11) 
that (pn) is a Cauchy sequence in § and that 


tlen — Pm] = (t= 7) [Yn — Ym] + len — Gmll? > 0, 


which shows (5.1.10). Conversely, if the sequence (pn) satisfies (5.1.10), then it 
follows from (5.1.7) that (pn) is a Cauchy sequence in Hia. 


Let (pn) be a Cauchy sequence in Ht—a. Since H is a Hilbert space, it follows 
from Lemma 5.1.3 that there is an element y € 9 such that yn > y in 9. 


Definition 5.1.4. Let t be a semibounded form in H. A sequence (pn) in domt is 
said to be t-convergent to an element y € §, not necessarily belonging to dom t, if 


Pn> p inf and tyn- pm] —>0, n,m —> oo. 
This type of convergence will be denoted by Yn >+ Y. 


The following result is a direct consequence of Lemma 5.1.3 and the com- 
pleteness of §. 


Corollary 5.1.5. Let t be a semibounded form in H with lower bound y and let 
a < y. Then any Cauchy sequence in Ht—a is t-convergent. Conversely, any t- 
convergent sequence in domt is a Cauchy sequence in H-a- 


If the sequence (Yn) in dom t is t-convergent, then by Definition 5.1.4 


(t—7)[~n -— Ym] +0 and |l~n — Yml] > 0. 


Thus, one has the following result. 


Corollary 5.1.6. Let t be a semibounded form in § with lower bound y and let the 
sequence (pn) in domt be t-convergent. Then the sequences ((t— 7)[¥n]), (t[~n]); 
and (||~n||) converge and, consequently, they are bounded. 


Proof. Since y is the lower bound of t, one has (t — 7)[~n — Ym] > 0. Hence, 
(5.1.5) shows that ((t — y)[~n]) is a Cauchy sequence. Then the same is true for 
the sequence (t[y,]) and it is also clear that (||y,||) is a Cauchy sequence. In 
particular, the sequences ((t — y)[Pn]), (t[pn]), and (||pn]|) are bounded. 


The t-convergence is preserved when one takes a sum of sequences. To see 
this, let (pn) and (Yn) be sequences in dom t such that 


Yn ey and Yn, wv 
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for some y, Y € H. Then clearly Yn + Yn > Y +4 in § and 


(t Vien H Yn — (Pm bm) |? 
< (t= len — Gm] 


tle 


(t— [tn — Vml?, 


by the triangle inequality in (5.1.4). Therefore, 


gn ip and Yn >h > Yntdn-eety. (5.1.12) 
As a consequence, one sees that 
Yn eg and Yn >y => Jim tlPn, Yn] exists. (5.1.13) 
This last implication follows easily from Corollary 5.1.6 and (5.1.12) by the polar- 
ization formula in (5.1.1). 


Assume that y, € dom t and that y, >; y for some y € H. Now the question 
is when y € domt and, if this is the case, when t[y, — y] > 0? This question 
gives rise to the notions of closed form and closable form in Definition 5.1.7 and 
Definition 5.1.11. 


Definition 5.1.7. A semibounded form t in § is said to be closed if 


Pn >y => pEdomt and tly, -— ọ]—> 0. 


The statement in (5.1.13) can now be made more precise when the form is 
closed. 


Lemma 5.1.8. Let t be a closed semibounded form in H. Then 
Pn >y => pEdomt and tly,] > tly], (5.1.14) 


and, consequently, 


Pn >P, Pnp => p,pEdomt and tien, Yn] > tio, Y]. (5.1.15) 


Proof. Assume that t is a closed semibounded form and y,, >; y. Then y € domt 
and t[yn — y] > 0, and since yn > ¢ it follows that (t — 7)[~n — y] > 0. Hence, 
(t-7)lpn] > (t-y)[y] by (5.1.6), and therefore t[pn] > t[y]. This shows (5.1.14). 
Now polarization and (5.1.12) yield the assertion (5.1.15). 


Lemma 5.1.9. Let t be a semibounded form in 9 with lower bound y and leta < y. 
Then the following statements are equivalent: 


(i) i-a is a Hilbert space; 


(ii) t is closed. 


In particular, t is closed if and only if t— x is closed for some, and hence for all 
xceR. 
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Proof. (i) = (ii) Assume that -a is complete. To show that t is closed, assume 
that Yn >t p, So 
Pnp and tlyn — Ym] > 0. 


In particular, this implies by Lemma 5.1.3 that ||~, — Ymllt-a —> 0. Since Ht-a 
is complete there is an element yo E€ Ht-a = domt such that ||y~, — pollt-a > 0. 
Hence, by (5.1.9), 

Pn — oll > 0. 
Thus y = po € domt. Therefore, ||Yn — Y||t-a —> 0 and by (5.1.7) one sees that 
t[Yn — y] > 0. This proves that t is closed. 


(ii) < (i) Assume that t is closed. To show that Ht—a is complete, let (pn) be 
a Cauchy sequence in t-a. This implies that y, —>ı p for some y E $H; cf. 
Corollary 5.1.5. The closedness of t gives that y € dom t = H-a and t[y,—y] > 0. 
By (5.1.7) this leads to ||pn — y|lt-a > 0, so that Ht—a is complete. 


Since t — x is a semibounded form in § with lower bound y — xv, the last 
statement follows from t-a = 9t~2-(a—2) and the equivalence of (i) and (ii). 


Let t be a semibounded form in § with lower bound y and let Ht—a be the 
corresponding inner product space with a < y. In general t is not closed and hence 
Ďtı—a is not complete; cf. Lemma 5.1.9. If ti is a semibounded form with lower 
bound q1, which extends the semibounded form t with lower bound y, then 


ay Ss 


Note that for a < 7; one has that t; is closed if and only if Hs —a is a Hilbert space. 
The question is when such a closed extension t; exists and, if so, to determine the 
smallest such extension of t. In order to construct an extension of t, note that 
Lemma 5.1.8 suggests the following definition. 


Definition 5.1.10. Let t be a semibounded form in §. The linear subspace domt 
is the set of all y € § for which there exists a sequence (Yn) in dom t such that 


Pn `t P. 

It is clear that dom t is an extension of dom t. To establish the linearity of 
dom t, recall the property (5.1.12). According to (5.1.13), it would now be natural 
to define the form t on domt as an extension of t by 


tle, y] = lim tlon Yn] for any Yn 4 P, Yn, (5.1.16) 


as the limit on the right-hand side exists. However, in general the limit on the 
right-hand side of (5.1.16) depends on the choice of the sequences (yp) and (Wn), 
so that t may not be well defined as a form. 


Definition 5.1.11. A semibounded form t in § is said to be closable if for any 
sequence (pn) in dom t 


Pn 7190 => tiyn] > 0. 
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It will be shown that the extension procedure in (5.1.16) defines a form 
extension of t if t is closable. In fact, in this case the resulting form t is unique, 
being the smallest closed extension, and will be called the closure of t. 


Theorem 5.1.12. Let t be a semibounded form in H with lower bound y and let 
a < y. Then t has a closed extension if and only if t is closable. In fact, if t is 
closable, then 

(i) the closure t in (5.1.16) is a well-defined form which extends t; 

(ii) t has the same lower bound as t; 

(iii) t is the smallest closed extension of t, 
and the inner product space Hi—a is dense in the Hilbert space H;_,. Moreover, t 


is closable if and only t— x is closable for some, and hence for all x € R, in which 
case 


t-r=t-r. (5.1.17) 


Proof. (=) Let tı be a closed extension of t. In order to show that t is closable, 
assume that Yn —>+ 0. The form tı is an extension of t and this implies Yn >+ 0. 
Since t4 is closed, it follows that 


tiyn] = tlpn] > 0. 

Hence, t is closable. 
(<=) Assume that t is closable. It will be shown that Tin (5.1.16) is a well-defined 
form on domt. It is clear from (5.1.13) that the limit on the right-hand side of 
(5.1.16) exists. To verify that this limit depends only on the elements y, ~ and 
not on the particular sequences (Yn), (Yn), let (Y4), (Y4) be other sequences such 
that yi, >. Y and Yi >, Y. Then 

ph — Yn >+ 0 and p — Un + 0; 
cf. (5.1.12). In particular, this gives 

Pn — Pn 70 and Y, — Yn > 0, 
while the closability of t implies that 

tyn — Yn] 20 and tld), — Yn] — 0. 


To see that the sequences t[y!,, ~/,] and t[y,, Yn] have the same limit, consider the 
inequalities 
(t= Plon: Pn] = (t= Wen: Vall 
t= 7)len = Pn, Pal + (t= lens bn = Vall 
t= len — Pr Pall + E= len: Pn = Vall 
t- Dion — Pnl (t= N]? + (E= Vlen]? (E= lbh = bel? 
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Clearly, due to the closability assumption, the terms 
(t= In = Yn] and (t- [bn — vn 


converge to 0 as n — oo, while the terms 


(t= iyn] and (t—7)[¢n] 


are bounded since W/, >, w and Yn + p, respectively; cf. Corollary 5.1.6. It 
follows that tlh, Y4] — then, Wn] —> 0 and hence t in (5.1.16) is a well-defined 
form. Moreover, it is clear that t extends t: t C t. 

The form t is semibounded. To see this, let p € domt. Then there exists 
a sequence (Yn) in domt such that yn + y. In particular, Yn —> y and hence 
ll~n|| + lll]. According to (5.1.16), 


tly] = lim tlpn], 


n—-+co 


where tiyn] > ||~nll?. Therefore, 
yl > vll, p€ dome, 


so that { is semibounded. Moreover, this argument shows that the lower bound of 
the extension is at least y. Hence, {and t have the same lower bound. 
The argument to show that t is closed, is based on the observation that for 
the extension t: _ 
Pn >y => tip- yn] 0. (5.1.18) 
To see this, let Yn >, p, that is yn > y and lim» n-+00 t[Yn — Ym] = 0. Now fix 
n E N, then Ym +t y implies that 


Pm — Pn t P— Pn aS m —> OO, 


so that, by definition, 


tlp — Yn] = lim tlym — pnl. 
m—- oo 


Now taking n — oo gives (5.1.18). 
The following three steps will establish that t is closed or, equivalently, that 
Hia; @ < Y, is complete. 


Step 1. Hia is dense in Hı,- Indeed, let y € Hz a = domt. Then there is a 
sequence (Yn) in t-a = dom t such that yn + p. It follows from this assumption 
and (5.1.18) that 

Yn +p and tp- yn] > 0, 


in other words, 


le- pnl a = tly — Yn] — ally — pnl? > 0. 


This shows that Ht—a is dense in H_a- 
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Step 2. Every Cauchy sequence in Ht—a is convergent in §;_,. To see this, let (pn) 
be a Cauchy sequence in H-a. Then clearly there exists an element y € H such 
that Yn + y; cf. Corollary 5.1.5. Again by (5.1.18) it follows that 


ly — Prlli-a > 0, 


which now shows that the Cauchy sequence (pn) in t-a is convergent in Hia 
to, in fact, p € domt = Hia- 


Step 3. Hza is a Hilbert space. To see this, let (Xn) be a Cauchy sequence in Hga. 
By Step 1, there is an element Yn € Ht—a such that 


Xn = Pnili-a < 


S| 5 


Hence, the approximating sequence (Yn) is a Cauchy sequence in Ht—a. By Step 2, 
(Yn) converges in H_a, which implies that the original sequence (Xn) converges 
in Hia: 


Next it will be shown that € is the smallest closed extension of t. Assume that 
tı is a closed extension of t: t C tı. Let Y € dom; then there exists a sequence (pn) 
in domt with yn + p. Then also Yn >t, p and hence y € dom tı. Therefore, 
domt C domt. For every y,7 € domt it follows via corresponding sequences 
(Yn), (Wn) in domt with yn > y and Yn > Y that 


tly, 4%] = jim, tpn, Vn] = im ty [Pn Wh] =t ly, W], 


where the first equality follows from (5.1.16), the second equality is valid as tı 
extends t, and the third equality follows from (5.1.15). Therefore, € C t1, and t is 
the smallest closed extension of t. 

As to the last statement, observe that Definition 5.1.11 implies that t is 
closable if and only t — x is closable for some, and hence for all x € R. Finally, 
(5.1.17) follows from (5.1.16). 


Thus, a closed semibounded form tı which extends t contains the closure ț 
The next corollary is a simple but useful description of the gap between tı and t. 


Corollary 5.1.13. Let the semibounded form t with lower bound y be closable and 
let the closed form tı with lower bound yı be an extension of t, so that yı < Ņ. 
Assume that a < 1, then 


Nua = {p € Nua : (p, Y)u-a = 0,4% € Hiat Pta Hia: 


Let t be a closed semibounded form in §. Let 9 C domt be a linear subspace 
and consider the restriction to of t to D, 


to [p, Y] = tly, Y], p, Y ED. 
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Since to is a restriction of a closed form, it is closable, see Theorem 5.1.12. Let to 
be the closure of to. Then by definition dom ty is the set of all y € $ for which 
there exists a sequence (yn) in D with Yn >t p, which means Yn > p. Since t 
is closed, one sees in particular that dom to C domt. Moreover, one has 


to [y, Y] BE im to [Pn; Vn] = Jim, Yn, Vn] — tly, y] 


for y, Y € dom tg, where the first equality is by definition, and the third equality 
follows from Lemma 5.1.8. Hence, the closure to of tp is the restriction of t to 
dom ty. Since t is closed, it follows that p € domt if and only if there is a 
sequence (Yn) in D such that 


Yn > p and tyn = g] > 0. 


Definition 5.1.14. Let t be a closed semibounded form in §. A linear subspace D 
of dom t is said to be a core of t if the closure tp of the restriction to of t to D 
coincides with t. 


Therefore, D C dom t is a core of t if and only if for every p € domt there is 
a sequence (pn) in D such that 


Pny and tiyn- vy] 30. (5.1.19) 


This leads to the following corollary. 


Corollary 5.1.15. Let t be a closed semibounded form in 9 with lower bound y, let 
a < y, and let D C domt be a linear subspace. Then D is a core of t if and only 
if D is dense in the Hilbert space ya. 


Note that in the situation of Theorem 5.1.12 the original domain dom t is a 
core of the closure t of t (recall that the form tis closed). The following fact is useful: 
If t and 5 are closed semibounded forms in § which coincide on D C dom tN dom 5 
and ® is a core of both t and 5, then t = s. 


Recall the definition of the sum of two forms in Definition 5.1.1 and observe 
that a sum of semibounded forms is also semibounded. The following result is 
concerned with additive perturbations of forms: it provides a sufficient condition 
so that the sum of a closed semibounded form and a symmetric form remains 
closed and semibounded. Sometimes this result is referred to as KLMN theorem, 
named after Kato, Lions, Lax, Milgram, and Nelson. For a typical application to 
Sturm—Liouville operators, see, e.g., Lemma 6.8.3. 


Theorem 5.1.16. Assume that t is a closed semibounded form in H and let s be a 
symmetric form in § such that domt C doms and 


Is[y]| < alll]? + dtp], p € domt, (5.1.20) 
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holds for some a> 0 and b € (0,1). Then the symmetric form 
t+s, dom (t + 5) = dom t, 


is closed and semibounded in 9. Furthermore, if D is a core of t, then D is also a 
core of t+5. 


Proof. Let y be the lower bound of t. Fix some a’ < y and assume a’ < 0. For all 
p E€ domt, y Æ 0, one obtains from (5.1.20) that 


sle] = —allyll? — btl], (5.1.21) 
and hence 
(t+s)[y] > (1 — bte] — allel? > (C -= ba — aJll? = e'| 
where c = (1 — b)a’ —a < 0. This shows that t+ 5 is semibounded from below. 
Furthermore, the estimate (5.1.21) also shows that 
(1— b)|lellt_a: = (1 — bte] — (1 — ba'l? 
= tio] — bt[y] — allel? — (Q — Ja" — a) lll]? 
< (t+)[y] — ((1 — b)a’ — a) lill? 


= llers- 


gl, 


Using (5.1.20) one obtains 


lellțrs-e = tly] + sie] - elle]? 
< (1+ b)t[y] — (e — a)|I¢|| 
<b' lela, 


where b = max {(1+ b), (c — a)/a’}. Therefore, the above estimates imply that 
the norms ||- ||?_,, and || - ||?,,,_., are equivalent on dom t = dom (s + t). Since t is 
closed, H-a is a Hilbert space and hence Ht+s-e is a Hilbert space, that is, the 
form t+s is closed; cf. Lemma 5.1.9. The assertion about the core ® is clear from 
Corollary 5.1.15. 


Semibounded relations in a Hilbert space generate closable semibounded 
forms as will be shown in the following lemma. Note that if a relation is semi- 
bounded, then so is its closure, with the same lower bound; this follows directly 
from Definition 1.4.5. Furthermore, the closure will generate the same form. The 
particular situation of semibounded self-adjoint relations will be considered in 
detail in Theorem 5.1.18 and Proposition 5.1.19. 


Lemma 5.1.17. Let S be a semibounded relation in § with lower bound m(S). Then 
the form ts given by 


tly y] = (pY) {ee}, fou} €S, (5.1.22) 
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with domtg = dom S, is well defined, semibounded with the lower bound m(S), 
and closable. The closure ts of ts is a semibounded closed form whose lower bound 
is equal to m(S), and 

domts C dom S. (5.1.23) 


Moreover, dom S = domtg is a core of tg. Furthermore, with the closure S of S 
one has OES 
ts = ty. (5.1.24) 


Proof. As a semibounded relation S is automatically symmetric, it follows that 
mul S C mul $* = (dom $)+, and hence 


Yi wW=(¢',4), {%¢'} {9,0}, {4,0} €S. 


Thus, the form in (5.1.22) is well defined with dom ts = dom S. By definition ts 
is semibounded and its lower bound is clearly equal to y = m(S). 
In order to show that tg is closable, let Yn + 1, 0. Then, equivalently, 


Yn +0 and (ts —)[¥%n — Ym] > 0. 


It suffices to verify that (ts — y)[pn] — 0. Note that there exists y’, € § such that 
{yn, ph} € S. Then 


(ts — Vln] = (ts — Y)[¥n, Pn] = (ts — 7) [ns Pn — Ym] + (ts — V)[Pn; Ym], 


and it follows with the help of the Cauchy-Schwarz inequality (5.1.3) for the 
nonnegative form (ts — y) and (5.1.22) that 


I(ts — Vlpnl]l < I(ts — V)[Pn, Yn — Ym]l + |(ts — Y)[¥ns Ym| 


< (ts — y)[vnl? (ts — Vln — Pm]? + l, — Wns Pm): 


By Corollary 5.1.6, the sequence ((ts —7)[Yn]) is bounded by M? for some M > 0. 
Moreover, for every £ > 0 there exists N € N such that (ts —y)[n — Ym] < £? for 
n,m > N. Therefore, 


(ts = Yleall < Me + |n = Ven: Pm); mm N. 


Fix n > N and let m — oo. From |(pr — Yn, Pm)| < lpn — Y¥nIllleml| and 
l~m|| — 0 it follows that |(ts — y)[pn]| < Me for n > N. This shows that 
(ts — 7)[¥n] —> 0 as n > œ, and hence ts is closable. 

By Theorem 5.1.12, it is clear that the closure ts of ts is a semibounded closed 
form whose lower bound is equal to m(). It also follows from the definition of t 
that the inclusion (5.1.23) holds. Furthermore, dom S' = dom ts is a core of ts. 

It remains to show (5.1.24). The inclusion ts C ts is clear. For the opposite 
inclusion, let p € domtg = dom and y’ € § such that {y,y’} € S, in which 
case 


tly, p] = (w, p). 
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Then there exists a sequence ({¥n,¢/,}) in S with Yn > ọ and yi, > y’, and 
hence 


ts[Pn = Pm] = (Phn — Pm Pn — Pm) > 0. 


Therefore, Yn 1, Y, so that y € dom tg. Moreover, 


tale, y] = (9,9) = lim (Ph Pn) = lim ts[Yn, Pn] = tslo, Y]; 


where in the last equality the definition of the closure in Theorem 5.1.12 was used. 
This implies tg C ts and hence tg C ts. Therefore, ts = tg. 


In the next theorem it is shown that every closed semibounded form can be 
represented by a semibounded self-adjoint relation. 


Theorem 5.1.18 (First representation theorem). Assume that t is a closed semi- 
bounded form in H. Then there exists a semibounded self-adjoint relation H in 9 
such that the following statements hold: 


(i) dom H C domt and 
tle, 4] = (p, Y) (5.1.25) 
for every {9,p'} € H and w € domt; 
(ii) dom H is a core of t; 
(iii) if p € domt, vy’ € H, and 
tle, y] = (¢',¥) (5.1.26) 
for every w in a core of t, then {p,y'} € H; 
(iv) mul H = (dom t)+ and 
tly, Y] = (Hop p, Y) (5.1.27) 
for every p € dom H and w € domt. 


The semibounded self-adjoint relation H is uniquely determined by (i). The closed 
form t and the corresponding semibounded self-adjoint relation H have the same 
lower bound: m(t) = m(H). Moreover, for each x € R the closed semibounded 
form t— x corresponds to the semibounded self-adjoint relation H — x. 


Proof. (i) Let m(t) = y and choose a < y. Then the assumption that t is closed is 
equivalent to the inner product space Ht—a being complete, where Ht—a = dom t is 
equipped with the inner product of (-,-)t—-a as in (5.1.7)-(5.1.8); cf. Lemma 5.1.9. 
For any fixed w € § consider the linear functional 


p= (v,w) 
defined for all Y € H-a = domt C H. It follows from (5.1.9) that 


Ka) < Noll < (Il) lw VE Sea 
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Hence, the mapping Y ++ (Y,w) from t-a to C is bounded with bound at most 
\|w||/./y — a. Therefore, by the Riesz representation theorem, there exists an ele- 
ment © in §,4_,_ such that for all Y E€ Hia: 


(w,w) = (W, w i= ||| ta < 


1 
lll 
Taking conjugates for convenience, it follows from the definition (5.1.7) of (-,-)t-a 
that 

(w, p) = (G,v)t-a = tO, Y] — a, 4), (5.1.28) 
or, in other words, 


tO, yY] = (w + a0, Y), Pe Bra. (5.1.29) 
Note that the linear mapping A from § to Ht—a defined by Aw = O satisfies 


1 
VITE Auw] < Awla < =li; 


where in the first inequality (5.1.9) was used. In other words, if A is interpreted 
as a mapping from § to 9, then 


1 
Malage 


By means of A define the linear relation H in 9 by 
H = {{Aw,w+aAw}: wE $}, 
so that 
A=(H-a)"t. 
One sees that dom H = ranA C domt and mulH = ker A. Moreover, every 


element {y, y’} € H can be written as {y, y’} = {0,w + a0} for some w, so that 
by the identity (5.1.29) one obtains 


ty, y] = (wY), {99} 6H, wWeHt-a=domt. (5.1.30) 
It follows from (5.1.30) with Yy = y that H is a semibounded relation with lower 
bound 
m(H) > m(t) = 7. (5.1.31) 
It is clear that H is symmetric. According to the definition of H one sees that 
ran (H — a) = 9, which, since a < y, implies that H is self-adjoint; cf. Proposi- 
tion 1.5.6. Thus, (i) has been proved. 


(ii) The statement that dom H is a core of t is equivalent to the statement that 
dom H is dense in the Hilbert space 9,4_,. To verify denseness, assume that the 
element Y € Ht—a is orthogonal to dom H = ran A, i.e., 


0= (Aw, Y)t-a _ (©, )t-a = (w, p), 


for all w € §; cf. (5.1.28). This leads to 7 = 0. Hence, dom H = ran A is dense in 
the Hilbert space H—a, and the assertion follows from Corollary 5.1.15. 
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(iii) Let y € domt and y’ € $ satisfy (5.1.26) for every ~ in a core D of the form 
t. Then (5.1.26) holds for all y € domt. To see this, let y € domt. Then there 
exists a sequence (Yn) in D such that Yn >+ Y, which implies that tiyn — Y] > 0. 
Since Yn € D, the assumption yields 


tip, y] = lim tly, Yn] = lim (9', pn) = (64), V E domt, 


so that (5.1.26) holds for all y € domt. Due to the symmetry of t this result may 
also be written as 


tiv, e] = (v, p), Y E domt. (5.1.32) 
Now let {4%, Y'} € H. Then Y% € dom H C domt and, by (i), 


tv, y] = (V, 9), (5.1.33) 


because y € domt. Comparing (5.1.32) and (5.1.33) gives 


(Yp) = (Wp) foral {Y, Y} EH, 
which leads to {y, y’} € H* = H. This proves (iii). 


(iv) It follows from (i) that if {0,y’} € H, then (y’,w) = 0 for all y € domt, 
and hence mul H C (domt)+. Conversely, as dom H C domt by (i) and H is 
self-adjoint, (dom t)+ C (dom H)+ = mul H. This shows that mul H = (dom t)+. 

To see (5.1.27), let {y,y’} € H. Then y’ = Hopp + X, where x € mul H. 
Hence, from (5.1.25) one obtains 


tly, p] = (g, p) = (Hop YP + xX p) = (Hop P, v), 
which gives (5.1.27). This completes the proof of (iv). 


To show uniqueness, assume that H’ is a semibounded self-adjoint relation 
in § such that dom H’ C dom t and 


tle, y] = (4) 


for every {y,y’} € H’ and w € domt. Then, in particular, one concludes that 
p € dom H’ C domt and vy’ € 9, so that by (iii) it follows that {y,y’} € H. 
Hence, H’ C H and one obtains equality as H’ and H are both self-adjoint. 

Recall that it has been shown in the proof of (i) that m(H) > m(t); cf. 
(5.1.31). The equality follows from the fact that dom H is a core of t; see (ii). In 
fact, if p € domt, then there exists a sequence (pn) in dom H such that yn >+ y. 
Therefore, if y Æ 0, then 

tiyn] _ (Hop Pn: Yn) 


t 
lel = lim ~~z = i. 2 m(H). 
lell? n>% lyn]? n>% llnl 
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Since this inequality holds for every nontrivial y € dom t one concludes that 


tke] 
lell? 


mlo = int { g e domt, #0} > m(H), 
and so m(t) = m(H). 

Finally, note that for x € R the form t — x is semibounded and closed, and 
the relation H — x is semibounded and self-adjoint. For {y, y’} € H, 


(t— 2)[p, 4] = (9, Y) — rl, Y) = (p — 29, Y) (5.1.34) 


for all Y € dom t = dom t— x. Observe from (iii) that {y, y’ — xy} € H — zx belongs 
to the semibounded self-adjoint relation corresponding to t— x. As H — z is self- 
adjoint and contained in the semibounded self-adjoint relation corresponding to 
t—a both coincide, i.e., H —x corresponds to the closed semibounded form t— zx. 


The representation result in Theorem 5.1.18 gives assertions concerning the 
semibounded self-adjoint relation associated with a given semibounded form. In 
fact, every semibounded self-adjoint relation appears in such a context, as is shown 
in the following proposition; cf. Lemma 5.1.17. 


Proposition 5.1.19. Let A be a semibounded self-adjoint relation in H. Then the 


semibounded, closable form defined by 


talo y] = (y) {pph {VW} E A, 
has a closure whose corresponding semibounded self-adjoint relation is given by A. 


Proof. Since A is semibounded and self-adjoint, Lemma 5.1.17 shows that the 
form t4 is well defined, semibounded, and closable. Moreover, dom A is a core of 
its closure t. Let H be the semibounded self-adjoint relation corresponding to t 
Since { is an extension of t, one has 


ty, yl = t, yl = (pyh {pph {hy} E A. 


Therefore, Theorem 5.1.18 (iii) implies that {y, y’} € H, since dom A is a core of 
t. Consequently, A C H and since A and H are both self-adjoint, one concludes 
A=H. 


The following observation, based on Theorem 5.1.18 and Proposition 5.1.19, 
is included for completeness. 


Corollary 5.1.20. There is a one-to-one correspondence between all closed semi- 
bounded forms and all closed semibounded self-adjoint relations via the identity 
(5.1.25) or, equivalently, via the identity (5.1.27) in the first representation theo- 
rem. 
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The correspondence between closed semibounded forms and semibounded 
self-adjoint relations in Theorem 5.1.18 can be illuminated further in the context 
of nonnegative forms and nonnegative self-adjoint relations. As a preparation, 
observe that a typical way to define forms is via linear operators. 


Lemma 5.1.21. Let T be a linear operator from a Hilbert space 9 to a Hilbert space 
R and define a nonnegative form t in 9 by 


tly. Y] = (Tp, TY), 9, € domt = domT, 


Then 


t is a closable form + T is a closable operator, 


and in this case the closure of t is given by 
tle, y] = (Te, Ty), p,p E€ domt = domT. (5.1.35) 


Proof. (=) Assume that t is closable. Let (pn) be a sequence in dom T such that 
Pn + 0 in § and Ty, > Y in R. Then 


tiyn Ty Pml — Ten = Ym)? > 0, 


which implies that Yn —>+ 0. Since t is closable, one obtains 
Ten ||? = tpn] > 0, 


so that Ty, — 0. It follows that T is closable. 


(<) Assume that T is closable. Let (pn) in domt with Yn >; 0. Then yn > 0 in 
§ and (Tọn) is a Cauchy sequence in &. Hence, Tyn > y for some y € R and 
since T is closable one sees that ù = 0. Therefore, tlpn] = ||Tyn]|? — 0. It follows 
that t is closable. 


Finally, assume that t or, equivalently, T is closable. Then one has 
domt = domT. (5.1.36) 
Indeed, for the inclusion (C) in (5.1.36) consider y € domt. Then there exists 
a sequence (pn) in domt with Yn ++ y; cf. Theorem 5.1.12. Hence, Yn > ọ in 
§ and (Tn) is a Cauchy sequence in &. Thus, there exists y’ € A such that 


Tn > ¢’. Since T is closable it follows that y € dom T and y’ = Ty. Moreover, 
by Theorem 5.1.12 and (5.1.16) it follows that 


ty, yl = lim thon, Yn] = lim (Ten, Tn) = (To, To), 
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and polarization leads to the identity in (5.1.35). For the inclusion (D) in (5.1.36 
let y € dom T. Then Ty = y’ for some y’ € R, and there exists a sequence (pn) in 
domT for which yn —> y while Tyn > y’. In particular, it follows that yp, >+ ¢. 
Therefore, p € domt; this proves (5.1.36). 


The following result specializes the first representation theorem to closed 
nonnegative forms as in Lemma 5.1.21. For a class of closed nonnegative forms it 
identifies the associated self-adjoint relations. Recall that for a closed operator R 
a linear subspace D C dom R is a core if the closure of the restriction R lẹ of R 
to D coincides with R; cf. Lemma 1.5.10. 


Proposition 5.1.22. Let T be a closed relation from a Hilbert space § to a Hilbert 
space & and let Top = PT be the closed orthogonal operator part of T, where P is 
the orthogonal projection in & onto (mulT)+; cf. Theorem 1.3.15. Then the rule 


tly, y] = (Topp: Tov), pY E domt = dom Top = dom T, (5.1.37) 


defines a closed nonnegative form t in H. The nonnegative self-adjoint relation 
corresponding to the form t is given by T*T. Moreover, a subset of dom t = dom T 
is a core of the form t if and only if it is a core of the operator Top . 


Proof. Since the operator Top is closed, the nonnegative form tin (5.1.37) is closed, 
with dom t = dom Top = dom T; cf. Lemma 5.1.21. Recall that T*T is a nonneg- 
ative self-adjoint relation in 9; cf. Lemma 1.5.8. Assume that p € dom T*T and 
p € domT. Let y’ € H be any element such that {y,y’} € T*T. This implies 
that {y,n} € T and {n,y'} € T* for some 7 € R. Clearly, n = Top Y +w for some 
w € mul T. Since {Top p +w, p'} € T* and {Y, Top Y} € T, one sees that 


0= (¢', p) T (Top p a w, Top w) = (Y’, p) = (Top P, Top p), Y E dom T, 
i.e., 
tie, y] = (pY), {p,p} ETT, yE domT. 


Let H be the nonnegative self-adjoint relation associated with t via Theorem 5.1.18. 
According to (iii) of Theorem 5.1.18, the nonnegative self-adjoint relation T*T sat- 
isfies T*T C H, which gives T*T = H. 

Now let D C domt = dom T be a linear subset. Then ® is a core of t if and 
only if for every p € dom t = dom T there is a sequence (Yn) in D such that 


Yn > and tiyn- y] + 0; 
cf. (5.1.19). In view of the definition of t, this condition reads as 


Yn >p and Top Yn > Top 9, 


in other words ® is a core of Top- 
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The so-called second representation theorem may be seen as a corollary of 
Theorem 5.1.18 and Proposition 5.1.22. 


Theorem 5.1.23 (Second representation theorem). Assume that the closed semi- 
bounded form t and the semibounded self-adjoint relation H are connected as in 
Theorem 5.1.18, so that m(H) = m(t) = y, and let x < y. Then 


dom t = dom (H — x)? 
and the form t is represented by 
tle, ¥] = (Hop — 2)? 9, (Hop — 2)*4) +2(9,¥), p, Y € domt. 


Moreover, a subset of dom t = dom (H — x)? is a core of the form t if and only if 


N= 


it is a core of the operator (Hop — x)?. 
Proof. For x < y define the form 5, by 
Sxl, Y] = ((Hop -2)29, (Hop —x)?y), yp, E dom sz, 


on the domain doms, = dom (Hop — 2)!/2 = dom(H — x)!/?. By Proposi- 
tion 5.1.22, the form 5, is closed and nonnegative. The corresponding nonnegative 
self-adjoint relation is given by 


((H —2)?)"(H-2)? =H-z, 
and hence s,.[y, Y] = (y’, Y) holds for all {y, y’} € H—x and Y € dom sz. It follows 
as in the proof of Theorem 5.1.18 (see (5.1.34)) that the closed semibounded form 
(sz + 2)[¢, Y] = ((Hop — 2)? 9, (Hop —2)?¥) +2(9,¥), 9, E€ doms, 


is represented by the semibounded self-adjoint relation H. Furthermore, 


(Sz T x)[y, p] = ((Hop = x)yp,w) + rly, p) = (Hop p,p) 


for all y,w € dom H, and hence the restrictions of the form s, +x and of the form 
t to dom Hop coincide; cf. Theorem 5.1.18 (iv). According to Proposition 5.1.22 
and Lemma 1.5.10, dom Hop is a core of 5y and hence also of s; +x. On the other 
hand, by Theorem 5.1.18 (ii), dom Hop = dom H is also a core of t. Hence, the 
forms 5y + x and t coincide on the common core dom Hop. This implies that the 
forms 5y + x and t coincide. Therefore, 


dom t = dom (s,; +x) = dom (H — «)?, u<y, 
and 
tlo, Y] = ((Hop — 2)? p, (Hop — 2)?4) +.2(y,¥), p, Y € domt. 


Finally, Proposition 5.1.22 shows that a subset of domt is a core of t if and only 
if it is a core of the operator (Hop — x)3, This completes the proof. 
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5.2 Ordering and monotonicity 


In this section an ordering will be introduced for semibounded closed forms tı 
and t2, and for semibounded self-adjoint relations Hı and Hə in a Hilbert space 
§). It will be shown that these orderings are compatible if tı and Hy, and t2 and 
Hy are related via the first representation theorem (Theorem 5.1.18), respectively. 
An alternative formulation of the ordering of semibounded self-adjoint relations 
will be given in terms of their resolvent operators. The last part of the section is 
devoted to a general monotonicity principle in the context of semibounded self- 
adjoint relations or, equivalently, of closed semibounded forms. 


First an ordering will be defined for semibounded forms that are not neces- 
sarily closed. 


Definition 5.2.1. Let t; and tg be semibounded forms in § that are not necessarily 
closed. Then one writes tı < t2, if 


domtz Cdomt;, tify] < tly], p E€ dom tə. (5.2.1) 


Note that if tı < to, then t2-convergence implies t1-convergence. Indeed, let 
Pn >t, Y. By Definition 5.1.4, this means that 


Pn €domtz, Yn yy, and tzlpn — Ym] > 0. 
Since tı < t2, this implies that 
Pn €domt; and ti[~n — Ym] > 0, 


which shows that yn > y. Definition 5.2.1 generates a number of simple but 
useful observations. 
Lemma 5.2.2. Let tı, t2, and tz be semibounded forms in H that are not necessarily 
closed. Then the following statements hold: 

(i) to Ct > th < to; 

(ii) ti < t2 > m(t1) < m(te); 

(iii) ti < to and to < t3 > tı < ts; 

(iv) ti < to and t2 < ti > tı = tz; 

(v) t <t > Ú <t, when t and tz are closable. 


Proof. (i) This follows from the definition of tg C t1; cf. (5.1.2). 
(ii) It follows from (5.2.1) that 


t 
int { me :y€domt, pF o} < medi I He, p E€ dom t2, pF o} 
p 
aly] 


< int l E 


| 
Hence, Definition 5.1.2 implies that m(t,) < m(t2). 


: p E dom tz, Y Æ o} ; 
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(iii) This is an immediate consequence of Definition 5.2.1. 


(iv) If tı < t2 and t2 < tı, then it follows from (5.2.1) that dom tı = dom tz and 
that tilp] = te[y] for all p € domt; = dom tz. The conclusion now follows by 
polarization; cf. (5.1.1). 


(v) Assume that tı and tz are closable forms. Let p € dom t; then, by Defi- 
nition 5.1.10, there exists a sequence (pn) in dom tz such that yn >n vy. Re- 
call that t:-convergence implies t;-convergence and thus y € domt,;. This shows 
domt C domt. Therefore, Theorem 5.1.12 implies that for y € dom fy one has 


tly] = lim tiln] < lim te[yn] = tolp], 


n—- oo 


which shows (v). 


Next an ordering will be defined for semibounded self-adjoint relations. It 
will be shown in Proposition 5.2.6 below that this ordering is in agreement with 
the notation y < H for a semibounded self-adjoint relation H with lower bound 
y; cf. Definition 1.4.5. Note that the following definition relies on Lemma 1.5.10. 


Definition 5.2.3. Let Hı and Hə be semibounded self-adjoint relations in 5, with 
lower bounds m( Hı) and m( H2), respectively. Then the relations Hı and H3 are 
said to be ordered, and one writes Hı < Hə, if 


1 


dom (Hz — x)? C dom (Hy — x)?, 


(5.2.2) 
1 T 
(Hip — 2)ž4l| < ||(H2,0p — 2)? 9], p € dom (H3 — x)?, 


Nile 


is satisfied for some, and hence for all x < min {m(H1), m(H2)}. 


In the next theorem it is shown that the ordering for semibounded forms 
in Definition 5.2.1 and the ordering for semibounded self-adjoint relations in 
Definition 5.2.3 are compatible. Here the second representation theorem (The- 
orem 5.1.23) plays an essential role. 


Theorem 5.2.4. Let tı and t2 be closed semibounded forms in § and let Hı and 
Ay be the corresponding semibounded self-adjoint relations. Then 


t<t & Hı< Hə. 
Proof. Assume first that tı < t2. Then, by Definition 5.2.1, 
dom t2 C dom tı, tı l] < te [y], vy € dom tə, 


and for all x < min {m(t1),m(t2)} it follows from Theorem 5.1.23 that (5.2.2 
holds. Hence, Hı < Hə by Definition 5.2.3. 

Conversely, assume that Hı < Hə. Then, by Definition 5.2.3, (5.2.2) holds 
for all x < min {m( H1), m(H2)} and hence Theorem 5.1.23 implies tı < to. 
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Lemma 5.2.5. Let Hı, Hə, and Hz be semibounded self-adjoint relations in 9. 
Then the following statements hold: 
(i) Hı < Hy > mul H; C mul H3; 
(ii) Hy < Hy > m(H1) < m(Hə); 
) Hı < Hə and Hə < H3 > Hı < H3; 
(iv) Hı < Hə and Hə < Hı > Hı = Ho; 
(v) Hı < Hp & Hı — x < Hə — z for every z E R. 


(iii 


Proof. Let t; be the closed semibounded form corresponding to H;, i = 1,2,3. 
For the proof of (i) it is sufficient to observe that 


dom Hə = dom tə C dom tı = dom H4, 


where Theorem 5.2.4 and Theorem 5.1.18 (iv) were used. Taking orthogonal com- 
plements then gives mul Hı C mul Hp. For (ii) recall that 


m(H,) = m(t1) < m(t2) = m(Hə2), 


as follows from Lemma 5.2.2 and Theorem 5.1.18. Statements (iii) and (iv) are 
translations of similar statements in Lemma 5.2.2. The statement (v) is clear from 
Theorem 5.2.4. 


Assume that in Definition 5.2.3 the self-adjoint relation Hı has a closed 
domain dom H1. Then the operator part H1,op of Hı is a bounded operator which 
implies that dom Hı = dom (H; — x)2. Thus, in this case Hı < Hə if and only if 

dom (H — x)? C dom Hy, 


(5.2.3) 
((Hi op — 2), 9) < ||(H2op — 2)? 9 ||”, p € dom (F — 2)3. 


The following proposition gives an alternative version of this statement. 


Proposition 5.2.6. Let Hı and Hə be semibounded self-adjoint relations in H and 
assume that dom Hy is closed. Then the following statements are equivalent: 


(i) Hi < Ho; 

(ii) dom Hz C dom Hı, (Hi op 9, p) < (Hoop Y, p), p € dom H2. 
Moreover, if Hı € B(S), then these statements are equivalent to 
(ili) (Aig, p) < (H2,op 9, 9), p € dom H2; 

(iv) hy, p) < (959), tp, 6} € Hz; 
and in the particular case that Hı = 715 to 


(v) vlel? < (Hoop 9, p), p € dom Hp; 
(vi) alel? < (2, p), {9,9} € He. 
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Proof. (i) = (ii) Let (i) be satisfied. Then dom H> C dom (H — x)? C dom Hy 
by (5.2.3), and for all p € dom Hə the inequality in (5.2.3) takes the form 


(Hi op > LY, e) < ((H2,0p = xy, p), 
which implies (ii). 


(ii) = (i) Let (ii) be satisfied and let y € dom (H> — x)?. Then there exists a 
sequence (Yn) in dom Hə such that 


I 1 
Pa =p and (Hoop — 2)? pa > (Hoop — 2)? 9, N= 00, 


since dom Hy is a core of (Hz — x)?; see Lemma 1.5.10. Due to the assumption 
one has Yn € dom Hı and 


a 
((Hi op — £)Pn, Pn) < ((H2,op — £) Pn, Pn) = ||(H2,op — £)? Yn”. 


Since dom H; is closed it follows by taking the limit that 


tole 


((Hiop — 2) 9,9) < ||(H2,op — 2)? y|?, p € dom (Hz — «)?. 


Hence, (5.2.3) is satisfied or, equivalently, Hı < Hə. 


If Hı € B(9), then dom H; = § and hence the rest of the statements is clear. 


In particular, the inequality in (v)—-(vi) of Proposition 5.2.6 shows that the 
ordering yIø < H is equivalent to H being semibounded with lower bound y 
as defined in Definition 1.4.5. Furthermore, if both Hı and Hə are self-adjoint 
operators in B(%), then they are semibounded and Proposition 5.2.6 (iii) shows 
that Hı < Hə in the sense of Definition 5.2.3 agrees with the usual definition 
(Hip, p) < (Hay, p) for all pe 9. 


The ordering for semibounded relations Hı and Hə can also be expressed in 
terms of their resolvent operators. The next proposition is an immediate conse- 
quence of Proposition 1.5.11 (for the special case p = 1). 


Proposition 5.2.7. Let Hı and Hə be semibounded self-adjoint relations in H. Then 
the following statements are equivalent: 

(i) Hı < Hə; 

(ii) for some, and hence for all x < min {m(H1),m(H2)} 


(H2 = gz)? < (Hı = x), 


The next corollary slightly extends Proposition 5.2.7 and gives a further 
interpretation of the inequality Hı < Hə when x < min {m(H1), m(H2)}. The 


equivalence in (5.2.4) below is an example of the antitonicity property. 
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Corollary 5.2.8. Let Hı and Hə be semibounded self-adjoint relations in H. Then 
Hı < Ay 
if and only if for y < min {m(H1), m(H2)} one has 
(Hea) < (Hı = 7)". 
In particular, if Hı and Hə are nonnegative self-adjoint relations, then 
H <H & HH," < Ay". (5.2.4) 
Proof. Let H be a semibounded self-adjoint relation with y < m(H). Then H — y 


is nonnegative and hence also (H — y)™t} is a nonnegative self-adjoint relation. 
Now write for 7 < y 


H-x=H-y-(s-), 
and apply Corollary 1.1.12 (with H replaced by (H — y)~! and X replaced by 
(x — y)~+), obtaining 


(H-2)t=-— a ((# yy =i 


x-y (@-7 r— 


Hence, for the pair of semibounded self-adjoint relations Hı and Hə and with 
y < min {m(H1), m(H2)} one obtains for each z < 7: 


(Hı —2)~* — (Ha — £)! 


-ey [e e] 


Since x — y < 0, a repeated application of Proposition 5.2.7 shows the equivalence. 
In fact, Hı < Hə if and only if (Hə — x)~! < (Hı — x)~1 by Proposition 5.2.7, 
which by the above formula is equivalent to 


D z @ a i: (5.2.5) 


z- 


(m-a - 


a 


Another application of Proposition 5.2.7 shows that the inequality (5.2.5) is equiv- 
alent to the inequality (H2 — y)~! < (Hı — y)7I. 


As a corollary to Proposition 5.2.7 it will be shown that in the case Hı < Ho 
the difference (Hı — x)~! — (Hə — x)™t, x < min {m(H1), m(H2)}, can be used to 
describe the gap between the corresponding form domains 


tle 


dom (H2 — x)? C dom (H; — 2)?. 
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Corollary 5.2.9. Let Hı and Hə be semibounded self-adjoint relations in H and 
assume that 

A, < Hə. 
Then for allx < min {m(H1), m(H2)} the operator (H;—x)~'—(H2—2z)~! € B(H) 
is nonnegative and 


dom (Hı — a)? = ran ((Hy — a)! — (Hy — x)71)? + dom (Hə — a)?. 
Proof. Since Hı < Hə, the operator R(x) € B(), defined by 
R(x) = (Hı — £)? — (Ha — 2), 


is nonnegative for x < min {m(H1), m(H2)}; cf. Proposition 5.2.7. Hence, one can 
write 


(Hı — r)! = R(x) + (H2 — r)! 
R(x)? ) . (5.2.6) 


Now recall that if T = (A B) is a row operator with A, B € B(S), then it follows 
from ran (TT*)2 = ran|T*| = ran T, cf. Corollary D.6, that 
ran(AA* + BB*)? = ran (A B) = ran A + ran B. (5.2.7) 
Hence, taking square roots in the identity (5.2.6) and applying (5.2.7) shows that 
ran (Hı — a)7? = ran R(x)? + ran (Hə — a2)7?, 


which yields the desired decomposition 


Nie 


dom (Hı — x)? = ran R(x)? + dom (Hə — x) 


for x < min {m(H1),m(H2)}. 


Now the ordering for semibounded self-adjoint relations and for semibounded 
closed forms will be used to reinterpret and extend the monotonicity result in 
Proposition 1.9.9 


For the proof of the following theorem it is useful to have available an auxiliary 
result concerning the interchange of limits. Let (fn) be a nondecreasing sequence of rea 
nondecreasing functions defined on an open interval (a,b). Thus, for all x € (a,b) one 
has 

mlt) S fanl) m<n, (5.2.8 


and for all n € N 
falx) < frly), a<acy<b. (5.2.9 


In view of (5.2.8) the pointwise limit 


foo(x) = lim fn(x), «x € (a,b), (5.2.10 
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gives a function fx. : (a,b) + RU {oo} that is nondecreasing, thanks to (5.2.9). This 
is clear when all f..(x) are finite, in which case limb foo(x) is proper or improper. 
However, if foo(%o) = œ for some zo E (a,b), then (5.2.9) shows that f..(%) = co for 
all £o < x < b. In this case the function fo. is also called nondecreasing (in the sense of 
RU {oo}) and one defines limz-45 foo(%) = oo. In view of (5.2.9) the limit 


fa(b) = lim fn(z), n€N, (5.2.11) 


gives a sequence with values in RU {oo} that is nondecreasing, thanks to (5.2.8). This 
is again clear when all limits f,(b) are finite in which case limp oo fn(b) is proper or 
improper. However, if there exists some m € N for which fm(b) = oo, then for all n > m 
one has f,,(b) = co. In this case one defines limn—+oo fn(b) = co. 


Lemma 5.2.10. Let (fn) be a nondecreasing sequence of nondecreasing functions defined 
on some open interval (a,b). Let foo be the nondecreasing limit function in (5.2.10) and 
let (fn(b)) be the nondecreasing sequence of limits in (5.2.11). Then 


lim foo(w) = lim fn(d). (5.2.12) 
x—b noo 
In particular, both limits in (5.2.12) are finite or infinite simultaneously. 


Proof. Consider the case that all values of fs. are real. Since fa(x) < foo(x) for all 
x € (a,b), it follows that for any n € N 


f(b) = lim f(a) < lim foc (0). 


This implies 
lim f(b) < lim foo (2), (5.2.13) 
noo x—>b 
where the limits may be infinite. Assume that there is strict inequality in (5.2.13). First 
consider the case limz_.» fo (x) < co. Then clearly there exists some 6 > 0 for which 


5+ lim fn(b) < lim foo (x). (5.2.14) 


Next consider the case limz-+» foo(a) = oo. Then limn-—oo fn(b) < co (otherwise there 
would be equality in (5.2.13)) and (5.2.14) holds for any 6 > 0. In each case, there exists 
some x € (a,b) such that 


6+ lim fn(b) < fool). 
From this one concludes 


5+ foo(t)=5+ lim falz) <6+ lim fa(b) < fool); 


a contradiction. Hence, there is equality in (5.2.13). It remains to consider the situation 
where foo(%o) = œœ for some a < zo < b. In this case f.(a) = 00 for all ro < z < b and 
limz—+p foo(x) = co. Assume that 

L= lim fn(b) < œ. 


n— oo 


For any to < x < b one has 

fn(x) < fa(b) < L, 
which implies that limn—+oo fn(x) < L; a contradiction. Again, there is equality in 
(5.2.13). 
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Theorem 5.2.11 (Monotonicity principle). Let (Hn) be a nondecreasing sequence 
of semibounded self-adjoint relations in § and let y < m(Hı). Then there exists a 
semibounded self-adjoint relation Hj, with y < m(H x) and Hy, < Ho. such that 
A, + Hæ in the strong resolvent sense, i.e., 


(Ha — à) 1y > (Hæ — A) vy, YES, AEC\|[y, 00). (5.2.15) 


Furthermore, Hæ satisfies 
dom (Hæ — y)2 


Z 1 . 1 (5.2.16) 
= PE N dom (Hn — 7)? : lim ||(Hnop — 7)? ¥|| < œ 


n— oo 


and for all p € dom (Hæ — 7)? it holds that 
|| Hoojop — 7)? gl] = lim ||(Hn,op — 7)? ll- (5.2.17) 
Proof. The assumption H, < Hm for n < m and Proposition 5.2.7 lead to 
0< (Hm=) S (Han a) >) @< 4, 


where y < m(H1). Hence, by Proposition 1.9.14, there exists a semibounded self- 
adjoint relation H,, with y < m(H.) such that 


0< (H-2)! < (Hnr), 2<7, (5.2.18) 


and H,, converges to H,, in the strong resolvent sense on C \ [y,00), that is, 
(5.2.15) holds. 

It remains to prove (5.2.16) and (5.2.17). It follows from Corollary 1.1.12 
with H replaced by H,, — y and H» — 7, respectively, that for x < 0 one has 


(Hn — 7)? — 2) "9, 9) — (((Hoo — 7)! — 2)", 9) 


Since y + 1/x < y, the right-hand side tends to zero monotonically from below 
for n — oo, as follows from (5.2.15) and (5.2.18); but then also the left-hand side 
tends to zero monotonically from below. 

To complete the proof, consider the functions, defined for y € § and x < 0 by 


fala) = (((Hn — 7)? —2) 9,9) 
and 
foo() = (((Hoo — 7)" - 2)", 9). 
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The above argument shows that the sequence fa is nondecreasing with fə as 
pointwise limit. It follows from Lemma 1.5.12 (with H replaced by H, — y and 
H — y, respectively), that both functions fn and fə are nondecreasing on the 
interval (—oo,0) and that 


fa(0) = lim (((Hn — 7)! — 2)", p) 


_{ Wao = a)żol P, p E dom (Hn -7)ż, eae 
oO, otherwise, 
while 
foo(0) = lim (((Hoo - 9)? = 2)", 9) 
_ f [loop — 7)? 91, p € dom (Hx -)3, ee) 
oO, otherwise. 
Hence, by Lemma 5.2.10, 
lim fn(0) = foo(0), (5.2.21) 


where the limits in (5.2.21) are finite or infinite simultaneously. 

Assume that y € dom (Hx — ES Then, by (5.2.20), foo(0) < œœ, which, in 
view of (5.2.21), implies that all f,,(0) < oo. Hence, p € N7; dom (Hn — y)? by 
(5.2.19), and (5.2.21) reads 


: 1 1 
lim ||(Hnjop — yell? = ||(Hæ,op — 1)? ol? (5.2.22) 


n— oo 


Thus, y belongs to the right-hand side of (5.2.16). This shows the inclusion (C) 
in (5.2.16), and (5.2.22) gives (5.2.17). 

Conversely, assume that y belongs to the right-hand side of (5.2.16), that is, 
p € NZL dom (A, — 7)? and 


i 3 
Jim ||(Hn,op = 7)? ol] < o. 
By (5.2.19) one sees that f,(0) < co and that limps. fn(0) < oo. It follows from 
(5.2.21) that f..(0) < oo. Now apply (5.2.20) to conclude that y € dom (H.—7)?. 
This shows the inclusion (D) in (5.2.16). 


Corollary 5.2.12. Let (Hn) be a nondecreasing sequence of semibounded self-adjoint 
relations and let Hæ be the strong resolvent limit as in Theorem 5.2.11. Then the 
following statements hold: 


(i) If K is a semibounded self-adjoint relation such that Hn < K for alln €N, 
then also Hi, < K. 


(ii) If S is a symmetric relation such that S C Hn, for alln € N, then also 
SC Ay. 
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Proof. (i) Assume that H,, < K. Then for all x < y < m(Hı) 
0<((K-2)"9,9) < ((An—2)"p, 9), YES: 

By (5.2.15), (Hn — 2)~!p > (Hx — 2)7' for y € § and one concludes that 
0 < ((K -= 2), p) < (Hæ —2) "9, p), pes. 


Hence, by Proposition 5.2.7 it follows that Hæ < K. 


(ii) Assume that {y, y’} € S. Then {y, y’} € Hn by assumption and hence for all 
n € N one has 

(Hn = AH — Av) =H, AE C\ [7, 00). 
By (5.2.15), (Hn — x)“ t4y > (Hox — x) tw for ù € § and one concludes that 


(Hoo — A) "(y! — Ap) = lim (Hn — A)" (¢" — Av) = p, 


which gives {y, y’} € Hoo. Hence, S C Hæ. 


Now consider the special case of a nondecreasing sequence of self-adjoint 
operators (Hn) in B(). Then it is clear that H is a semibounded self-adjoint 
relation which is an operator in B() if and only if the sequence (H,,) is uniformly 
bounded; cf. Corollary 1.9.10 and the beginning of Section 1.9. The following 
corollary shows that the domain of the square root of Hx — y, y < m(H}), is 
given by those y € $ for which (H,,y, p) has a finite limit as n —> oo. 


Corollary 5.2.13. Let (Hn) be a nondecreasing sequence of self-adjoint operators 
in B(H) with y < m(M1) and define 
é={pen: Jim (Hn, ) < 00 }. 
Let H be the semibounded self-adjoint limit of the sequence Hn. Then 
€ = dom (Ha — y)?. 
In particular, one has 


(i) €=H & H» € BH); 
(ii) 
(iii) clos € = H = H is an operator; 
(iv) €= {0} > Hy = {0} x H. 


€ is closed 4 Hoop is a bounded operator; 


A useful variant of Corollary 5.2.13 is concerned with a nondecreasing func- 
tion M : (a,b) + B(S), whose values are self-adjoint operators; cf. Corollary 2.3.8. 
Then there exists a self-adjoint limit at the right endpoint b, which can be re- 
trieved via sequences converging to b. For the existence of the self-adjoint limit 
at the left endpoint a consider the function «++ —M (x), which is nondecreasing 
when z € (a,b) tends to a. 
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Corollary 5.2.14. Let M : (a,b) + B(S) be a nondecreasing function, whose values 
are self-adjoint operators. Then there exist self-adjoint relations M(a) and M(b) 
in H such that M(x) + M(b) in the strong resolvent sense when x —> b and 
M(x) + M(a) in the strong resolvent sense when x > a. Furthermore, 


M(a)< M(b) and — M(x) <—M(a), x E (a,b). 
Define 
e= { oes: lim(M(a)e,¢) <o) 
and 
E= f EH: lim (M (2), p) > -o0 }. 
Then forc =a orc =b one has 


(i) €& =5 & M(c) € B(S); 

(ii) E. is closed <= M(c)op is a bounded operator; 
(iii) clos €e = § & M(c) is an operator; 
(iv) €. = {0} = M(c) = {0} x 9. 


Let (tn) be a nondecreasing sequence of closed semibounded forms in § which 
satisfy y < m(t,). By Theorem 5.1.18, there exist unique semibounded self-adjoint 
relations Hn, bounded from below by y, which correspond to tn. According to 
Theorem 5.2.4, the sequence (H,,) is nondecreasing. By the monotonicity principle 
in Theorem 5.2.11 the strong resolvent limit of the sequence (H,,) exists as a 
semibounded self-adjoint relation Hə with lower bound y such that H, < Hæ. Let 
to. be the form corresponding to Ha by Proposition 5.1.19. Then tə is bounded 
below by y and tn < tx by Theorem 5.2.4. Therefore, the following theorem 
concerning a nondecreasing sequence of forms may be seen as a direct consequence 
of Theorem 5.2.11. 


Theorem 5.2.15 (Monotonicity principle). Let (t,) be a nondecreasing sequence 
of closed semibounded forms in H and let y < m(t,). Then there exists a closed 
semibounded form to with y < m(too) such that tn < too and 


dom tæ = fe E€ N dom t, : Jim tall < ~| (5.2.23) 
and 
tolp] = lim talp], p € dom too. (5.2.24) 


Moreover, the relations H, corresponding to the forms t, converge in the strong 
resolvent sense to the relation Hœ corresponding to the form tæ. 


Proof. It is clear from Theorem 5.1.23 and the formulas (5.2.16) and (5.2.17) in 
Theorem 5.2.11 that the limit form tə satisfies (5.2.23) and (5.2.24). 
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5.3 Friedrichs extensions of semibounded relations 


A semibounded, not necessarily closed, relation S in a Hilbert space 9 has equal 
defect numbers, and hence admits self-adjoint extensions in 9. It will be shown that 
such a relation S has a distinguished semibounded self-adjoint extension Sp, the 
so-called Friedrichs extension of S, with m(Sp) = m(S). The construction of this 
extension involves a closed semibounded form associated with S. The characteristic 
properties of this extension will be investigated in detail. 


Let S be a semibounded relation in §. Recall from Lemma 5.1.17 that the 
form ts given by 


tsiigl=(f9), {hf {99} E S, (5.3.1) 


is well defined and that it is semibounded with the lower bound m(S). Moreover, 
it has been shown that tg is closable and that the closure ts of ts is a semibounded 
closed form whose lower bound is equal to m(S). Also, dom ts = dom S is a core 
of tg. 

Lemma 5.3.1. Let S be a semibounded relation in § with lower bound m(S). Let ts 
be the closure of the form tg in (5.3.1). Then the unique relation Sp corresponding 
to tg via Theorem 5.1.18 is a semibounded self-adjoint extension of S with the lower 
bound m(Spr) = m(S). In fact, Sp is a self-adjoint extension of the semibounded 
relation S + Noo (S*), so that 


SCS FMRo(S*) C Sp, where Tt(S*) = {0} x mul S*. (5.3.2) 


Moreover, 


Sp = (S)p. (5.3.3) 
Proof. By Theorem 5.1.18, the closed form ‘tg induces a unique semibounded self- 
adjoint relation Sp in § such that 


tslf, g) = (F9), tf, f'} = SF, gE dom ts. 


To show that Sp is an extension of S, let {f, f’} € S. As f € domts, it follows 
that for all g € dom ts 
ts[f,g] = ts[f, g] = (f'g). 

Since domts = domS is a core of ts, one obtains {f, f'} € Sp from The- 
orem 5.1.18 (iii). Hence, Sp is a self-adjoint extension of S with lower bound 
m(Sp) = m(S). 

In order to verify (5.3.2) it now suffices to see that {0} x mul S* C Sp. Let 
p € mul S* and let g € dom S, then clearly ts[0, g] = 0 and (y, g) = 0. Therefore, 


ts[0, g] =(y,g) forall g€ dom S. 


Since dom S is a core of tg, it follows that {0, 9} € Sp. 
To see that (5.3.3) holds, it suffices to recall from Lemma 5.1.17 that ts = tz 
holds for the closures of ts and tg. 
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Definition 5.3.2. Let S be a semibounded relation in §. The semibounded self- 
adjoint relation Sp associated with the closure of the form tg in (5.3.1) is called 
the Friedrichs extension of S. The closure tg of the form tg will be denoted by 
tsp, so that tsp = tg. 


Let S be a semibounded relation in § and let a < m(S). Then S—aisa 
nonnegative relation and it is a consequence of (5.3.1) that ts_, = ts — a. The 
translation invariance of the closures, cf. (5.1.17), leads to 


t(s—a)s fga ts—a = ts— a= tsp- a. 


The nonnegative self-adjoint relation (S — a)p corresponding to the form on the 
left-hand side is equal to the nonnegative self-adjoint relation corresponding to 
the form on the right-hand side. Thus, one obtains 


(S—a)p = Sp =a, a<m(S). (5.3.4) 
In other words, the Friedrichs extension is translation invariant. 


By Lemma 5.3.1, the Friedrichs extension Sp is a semibounded self-adjoint 
extension of S. As a restriction of S* the Friedrichs extensions can be characterized 
as follows. 


Theorem 5.3.3. Let S be a semibounded relation in H. The Friedrichs extension 
Sp of S admits the representation 


Sr = {{f, f'} E S* : f € domts,} (5.3.5) 


with mul Sp = mul S*. Furthermore, if H is a self-adjoint extension of S, that is 
not necessarily semibounded, then 


dom H C domts, => H= Sr. 


Proof. In order to show that Sp is contained in the right-hand side of (5.3.5), let 
{f, f} € Sp. Clearly, S C Sp and since Sp is self-adjoint this implies Sp C S*, so 
that {f, f'} € S*. Note also that f € dom Sp C dom tsp. Hence, Sp is contained 
in the right-hand side of (5.3.5). 

To show the opposite inclusion, let {f, f’} € S* be such that f € dom tsp. 
Then there exists a sequence (fn) in dom ts = dom S' with 


fn tsp f: 


Let { fn, f} } be corresponding elements in S and let {g, g’} € S be arbitrary. Then 
ts C ts, and S C S* imply that 


tsp [fng] = ts[fns 9] E (fn) z (fns 9’): 
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Since tg, is a closed form, it follows that 


tsp Lf, g] = (Jag): 
As {f, f'} € S* and {g,g'} € S, one obtains (f, 9’) = (f', g), so that 


tsp lf g] Z (fg). 


This identity holds for an arbitrary element g € dom S. Since dom S = dom tg is 
a core of the form tg, it follows from Theorem 5.1.18 (iii) that {f, f’} € Sp. 
Now let H be any self-adjoint extension of S with dom H C dom tsp. Hence, 
if {f, f’} € H, then {f, f’} € S* and f € dom H C dom tsp. By (5.3.5), one has 
{f, f'} € Sp. This shows H C Sp, and since both H and Sp are self-adjoint, it 
follows that H = Sf. 


According to Theorem 5.3.3, the inclusion dom H C dom ts, for any self- 
adjoint extension H of S implies H = Sp. Note that in general a self-adjoint 
extension of a semibounded relation is not necessarily semibounded. The situation 
is different when S has finite defect numbers; cf. Proposition 5.5.8. 


The construction of Sp in (5.3.5) results in a description of Sp by means of 
approximating elements from the graph of S. 


Corollary 5.3.4. Let S be a semibounded relation in H. Then Sp is the set of all 
elements {f, f'} € S* for which there exists a sequence ({fn, f,}) in S such that 


fn > f and (fri fr) > (Ff). 


Proof. By Theorem 5.3.3, Sp is the set of all elements {f, f’} € S* for which 
f € dom tsp. Hence, there exists a sequence ({ fn, f/,}) in S such that 


fn tsp f. 
In particular, f, > f in § and, moreover, 
(F, f) = tsp |f, f] = jim, tsr [fn fal _ jim ts[ fn: fr] = Jim (fn Fr): 
Hence, Sp is contained in the relation 
HULSE ES": fa > f and (fh, fn) > (f', f) for some { fn, fn} € SH. 


Observe that this relation is symmetric since (fj, fn) € R implies (f’, f) € R. 
Thus, the self-adjoint relation Sp is contained in the symmetric relation above, 
and therefore they coincide. 


Since S C Sp C S* and dom Sp C dom S by Corollary 5.3.4 one has that 
dom S$ C dom Sp C (dom SN dom $*). 


The next corollary shows when these inclusions are identities. 
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Corollary 5.3.5. Let S be a semibounded relation in H. Then 
SFMR(S*) = Sp, Wo(S*) = {0} x mul $*, (5.3.6) 


if and only if 
dom § = dom § N dom S*. 


In particular, if dom S' is closed, then Sp has the form (5.3.6). 
Proof. Recall from (5. 


ity if and only if S + 
Lemma 1.5.7. 


3.2) that S + Noo (S*) C Sp. Note that there is equal- 
Noo (S*) is self-adjoint. Hence, the assertion follows from 


The construction of the Friedrichs extension Sp of a semibounded relation S 
via the form tg in (5.3.1) leads to an important characteristic property. First of 
all, recall that 


tSp [fg] = (Foe) {f, F3 = SF, gE dom tsp, 


with lower bound m(Sp) = m(S). Now assume that H is another semibounded 
self-adjoint extension of S. Then clearly m(H) < m(S), and according to Propo- 
sition 5.1.19, the relation H generates a closed semibounded form ty on § with 


talfigl=(f09), {fh f} EH, g€domty. 
By specializing {f, f'} € S and g € dom S, it follows that 
tulf, g] = (f’,9) = ts|f, 9] 


and hence ts C ty. By construction, ts C t= ts, and hence tg, is the smallest 
closed form extension of ts; cf. Theorem 5.1.12. Therefore, 


ts C ts, C ty. (5.3.7) 


This leads to the extremality property of Sp stated in the next result. 


Proposition 5.3.6. Let S be a semibounded relation in § and let H be a semibounded 
self-adjoint extension of S. Then m(t) = m(H) < m(Sp) = m(S) and 


ty < ts, or H < SF; 
or, equivalently, for some, and hence for alla < m(H), 
(Sp —a)-1<(H-a)}. 


Proof. It is a consequence of (5.3.7) and Lemma 5.2.2 (i) that ty < tsp. The rest 
of the statements follow from Theorem 5.2.4 and Proposition 5.2.7. 
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According to Proposition 5.3.6, the Friedrichs extension Sp is the largest 
semibounded self-adjoint extension of S in the sense of the ordering for forms or 
relations, and so it has the smallest form domain. Recall that for any semibounded 
self-adjoint extension H of S one has for a < m(H) < m(Sp) that 


tole 


dom (H — a)? = ran R(a)? + dom (Sp —a)2, (5.3.8) 
where the nonnegative operator R(a) is defined by 


R(a) = (H — a)~1 — (Sp — a)! € B(S); (5.3.9) 


cf. Corollary 5.2.9. The identity (5.3.8) will now be put in a geometric context. 
Recall that for a < m(H) the closed nonnegative form ty — a on § defines the 
following inner product on dom ty 


Nie 


(f, Dty—-a = talf,g]-—a(f,9), fg € domty = dom (H —a)?, (5.3.10) 


which makes the space Ñiy -a =domty =dom(H — a)? complete; cf. Lemma 5.1.8. 
Similarly, the closed nonnegative form ts, — a on $ defines the following inner 
product on dom tsp: 


(f,9)ts.-a = tsel, g] — alf, g), fg €domts, =dom(Sp—a)?, (5.3.11) 


which makes the space Hts,-a = dom ts, = dom (Sp — a)? complete. Thus, in 
terms of inner product spaces one obtains 


Nis, —a Cc Dtz—a; 


and by (5.3.7) the restriction of the inner product in (5.3.10) to Ht5,,-a coincides 
with the inner product in (5.3.11). Therefore, 


Nite a = (Neo Stew Mesa) Oty Dts, ti (5.3.12) 


see Corollary 5.1.13. In terms of the spaces Ht, —a and Nis, —a the sum decompo- 
sition in (5.3.8) may be rewritten as 


Dex—a = ran R(a)? + Sits, —a- (5.3.13) 


The connection between the decompositions in (5.3.12) and (5.3.13) is discussed 
in the next proposition. 


Proposition 5.3.7. Let S be a semibounded relation in 9, let Sp be its Friedrichs 
extension, and let H be a semibounded self-adjoint extension of S with lower bound 
m(H). Furthermore, let a < m(H) and let R(a) be the nonnegative operator in 
(5.3.9). Then 


tle 


Nty—a Ctu—a Dts, —a = ker (S* — a) N 9¢,-a = ran R(a)?, (5.3.14) 
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and, consequently, the Hilbert space Ht —a has the orthogonal decomposition 


Nitya = (ker (S* = a) n Deg=a) Dig=a HDtsp—a 

1 (5.3.15) 
= ran R(a)? ®ty-a tsp -a 

In particular, the sum decomposition in (5.3.8) is direct for every a < m(H). 


Proof. First the identity 
Nic-a Otsa Nts, -a = ker (s* = a) Aira (5.3.16) 


in (5.3.14) will be shown. Recall from Lemma 5.1.17 and Theorem 5.1.12 that 
Ďiıs—a is a dense subspace of Nts,—a and hence it suffices to verify that 


Dira Otra Hera = ker (s* —a)N9ty-a- (5.3.17) 


Assume first that g belongs to the left-hand side of (5.3.17). Then (f,9)t,—-a = 0 
for all f € dom S. Hence, 


0= (fO)ta=e = tulf,g]—a(f,g) m (f',9) — alf, g) = (f' —af,g) 


for all { f, f'} € S C H, where in the third equality the first representation theorem 
was used. This implies g € (ran (S — a))+ N St,—-a = ker(S* — a) N Hipa- 
Conversely, assume that g € ker (S* — a) 9t,,—-a. Then the same reasoning as 
above shows that g belongs to the left-hand side of (5.3.17). 

In order to prove the second equality in (5.3.14), one first shows that 


ran R(a)? C ker (S* — a). (5.3.18) 


To see this, let { f, f'} € S. Then { f, f’} € HNSp and hence (H—a)~1(f'—af) = f 
and (Sp — a)~!(f’ — af) = f, which implies that for h € 9 


(F — af, R(a)h) = ((H = a) (F — af) — (Sp—a)"'(f" —af),h) =0. 


Therefore, 
ran R(a) C (ran (S — a))> = ker (S* — a) 


and hence also ran R(a) C ker (S* — a). Moreover, since R(a) is a nonnegative 
self-adjoint operator it follows from Corollary D.7 that 


ran R(a) C ran R(a)? = Tan R(a)? = ran R(a) C ker (9* — a), (5.3.19) 
which shows (5.3.18). By (5.3.8), one has ran R(a)? C dom (H — a)? = 9t,,—a- 


Together with (5.3.19) one concludes that ran R(a)? C ker (S* — a) 9t,—-a- From 
(5.3.16) it is clear that 


ran R(a)? C Hty—-a Otx—a Hts—a- 
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Comparing (5.3.8) with (5.3.12), one then concludes that 


ran R(a)? = Hira Sty—a Dtg—a- 


Together with (5.3.16) the identities in (5.3.14) follow. Furthermore, the above 
reasoning shows that the sum decomposition in (5.3.8) is direct. 


The semibounded self-adjoint extensions H of S for which the subspace 
ker (S* — a) N Ďty—a is not a proper subset of ker (S* — a) are of special interest. 
In fact, they coincide with the semibounded self-adjoint extensions H for which 
H and Sp are transversal. 


Theorem 5.3.8. Let S be a semibounded relation in § and let H be a semibounded 
self-adjoint extension of S. Then the following statements are equivalent: 


(i) H and Sp are transversal, i.e., S* = H + Sp; 
(ii) ker (S* — a) C dom (H — a)? for some, and hence for all a < m(H); 
(iii) dom (H — a)? = ker (S* — a) + dom (Sp — a)? for some, and hence for all 
a<m(H); 
(iv) dom S* C dom (H — a)2 for some, and hence for alla < m(H). 


Proof. (i) — (ii) In general, the self-adjoint extensions H and Sp are transversal 
if and only if for some, and hence for all a < m(H) 


ran R(a) = ker (S* — a), 


where R(a) = (H — a)~! — (Sp — a)~!, which follows from Theorem 1.7.8. Since 
R(a) is a nonnegative self-adjoint operator and since ker (.5* — a) is closed, the last 
statement is equivalent to 


ran R(a)? = ker (S* — a); 
cf. Corollary D.7. It follows from Proposition 5.3.7 that this condition is the same 
as 
ker (S* — a) N dom (H — a)? = ker (S* — a). 
(ii) = (iii) This follows immediately from the direct sum decomposition 
dom (H — a)? = (ker (S* — a) N dom (H — a)?) + dom (Sp — a)?; 
cf. (5.3.8) and Proposition 5.3.7. 
(iii) > (ii) This implication is trivial. 
(i) > (iv) The identity S* = Sp + H shows that 
dom S* = dom Sp + dom H, 


and note that dom H and dom Sp are subsets of dom (H —a)?. 


(iv) = (ii) This is clear. 
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The following result is a consequence of Theorem 5.3.8; it describes the be- 
havior of any semibounded self-adjoint extension H’ of S in the presence of a 
semibounded self-adjoint extension H such that H and Sp are transversal. 


Corollary 5.3.9. Let S be a semibounded relation in 9 and let H be a semibounded 
self-adjoint extension of S such that H and Sp are transversal. Then every semi- 
bounded self-adjoint extension H' of S satisfies 


dom (H’ — a)? C dom (H —a)?, a<min{m(H),m(H’)}, (5.3.20) 
in which case there exists C > 0 such that 
1 1 
||( Hop — a)? || < Cl|((Z’)op — a)? ll (5.3.21) 


for all p € dom (H’ — a)?. Moreover, there is equality in (5.3.20) if and only if 
H! and Sp are transversal, in which case there exist c > 0 and C > 0 such that 


cll((H’)op — 4)? yl] < ||(Hop — 2)? ell < Cll ((H’)op — a)? y|| (5.3.22) 
for all p € dom (H' — a)? = dom (H —a)?. 


Proof. By Theorem 5.3.8, the semibounded self-adjoint extension H of S satisfies 
all of the equivalent conditions (i)-(iv) in Theorem 5.3.8. Let H’ be another semi- 
bounded self-adjoint extension of S. Applying Proposition 5.3.7 to H’ one sees 
that for a < m(H’) 


dom (H’ — a)? = (ker (S* — a) Ataza) + dom (Sp — a)?. 


Choosing a < min{m(H),m(H’)} it follows from Theorem 5.3.8 (iii) for H that 
the inclusion (5.3.20) holds. The inequality (5.3.21) is a direct consequence of 
Proposition 1.5.11. 

Assume that there is equality in (5.3.20). Then Theorem 5.3.8 (iii) implies 
that H’ and Sp are transversal. Conversely, if H’ and Sp are transversal, then 
it follows from Theorem 5.3.8 (iii) that there is equality in (5.3.20). If there is 
equality in (5.3.20), then (5.3.21) also holds for some c > 0 when H and H” are 
interchanged. Thus, the inequalities in (5.3.22) hold. 


The extreme case of equality of H and Sp is described in the following im- 
mediate corollary of Proposition 5.3.7 and (5.3.8). 


Corollary 5.3.10. Let S be a semibounded relation in § and let H be a semibounded 
self-adjoint extension of S. Then H = Sp if and only if 


ker (S* — a) N dom (H — a)? = {0} 
for some, and hence for alla < m(H). 


In the next corollary the form corresponding to a semibounded self-adjoint 
extension H which is transversal to Sp is specified. 


5.4. Semibounded self-adjoint extensions and their lower bounds 319 


Corollary 5.3.11. Let S be a semibounded relation in 9, let H be a semibounded 
self-adjoint extension of S such that H and Sp are transversal, and let ts, and ty 
be the corresponding closed semibounded forms in H. Then 


dom ty = ker (S* — a) @t,,-a dom tsp, a<m(H), (5.3.23) 


and the restriction of ty to N%,(S*) = ker (S* — a) is a closed form in Na(S*) 
which is bounded from below by m(H) and represented by a bounded self-adjoint 
operator La E€ B(Na(S*)). Furthermore, one has 


talf, g] — alf, g) = ((La — @) fa, 9a) + tsp (fr, gr] — (fr, gF) (5.3.24) 


for all f = fa + fe,g = Ga + or E€ domty, where fa,ga E ker(S* — a) and 
fr. gr € dom tsp- 


Proof. The orthogonal decomposition (5.3.23) of dom ty follows from (5.3.15) in 
Proposition 5.3.7 and Theorem 5.3.8 (iii). Since the restriction of the form ty 
to Na(S*) is a closed form which is bounded from below by m(H), it follows 
from Theorem 5.1.18 that there exists a semibounded self-adjoint relation La in 
Na(S*) which represents this form. Moreover, it follows from Theorem 5.1.23 that 
MN, (S*) = dom (La —x)2, x < m(H), and hence (La — x)? and La are bounded 
self-adjoint operators defined on 3t,(.S*). 
For f,g € domty decomposed, with respect to (5.3.23), in 


f=fat fr and J = Ja + GF, 


where fa,ga € ker (S* — a) and fp, gr E€ domtg,, one has (fa,gr)t,—-a = 0 and 
(FF, 9a)t1—a = 0, and hence 


tali g] = a(f, g) = (f, I)tu—a = (fas Gages + (fr, 9F)ty—a 
= ty[ fa; Ja] — alfa, Ga) + tsp (fe, gF] — (fF, gF). 


Now (5.3.24) follows from ty|fa, ga] = (La fa, Ja): 


5.4 Semibounded self-adjoint extensions and 
their lower bounds 


Let S be a, not necessarily closed, semibounded relation in a Hilbert space 9 
with lower bound m(S). The Friedrichs extension Sp is a self-adjoint extension 
of S whose lower bound m(Sp) is equal to the lower bound m(S) of S. If H 
is a semibounded self-adjoint extension of S, then necessarily m(H) < m(S). 
In this section the so-called Krein type extensions Sk,» of S will be introduced. 
They can be viewed as generalizations of the Krein—von Neumann extension of a 
nonnegative symmetric operator or relation. The Krein type extension Sk,» can 
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be used to describe all semibounded self-adjoint extensions H of S whose lower 
bound satisfies m(H) € [x, m(S)] when a < m(S). 


Let S be a semibounded relation in § with lower bound y = m( S). It is clear 
that x < y implies that S — x > 0. Hence, for x < y the relation (S — x)! is 
nonnegative and one can define the Friedrichs extension (($—a)~+)p of (S—a)~}, 
which is nonnegative; cf. Definition 5.3.2. 


Lemma 5.4.1. Let S be a semibounded relation in § with lower bound y. For x < y 
the relation Sx, defined by 


Ske :=((S—-2)")p) +2 (5.4.1) 


is a semibounded self-adjoint extension of S with lower bound m(Sx,x) = x. More- 
over, Ske = (S)k« for x < y and 


SC SENS) CSF Mals) C Ske, TS, (5.4.2) 


while, in particular, 


S F RelS*) = Ske, <7. (5.4.3) 


Proof. Since for x < y the Friedrichs extension ((S — x)~1)p of the nonnegative 
relation (S — z)~! is nonnegative, it follows that 


(((S—2)"")p) 


is a nonnegative self-adjoint extension of S — x. Hence, Sx,. defined by (5.4.1) is 
a self-adjoint extension of S and, clearly, 


1 


M(SK a) >t, TaY (5.4.4) 


Since the closure of (S — x)~! is given by (S —x)~!, it follows from Lemma 5.3.1, 
with S replaced by (S — x)~1, that 


which leads to Sk, s = (S)k,» for x < y. 

Let x < y and note that the first and second inclusion in (5.4.2) are clear. 
It is also clear that S C S C Sk,=; thus, to show the third inclusion in (5.4.2) it 
suffices to check that N,,($*) C Skz. Set T = (S—x)~!, so that T is nonnegative 
and mul T* = 9t,.(S*). By Lemma 5.3.1, {0} x mul T* C Tp or, equivalently, 


{0} x Na(S*) C ((S— x) t)r or Ne(S*) x {0} c ((S —2)7")p) t. 


Thus, N, (S*) C Sk,» which completes the argument. 

For x < y it follows from Proposition 1.4.6 and Lemma 1.2.2 that ran (S — x) 
is closed. Hence, the relation S + Tt, (S*) is self-adjoint, cf. Lemma 1.5.7, and thus 
the equality (5.4.3) prevails. 
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It remains to show that m(S«,,) = x. When x < y one concludes this from 
(5.4.3). When x = y observe that S C Sk implies m(Sr,y) < m(S) = y. On the 
other hand, from (5.4.4) it follows that m(Sx,,) > 7. 


Definition 5.4.2. Let S be a semibounded relation in § with lower bound y and let 
x < y. The semibounded self-adjoint extensions Sk,» in (5.4.1) are called Krein 
type extensions of S. In the case y > 0 the nonnegative self-adjoint extension Six ,o 
is called the Krein—von Neumann extension of S. 


The definition of the Krein type extensions Sx,z in (5.4.1) incorporates the 
lower bound m(S) = y of S. Note that m(S — x) = y — x for any x € R, so that 
(S — x)x,y—zx is well defined, and 


(S —2)x,y-2 = ((((S—2)-(y¥—-2))“)p) +y-2, TER, 


which leads to 


(S =al =Sk,y—2, «ER. (5.4.5) 


The identity (5.4.5) is the analog for the Krein type extension Sx, of the shift 
invariance property (5.3.4) of Sp. There are some more useful identities involving 
Krein type extensions of S. First note the simple equality 


(S F Rel) t =S1FH).(S*), x ER \ {0}. (5.4.6) 


If S > 0 or, equivalently, S7} > 0, then it follows from (5.4.6) and Lemma 5.4.1 
that 
(Skz) = (S*)K1/es x <0, (5.4.7) 


since 0 < min {m($),m(S71)}. In particular, one sees from (5.4.7) that 


(S = Yke) = ((S = a esa z <0. (5.4.8) 


Returning to the general case where S has lower bound y, note the simple equality 


(S F Nare(S*)) -a=(S—a) FM, ((S—a)*), aweER. 
For a+ x < y this implies 
Skate — 4 = (S — a)k,z, (5.4.9) 
and taking a = y in (5.4.9) gives an analog of (5.4.5): 
Sky+ — Y = (S -= Y)Kz; £<0. (5.4.10) 


By Lemma 5.4.1, the Krein type extensions Sk, z , £ < y, are semibounded 
self-adjoint extensions of S. As restrictions of S* the Krein type extensions can be 
characterized in a similar way as the Friedrichs extension Sp; cf. Theorem 5.3.3. 
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Theorem 5.4.3. Let S be a semibounded relation in H with lower bound y. Then 
for each x < y the Krein type extension Sk,» of S has the representation 


Sk,2 = Hf, fE: fl-afe dom t((s-1)-1)p } (5.4.11) 


with ker (Sk, s — £) = ker (S* — x). Furthermore, if H is a self-adjoint extension 
of S, which is not necessarily semibounded, then 


ran (H = T) C dom t({s-r)-1)x = H= Sk,x- 


Proof. Let x < y. Then by definition one has (Sk, — x)! = ((9 — 7)~1)p and 
{f, F} € Sx. if and only if {f’ — af, f} € (Sk. —2)~+. Similarly, {f, f’} € S* 
if and only if {f’ — af, f} € (S* — x)~+. Hence, the description (5.4.11) follows 
from the representation of ((S — x)~!)p in Theorem 5.3.3 (with S now replaced 
by (S — x)~1). Likewise, 


ker (Skz — 2) = mul ((S — x)~')p = mul (S* — z)~* = ker (S* — x). 


The last item also follows from Theorem 5.3.3. 


There is also an approximation of Sx. by elements in S' as in Corollary 5.3.4; 
in particular, this gives a useful description of mul Sx, x. 


Corollary 5.4.4. Let S be a semibounded relation in § with lower bound y. Then 
Skz, Ut <7, is the set of all elements { f, f’} € S* for which there exists a sequence 
(fn, fi }) in S such that 


fnr—@tfn > f -af and (fn,fn— Efn) > (F, F- af). 


In particular, mul Sk,» is the set of all elements f’ € mul S* for which there exists 
a sequence ({ fn, fa}) in S such that 


fi. -2fn—7f' and (fn, fh -2fn) > 0. 


As in the case of the Friedrichs extension, the Krein type extension Sky 
can sometimes be explicitly given in terms of S and an eigenspace of S*; cf. 
Lemma 1.5.7. The following result is the analog of Corollary 5.3.5. The special 
case where ran (S — y) is closed is particularly useful. 


Corollary 5.4.5. Let S be a semibounded relation with lower bound y. Then 
Sx =S È M,(S*) (5.4.12) 


if and only if 
ran (S — y) = Tan (S — y)Mran(S* — 4). 


In particular, if ran (S — y) is closed, then Sry has the form (5.4.12). 
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The semibounded self-adjoint extensions Sk,» with x < y become extremal 
extensions of S when a lower bound x < y for semibounded self-adjoint extensions 
of S is prescribed. 


Theorem 5.4.6. Let S be a semibounded relation in H with lower bound y. Let 
x < y be fired and let H be a semibounded self-adjoint relation in H. Then the 
following equivalence holds: 


SCH and «<m(H) & Ska Ha Sp. (5.4.13) 


In particular, the class of semibounded self-adjoint extensions of S preserving the 
lower bound of S is characterized by 


SCH and y=m(H) & Sxy< HH < Sp. (5.4.14) 
In fact, Sk, < H < Sp, x < y, implies that S C (Sf N Sk) C H. 


Proof. (=) Assume that H is a semibounded self-adjoint extension of S with lower 
bound m(H) > x. Then clearly S—a C H -— zx and here both sides are nonnegative 
relations. But then also (S —x)~! C (H —2)~, where both sides are nonnegative 
relations. Applying Proposition 5.3.6 to the relation (S — z)~! one obtains 


(H —x)~* < ((S—2)*)p. 


Since these relations are nonnegative, the antitonicity property of the inverse in 
Corollary 5.2.8 gives the inequality 


((S—2))p) <H-« 
or, equivalently, Sk,» < H. The inequality H < Sp holds by Proposition 5.3.6. 


(<) Let H be a semibounded self-adjoint relation such that Sk, < H < Sp. 
Then m(Sk,s) < m(H) < m(Sp) by Lemma 5.2.5 (ii) and, since m(Sk,.) = x and 
m( Sp) = y, one concludes that H is semibounded with x < m(H) < y. 

It remains to show that H is an extension of S. With a < x the assumption 
on H is equivalent to 


((Sp —a)~*h,h) < ((H—a)7*h,h) < (Ska —a)7'h,h), he; (5.4.15) 


cf. Proposition 5.2.7. For R(a) = (H — a)~! — (Sp — a)! € B(S) it follows from 
(5.4.15) that 


0 < (R(a)h,h) < (Sk — a) th, h) — ((Sp—a)'h,h), heg. (5.4.16) 


Now, let {f, f’} € S and define h = f’ —af. Then h E€ ran(S — a) and 
{h, f} € (S — a), and hence 


{h, f} € (Sr — a) N (Sk z- a)™t, 


so that (Sp —a)~th = (Sx,z—a@)~th. It follows from (5.4.16) that (R(a)h, h) = 0, 
and since R(a) > 0, one concludes that R(a)h = 0 for all h € ran (S — a). 


324 Chapter 5. Boundary Triplets and Boundary Pairs for Semibounded Relations 


In other words, 


(H-a) (f af) =(Sp—a)"'(f’-af)=f, {FF} ES, 


and it follows that {f, f'} € H. This proves the claim S C H and completes the 
proof of (5.4.13). The inclusion Sp N Sk,» C H follows similarly. 


If S is nonnegative, then Theorem 5.4.6 shows that the Krein-von Neumann 
extension 
=f =1 
Sk, = ((S~")r) (5.4.17) 
in Definition 5.4.2 is the smallest nonnegative self-adjoint extension. 


Corollary 5.4.7. Let S be a nonnegative relation in 9 and let H be a semibounded 
self-adjoint relation in H. Then the following equivalence holds: 


SCH and m(H)>0 & Sko<H< Sp. 
In fact, Sko < H < Sp, implies that S C (Sf N Sko) C H. 


For completeness it is observed that the inequalities Sk, < H < Sp in 
(5.4.13) can also be expressed by inequalities for the corresponding forms: 


ts. < tH < tsp, 


thanks to Theorem 5.2.4. Recall from (5.3.7) that the inequality ty < ts, is in 
fact equivalent to the inclusion ts, C ty. 


It is clear from Lemma 5.3.1 or Theorem 5.3.3 that the Friedrichs extension 
Sr is an operator if and only if S is densely defined, in which case all self-adjoint ex- 
tensions of S are operators. If S is not densely defined, then S may not be closable 
as an operator, in which case all self-adjoint extensions of S are multivalued. The 
following result shows when semibounded self-adjoint operator extensions exist. 


Corollary 5.4.8. Let S be a semibounded operator in H with lower bound y. Then 
the following statements are equivalent: 
(i) S has a semibounded self-adjoint operator extension; 
(ii) for some x < y the self-adjoint extension Sk,» is an operator; 
(iii) there exists x < y such that for any sequence ({fn, f, }) in S with the prop- 
erties f} —xufn— f' and (fn, fL —2fn) > 0 one has f’ = 0. 


If any of these statements hold, then S is a closable operator. Furthermore, the 
following statements are equivalent: 
(i!) S has a bounded self-adjoint operator extension; 
Gi’) for some x < y the self-adjoint extension Sk,» belongs to B(9); 
(iii) there exist x < y and M > 0 such that || f! — af ||? < M(f, f! — xf) for all 
{hf} es. 


If any of these statements hold, then S is a bounded operator. 
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Proof. (i) = (ii) Let H be a semibounded self-adjoint operator extension of S. 
Then H is densely defined and mul H = {0}. If x = m(#), then Theorem 5.4.6 
shows that Sk, < H. Hence, mul Sk, C mul H = {0} by Lemma 5.2.5 (i), and 
therefore Sk,» is an operator extension of S. 


(ii) > (i) This is clear. 
(ii) = (iii) This follows from Corollary 5.4.4. 


The inclusion S C H for a self-adjoint operator H shows that S is a closable 
operator; this holds when one of the equivalent conditions (i)—(iii) is satisfied. 


(i') = (iii!) Let H be a bounded self-adjoint operator which extends S' and let 
m(H) = x. Then H € B(S) and an application of the Cauchy—Schwarz inequality 
for the inner product ((H — 2)-,-) yields 


IH -a) fl? <||H-all(f(H-a)f), fem. 


In particular, for f € dom S one obtains (iii’) with f’ = Sf and M = ||H — z|]. 


(iii!) > (ii’) Assume that (iii’) holds for some x. To show (ii’) let {f, f’} € Skz- 
Then according to Corollary 5.4.4 there exists a sequence ({ fn, fh}) in S such 
that fi —afn > f’ — zf and (fn, fi —2fn) > (f, f! — vf). By assumption 


lfa = Efa? < MUfns fn = tfn) and taking limits gives 
IF — ef ||? < MCF, F — af) < MFI Ff — cf ll. 


Thus, if {f, f} € Sk 2, then |F = zf|| < M||f||, which gives mul Ske = {0}. 
In addition, one now sees that Sk,» — x is a bounded operator, and since Sx, is 
self-adjoint, it follows that Sk,» E€ B(S). 


(ii) = (i’) This is clear. 


The last statement follows from any of the statements (i’), (ii’), and (iii’). 


Let S be a semibounded relation in H with lower bound m(S) = y. By 
means of Theorem 5.4.6 it will be shown that the mapping «+> Sk.2, « < 7, is 
nondecreasing. 


Corollary 5.4.9. Let S be a semibounded relation in § with lower bound y. Let 
x <yx< y, then 
Ske < Sky < Sk,y < Sp. 


Proof. By construction, Sx, and Sx, are semibounded self-adjoint extensions of 
S with lower bounds m(Sx,,) = x and m(Sk,y) = y. Hence, m(Sk,2) < m(Sk,y) 
and an application of (5.4.13) in Theorem 5.4.6 gives Sk, < Sk,- Similarly, 
m(Sk,y) < M(Sk y) = y leads to Sky < Sk. The inequality Sk, < Sp also 
follows from Theorem 5.4.6. 
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The Friedrichs extension Sp and the Krein type extensions Sk,» can be ap- 
proximated in the strong resolvent sense by the semibounded self-adjoint relations 
Sk with t € (—oo, 7); cf. Theorem 5.2.11. 


Theorem 5.4.10. Let S be a semibounded relation in § with lower bound y. Then 
the Friedrichs extension Sp is given by the strong resolvent limit 


(Sp —A)th= jim (Ske—A) Th, hES, (5.4.18) 


where A € C \ |[y, 00), and for each x < y the Krein type extension Sk,» is given 
by the strong resolvent limit 


(Ske —-A) h = lim (Skt A) th, hES, (5.4.19) 


where A € C \ |x, 00). 


Proof. First the result in (5.4.19) will be shown. Let x < y, let € > 0 be arbitrary, 
and note that by Corollary 5.4.9 


Sku- < Sk, < Ska GHC LD, 


In particular, for t € [x — €, x) the relations Sx, are bounded from below by x —e. 
By the monotonicity of Sx 4 and Theorem 5.2.11, the strong resolvent limit of Sx + 
as t x exists for A € C \ [x — €,00) and it is a semibounded self-adjoint relation 
S” with —e<t< Sky < S$". It will now be shown that 


S! = Skz. (5.4.20) 


In fact, since Sk, < SK,x, there is a common upper bound and hence one has 
S' < Sks; see Corollary 5.2.12 (i). As S C Sk, for all t < x, this implies that 
S C S' by Corollary 5.2.12 (ii). Thus, S’ is a semibounded self-adjoint extension 
of S. Since m(Sk x) < m(S') for all t < z, it follows that x < m(S') and, hence 
Sk. < S” by Theorem 5.4.6. Combining S’ < Sk, and Sk,» < S”, it follows from 
Lemma 5.2.5 (iv) that (5.4.20) holds. This establishes (5.4.19) for A € C\[a—e, oo). 
Since € > 0 is arbitrary, one obtains (5.4.19). 

Next, (5.4.18) will be shown. Apply the previous result (5.4.19) to the Krein— 


von Neumann extension ((S — y)~!)x.o of the nonnegative relation (9 — y)~?: 


“"h=lim((S—7))ke-A) h, hES, (5.4.21) 


(S-ko - A) A = lim 


where à € C \ [0,co). Then it follows from (5.4.1) (with x = 0 and S replaced 
by (S — y)7!) and the translation invariance property (5.3.4) of the Friedrichs 
extension that 


(S-77), o = (G6 =r) = (Sr =9) (5.4.22) 
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Likewise, using (5.4.8) and (5.4.10) one obtains for t < 0 that 


(S$ —)7")xe = (S — x ayt)7* = (Skit =V). (5.4.23) 
Substitute (5.4.22) and (5.4.23) into (5.4.21) and replace A by 1/A: 


“1 =j 
((se y)! 5) h= lim (Ceran =A San x) h, hE. (5.4.24) 
Now recall that for any relation H one has the identity 
(H+ =1/A) + =-)A-A H-A)", AKO, 
see Corollary 1.1.12. Therefore, (5.4.24) yields 


(Sp—y—-A) h= (Skari 7-A), 


where à € C \ [0,00), which is equivalent to (5.4.18). 


The next lemma and Proposition 5.4.12 below show that the convergence 
in (5.4.18) in Theorem 5.4.10 is uniform if the limit is a compact operator. First 
the case where the Krein-von Neumann extension Sx, is compact is treated. 
There is in general no analog of Lemma 5.4.11 for the other Krein type extensions 
Sk,2, £ #0, since the eigenspace ker (Sk, — x) = ker (S* — x) for the eigenvalue 
£ € 0p(Sk,) is infinite-dimensional whenever the defect numbers of S are infinite. 
Hence, Sk,» cannot be compact for x Æ 0. 


Lemma 5.4.11. Let S be a bounded nonnegative operator in § and assume that the 
Krein-von Neumann extension Sx o is a compact operator. Then Sk 4 E€ B(H) for 
t <0 and 

lim ||.Sk 4 — Sk,o|| = 0. 

tTO 


Proof. Since Sko is compact one has, in particular, Sk, € B() and hence 
Sk E€ B(S8) for t < 0; cf. Corollary 5.4.9 and Definition 5.2.3. By Theorem 5.4.10, 
the resolvents of Sx 4 converge in the strong sense to the resolvent of Sk,o and 
since all operators belong to B(%ġ) it follows that Sx, converges strongly to Sko. 
In fact, strong resolvent convergence is equivalent to strong graph convergence by 
Corollary 1.9.6, and for operators in B() this implies strong convergence. Now it 
will be shown that this convergence is uniform. Since Sko is compact by assump- 
tion, for € > 0 one can choose an orthogonal projection P, such that ||Sx9Pz-|| < € 
and J — P. is a finite-rank operator. Then it follows that the finite-rank operators 


(Sk—Sko)(I—P.) and (I — P.)(Sk+— Sx )P- (5.4.25) 


tend to zero uniformly as t fî 0. For t < 0 one has 0 < Sk, — t < Sk — t by 
Corollary 5.4.9, and hence 


0< P-(Sk 4 —t)P: < P-(Sk,o — t)Pe. 
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This implies 
|| Pe(Sk,t — Sx,0)Pell < ||Pe(Sk, — t)Pell + ||Pe(t — Six,o) Pell 


< 2|| P: (Sx,0 z t) Pell 
< 2e + It], 


and now the assertion follows together with (5.4.25) and the estimate 


II(Sk,t — Sx.o)l| < II(Sk,t — Sx,o)U = Pe)|l 
+ ||P (Sk, — Six,o)Pell + | — Pe) (Sk.t — Six,o) Pell 


This completes the proof. 


The counterpart of Lemma 5.4.11 for the case where the Friedrichs extension 
Sp has a compact resolvent is provided next. 


Proposition 5.4.12. Let S be a semibounded relation in 9 with lower bound y and 
assume that the resolvent (Sp —2)~1 of the Friedrichs extension Sp is compact for 
some, and hence for all A € C \ [y,co). Then 


jim ICS A)? = (Sp — A)" = 0. 


Proof. It follows from the resolvent identity (see Theorem 1.2.6) that the resolvent 
of Sp is compact for all A € C \ [y, 00) if it is compact for some A € C \ [y, ov). 
Now let xo < y and note that (S — 29)~! is a bounded nonnegative operator. By 
(5.4.17) and (5.3.4) one has 


((S = 20)" ko = (8 — 20)F) t = (Sp — 20)", 


which is a compact operator by assumption. From Lemma 5.4.11 it follows that 
((S — 2o)~+)x,2 converge uniformly to ((S — 2)~!)k,o when x + 0. This implies 
the assertion for A = zo, since 


lim ((S E zo) ka =, im a= zo) xc ape 
= lim (S = XLo)K i 


where (5.4.7) was used in the second equality and (5.4.9) was used in the third 
equality. The general case A € C \ [y, co) follows with Lemma 1.11.4. 
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Let S be a closed semibounded relation in § with lower bound y and let 
x < y. Then x € p(Sp) is a point of regular type of S and one has that 


S* = Sp FM.(S*) and Ska =S F Nals); 
cf. Theorem 1.7.1 and (5.4.3). Therefore, it is clear that 
Sk F Sp=S*, £<; (5.4.26) 


in other words, the extensions Sx, and Sp are transversal for x < y. For £ = y 
the situation is different. Now it is possible that the extensions Sk, and Sp are 
transversal, but it is also possible that they are not transversal because, for in- 
stance, the extensions Sx, and Sp may even coincide. First the case of transver- 
sality is discussed. 


Corollary 5.4.13. Let S be a semibounded relation in § with lower bound y. Then 
the following statements hold: 


(i) Sk, and Sp are transversal if and only if dom S* C dom (Sk, — )2; 
(ii) Sk, and Sp are transversal and S is bounded if and only if Sx, € B(H). 


Proof. (i) This statement follows from Theorem 5.3.8. 


(ii) Assume that Sp and Sx,, are transversal and that S is a bounded operator. 
Then part (i) shows that 


dom $* C dom (Sky — +)?. (5.4.27) 


Since S** is a bounded closed operator, dom S** is closed, and hence so is dom S$*; 
see Theorem 1.3.5. Moreover, (dom $*)+ = mul S** = {0} implies that dom S* is 
dense in 9, so that dom S* = §. Then it follows from (5.4.27) that 


dom (Sk,y — )? =. 


Therefore, dom Sx, = § and hence Sx, € B(§). 

Conversely, assume that Sk, € B(). Then also S is bounded. Moreover, 
dom S* C § = dom (Sk, — ¥)2, which together with (i) shows that Sp and Sk» 
are transversal. 


The extreme case of equality of Sk, and Sp is described in the following 
corollary. 


Corollary 5.4.14. Let S be a semibounded relation in § with lower bound y. Then 
the following statements hold: 


(i) Sp = Sk, if and only if ker (S* — a) N dom (Sx, — a)? = {0} for some, and 
hence for alla < y; 
(ii) Sp = Sk, and Sk, € B(S) if and only if S € B(S). 
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Proof. (i) This statement follows from Corollary 5.3.10. 


(ii) Assume that Sp = Sx,, and Sk, E€ B(§). The assumption Sx, E€ B(§) and 
Corollary 5.4.13 (ii) imply that Sp and Sky are transversal and S is bounded. 
Furthermore, Sp = Sk,y implies that S* = Sp + Sk,y = Sky, so that S = Sky 
is a self-adjoint operator in B(5). 

Conversely, if S € B(), then S is the only self-adjoint extension of S and 
hence Sp = Sk, = S** € B(S). 


In the next corollary, which is a special version of Corollary 5.3.11, the form 
ts, for x < y corresponding to the Krein type extensions Sk,» is expressed in 
terms of the Friedrichs form tsp. 


Corollary 5.4.15. Let S be a semibounded relation in H with lower bound y, let 
x <y, and let ts, „ be the form corresponding to Sx... Then 


dom ts,,,, = ker (S* — a) Bts -a dom tsp, a< 4, (5.4.28) 


and the restriction of tsy to Na(S*) = ker (S* — a) is represented by the bounded 
self-adjoint operator 


La = Py.(s*) (a + (a = a)? (Sf = £) tina (s) = B(Na(S*)), (5.4.29) 


where im,(s+) is the canonical embedding of Na(S*) into § and Pr (gx) is the 
orthogonal projection onto Nt,(S*). Furthermore, 


tsi 9 [f g] = a(f, g) = (x a)((I (x a) (Sp s) t) festa) 


+ tsr | fF, gr] — al fr, gF) (5.4.30) 


holds for all f = fa + fF, 9 = Ja + gr € dom tsk ,, where fa, Ja € ker (S* — a) and 
fr, gr € domtg,. 


Proof. The decomposition (5.4.28) is clear from Corollary 5.3.11, since Sk,» and 
Sp are transversal for x < y. Next it will be shown that the representing oper- 
ator for the restriction of ts, to Ita(S*) is given by (5.4.29); then (5.3.24) in 
Corollary 5.3.11 also leads to (5.4.30). 


In order to verify (5.4.29) consider fa, ga E Na(S*) and let 
fes (I + (x — a)(Sf — ay Gas 


Then fr E€ %te(S*) and fa = (I + (a — x)(Sp — a)"+)fe by Lemma 1.4.10. 
Moreover, since Sx, is representing the form ts, , and fr € dom Sx, one has 
tsi. fe:9al = (tfr, ga). Using (Sp — a)! fr € domtg, and ga € Na(9*) the 
orthogonal decomposition (5.4.28) yields ((Sp — a)~! fz, ga) =0. 


tsK —a 
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Now one computes 


tsr. lfa Ja] = tsr [fe Ja] + (a — 2) tsy,. [(Sp — a)" fr, Gal 
= (£ fr, Ja) + Fo 
= (£ fr +a(fa— fr), Ja) 
= (ae — | - a) (Sp ar Afa + afa, Ja) 
= ((x + (x — a)? (Sp—2)" "Fada 


which implies (5.4.29). 


Finally, the decomposition (5.4.28) in the previous corollary is used to show 
a similar direct sum decomposition for a = zx. 


Corollary 5.4.16. Let S be a semibounded relation in H with lower bound y, let 
x <y, and let tsx „ be the form corresponding to Skz. Then 


dom ts, = ker ($* — x) + dom tsp (5.4.31) 
is a direct sum decomposition. 


Proof. Let a < x < y. Recall that the decomposition (5.4.28) holds since Sk,» and 
Sp are transversal. 


It is clear that the right-hand side of (5.4.31) is contained in the left-hand 
side. Observe for this that 


dom tsp Cdomts,., and ker (S* — x) C dom Sx, C domtg, ,. 


To show that the left-hand side of (5.4.31) is contained in the right-hand side, let 
f € domts,.,,. According to (5.4.28) one has f = fa + fr, with fa € ker (S* — a) 
and fp E€ dom tsp. Define 


fo = (I+ (£ — a)(Sp — 2)~") fa- 


Then 
fa E ker (9% — x) and f= fx+(fa— fe + fr), 


where the last term is in dom tsp since fa — fs € dom Sp. Hence, the left-hand side 
of (5.4.31) belongs to the right-hand side. Thus, the sum decomposition (5.4.31) 
has been shown. 

Finally, it will be shown that the sum decomposition (5.4.31) is direct. For 
this assume that fs € ker (S* — x) is nontrivial and belongs to dom tsp. Then 
{fz, £ fz} € S* implies that {f,,cf,} € Sp; cf. Theorem 5.3.3. Since x < y, this 
is a contradiction. 
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5.5 Boundary triplets for semibounded relations 


In this section semibounded self-adjoint extensions of semibounded symmetric re- 
lations are studied in the context of boundary triplets and their Weyl functions. 
The initial observations are general results about a closed symmetric relation S$ 
with a boundary triplet {9,T o, 1}, where Ag = ker[ is semibounded. In par- 
ticular, the Friedrichs and the Krein type extensions will be identified. In the 
remaining part of the section it will be assumed that S is a semibounded relation 
with a boundary triplet {5,[o,Ti}, where Ag = Sp, and various specific prop- 
erties are derived. The case where the self-adjoint extension A, = kerT, is also 
semibounded is of specific interest. As a preparation for the main results in the 
following section it will be explained how the corresponding semibounded form is 
the first stepping stone to the notion of boundary pair. 

Let S be a closed symmetric relation in a Hilbert space § and let {9, T0, r1} 
be a boundary triplet for S*. Assume that Ag = ker Ip is semibounded with lower 
bound yo = m(Apo). Then clearly S is semibounded and yọ < m(S) = y. Therefore, 
one may speak of the Friedrichs extension Sp so that yo < m(Sp) = y and the 
Krein type extensions Sk, of S with x < y. The corresponding Weyl function M 
is holomorphic on p(Ao) and, in particular, on C \ [yo, o0). Moreover, one has 


M(x) =T(St.(S*)) =I(S F Tte(S*)) =F(Sk2) 2 < 03 (5.5.1) 


cf. Definition 2.3.4 and (5.4.3). By Corollary 2.3.8, the mapping x œ> M(x) from 
(—0o, yo) to B(G) is nondecreasing. In particular, by Corollary 5.2.14 the limit 
M(-—co) exists in the strong resolvent sense, 


(M(-o0) — A) = lim (M(a) — A), (5.5.2) 


xz |—co 


and the limit M( 0) exists in the strong resolvent sense, 
(Mly) — A) = lim (M(x) = A), (5.5.3) 
sT Yo 


where  € C \ [o, œ). Then M/(—oo) and M(yo) are self-adjoint relations in 9; 
cf. Theorem 5.2.11 and Corollary 5.2.14. In the following theorem the Friedrichs 
extension Sp and the Krein type extension Sk,» with x < yo will be characterized 
by means of the limits in (5.5.2) and (5.5.3). 


Theorem 5.5.1. Let S be a closed semibounded relation in H with lower bound y. 
Let {5,0 o, Ti} be a boundary triplet for S* and let M be the corresponding Weyl 
function. Assume that the self-adjoint extension Ao = kerTo is semibounded with 
yo = m(Aop) < m(Sp) = y. Then the Friedrichs extension Sp of S is given by 


Sp ={feS*: (of, Tif} € M(—oo)} (5.5.4) 
and the Krein type extension Sx, of S with £ < yo is given by 
Ska = {f €S*: {of Tif} € M(2)}. (5.5.5) 
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Proof. According to Theorem 5.4.10, the Friedrichs extension Sp of S is given by 
the strong resolvent limit 

(S-A) h= „lim (Sk, Ah, RES, (5.5.6) 
and for each x < yo the Krein type extension Sk,» is given by the strong resolvent 
limit 


(Ske —A) th = lim (Ske—A)'h, RES, (5.5.7) 


where à € C \ [z, o0). The idea behind the proof of the theorem is to connect the 
limit formulas in (5.5.2) and (5.5.3) with the limit formulas in (5.5.6) and (5.5.7). 
This in fact will be done by means of the Krein formula. For this purpose observe 
that for t < y and A € C\R the resolvent formula in Theorem 2.6.1 for Sk, 
reads 


1 


(Size — A)T} = (Ao — A)“ + YANM G) - MA) THA, (5.5.8) 


due to (5.5.1). Here (M(t)—M(A))~+ € B(9) by Theorem 2.6.1 and Theorem 2.6.2. 

First consider the Krein type extension Sk,x of S. If £ < y, then the formula 
(5.5.5) is a direct consequence of (5.5.1). To treat the case x = Jo let Ox be the 
self-adjoint relation in 9 which corresponds to Sky, that is, 


Sk = { f € 9* : {Lof Tif} € Ox}. (5.5.9) 
Then again by the resolvent formula in Theorem 2.6.1 one has 
(Sk — A)T = (Ao — A)T! +.) (OK — MA) TA) (5.5.10) 


for À € C \ R. Here (Og — M(A))~! € B(9) by Theorem 2.6.1 and Theorem 2.6.2. 
Subtracting (5.5.10) from (5.5.8) leads to 


(Sks — A) — (Sk — Ay” 
= ¥()[(M(t) - MA) - (Ox - MA) THOA 


(5.5.11) 


with t < yo. Now take the strong limit for t + yo and apply (5.5.7). Then for each 
hey 


(Skt —A) 1h (Sky, —A) th as tt, 
which, via (5.5.11), leads to 
(A) [(M(t) -MA -= (Ox — MA) Ah 30 as tto. 


Since (A) maps 9 isomorphically onto ker (S*—)) and y(A)* : H — G is surjective, 
see Proposition 2.3.2, it follows that for each y € 9 


(M(t) — MA) y> (Ox —M(A))'y as tt. (5.5.12) 
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Next the parameter Ox will be identified with M (yo). For this purpose, observe 
that for y€ 9 
{(M(t) — M(X) tp, p + M(A)(M(t) — M(A))“"p} € M(t). (5.5.13) 


As t Î Y0, the components on the left-hand side of (5.5.13) converge due to (5.5.12), 
while the bounded operators M(t) converge in the strong resolvent sense, and 
hence in the graph sense (see Corollary 1.9.6) to the self-adjoint relation M (yo). 
Hence, (5.5.13) implies 


{(Ox - MA), p + MQ)(@x-MQ))y} E€ Mo) (55-14) 
for all y € 9, and thus (Ox — M(A))~! C (M(yo) — M(A))71. Since M(A) € B(S), 
it follows that Ox C M (70), or, since both relations are self-adjoint, Og = M (yo). 
Now (5.5.5) for £ = yo follows from (5.5.9). 
Next consider the Friedrichs extension Sp of S. Let Op be the self-adjoint 
relation in 9 which corresponds to Sp, that is, 
Sp={fes*: (of, Tif} € Ort}. 
Then again by the resolvent formula in Theorem 2.6.1 one has 
(Sp — A)T! = (Ao — A)! +A) (Or — MANTA (5.5.15) 


for \ € C \ R. As above, (Op — M(\))~! € B(9). Subtracting (5.5.15) from (5.5.8) 
and using the same reasoning as above involving Theorem 5.4.10 yields 


=l 


(M) -MA p> (Or -MAp as tl —oo. 


From the fact that M(—oo) is the strong resolvent limit, and hence the strong 
graph limit of M(t) when t | —oo, one concludes Op = M(—oco) in the same way 
as in (5.5.13)-(5.5.14). This shows (5.5.4). 


The statements in the following corollary are consequences of Theorem 5.5.1 
and Proposition 2.1.8. 


Corollary 5.5.2. Let S be a closed symmetric relation, let {9,1o,T1} be a boundary 
triplet for S*, and let M be the corresponding Weyl function. Assume that the 
self-adjoint extension Ao = kerTo is semibounded with lower bound yo. Then the 
following statements hold: 

(i) Ao = Sp if and only if M(—oo) = {0} x 9; 

(ii) Ap N Sp = S if and only if M(—co) is a closed operator; 

(iii) Ao + Sp = S* if and only if M(—oo) € B(S), 
and, similarly 

(iv) Ao = Sky. if and only if M(y0) = {0} x 9; 

(v) Ao N Sk, = S if and only if M( yo) is a closed operator; 

(vi) Ao + Sk.4 = S* if and only if M (%0) € B(S). 
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Moreover, for Ay = kerT, one has 
(vii) A; = Sp if and only if M(—oo) = 9 x {0}; 
(viii) A; = Sk, if and only if M(y0) = 9 x {0}. 
Such facts can also be stated in terms of the limit behavior of M(—oo) and 


M (y0) via Corollary 5.2.14 applied to the Wey] function M. For this purpose recall 
the notations 


En = {ves ties ia <oo}, 


z Î Yo 
€ 3 = {ve G: tim (M(x)y, p) > -o0 }. 


Corollary 5.5.3. Let S be a closed symmetric relation, let {9,T0,T1} be a boundary 
triplet for S*, and let M be the corresponding Weyl function. Assume that the 
self-adjoint extension Ao = kerTo is semibounded with lower bound yo. Then the 
following statements hold: 


(i) Ao = Sr if and only if Ex. = {0}; 
(ii) Ao N Sp = S if and only if clos E_~ = 9; 
(iii) Ao + Sp = S* if and only if €E_~ = 9, 


and, similarly 


(iv) Ao = Sk, if and only if Èy, = {0}; 
(v) Ao N Sk, = S if and only if clos €,, = 9; 
(vi) Ao + Sk. = S* if and only if Ep = S. 


In the context of Theorem 5.5.1, the Weyl function of the boundary triplet 
is holomorphic on the interval (—oo,7). In this situation the inverse result in 
Theorem 4.2.4 can be formulated as follows. 


Proposition 5.5.4. Let 9 be a Hilbert space and let M be a uniformly strict B(S)- 
valued Nevanlinna function, which is holomorphic on C\[yo0,00) and not holomor- 
phic at yo. Then there exist a Hilbert space 9, a closed simple symmetric operator 
S in 9, and a boundary triplet {9,T0, T1} for S* such that Ao is a semibounded 
self-adjoint relation with lower bound m(Ao) = yo and M is the corresponding 
Weyl function. 


Proof. Let M be a uniformly strict Nevanlinna function with values in B(S). Let 
H(Nm) be the reproducing kernel Hilbert space associated with the Nevanlinna 
kernel MOS- min 

aM A BEC\R. 
A-E 


By Theorem 4.2.4, there exist a closed simple symmetric operator S in the re- 
producing kernel Hilbert space (Naz) and a boundary triplet {9, To, I1} for S* 
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such that M is the corresponding Weyl function. The assumption that M is holo- 
morphic on (—oo,¥o) and the fact that S is simple imply, by Theorem 3.6.1, 
that (—co,70) C p(Ao). Moreover, since M is not holomorphic at yo, one has 
yo E€ o(Ao). Therefore, the self-adjoint relation Ag is semibounded with lower 
bound m(Ao) = %0. 


The context of Theorem 5.5.1 will now be narrowed. Let S be a closed semi- 
bounded relation in §. Then the existence of a semibounded self-adjoint extension 
of S is guaranteed by the Friedrichs extension Sp of S. The interest in the rest of 
this section is in boundary triplets {9,0,1} for which Ap = Sp. The following 
result is a consequence of Theorem 2.4.1 since for any self-adjoint extension H of 
S there is a boundary triplet {9,T o, I1} for S* such that H = kerTo. 


Corollary 5.5.5. Let S be a closed semibounded relation in § with lower bound y. 
Then there exists a boundary triplet {9,T0, T1} for S* such that 


Sp = kerT. 


The corresponding Weyl function M is holomorphic on (—oo,y) and the mapping 
xr» M(x) from (—o0, y) to B(G) is nondecreasing, while M(—co) = {0} x 9. 


The following result will be useful in treating the connection between semi- 
bounded self-adjoint extensions and the Weyl function. 


Proposition 5.5.6. Let S be a closed semibounded relation in 9, let {9,T0, T1} be 
a boundary triplet for S* such that Sp = kerTo, and let M be the corresponding 
Weyl function. Let Ao be a self-adjoint extension of S corresponding to the self- 
adjoint relation © in G and assume that x < m(S). Then M(x) € B(G) and the 
following equivalence holds: 


r< Ag & Ma) <0. 
In particular, if Ao is semibounded in H, then © is semibounded in 9. 


Proof. The assumption x < m(S) = m(Sr) implies that x € p(Sp) and hence 
M(x) € B(S) is clear. The formula in Theorem 2.6.1, applied to Ao and Sp, gives 


(Ae = 2)~* — (Sp = x£) = y(2)(8 — M(2))“*y(2)*, (5.5.16) 


since (Sp — x)~! € B(). Recall that y(x)" maps ker (S* — x) onto 9; see Propo- 
sition 2.3.2. Note that if, in addition, x € p(Ae), then (© — M(x))~! € B(S). 


(=) Since Ao is a semibounded self-adjoint extension of S, it follows from Propo- 
sition 5.3.6 that Ag < Sp. Observe that for x € p(Ae) 


0< (Sp—2)' < (Ao - 2)", 
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where both operators belong to B(§) since x € p(Sf) N p(Ae). Hence, it then 
follows from (5.5.16) that 


(Q — M(x))~' >0_ or, equivalently, © — M(x) > 0. 


Since M(x) € B(G) it follows that M(x) < ©; cf. Proposition 5.2.6. 

Now let x < Ao. First assume that « < m(Ae). In this case, x € p(Ae) 
and thus M(x) < ©. Next, assume that r = m(Ae) and consider an increasing 
sequence £n whose limit is x. Then clearly M(£n) < © and thus M(x) < O; cf. 
Corollary 5.2.12 (i). 


(<) Assume that M(x) < ©. Then © — M(x) > 0 by Proposition 5.2.6 and hence 
(O— M(zx))~! > 0. It is straightforward to see that the right-hand side of (5.5.16) 
is a nonnegative relation. Thus, the relation 


(Ao — £)! — (Sp —a)7" 


on the left-hand side of (5.5.16) is also nonnegative and, in fact, this relation is also 
self-adjoint since (Ae — x)~? is self-adjoint and (Sp —x)~1 € B(S) is self-adjoint. 
Therefore, one concludes with the help of Proposition 5.2.6 and z < m(Sp) that 


0< (Sp — x)! < (Ao — z)™!. 


In particular, this shows that 0 < Ae — x or x < Ao. 


From Proposition 5.5.6 one sees that if the self-adjoint extension Ag is semi- 
bounded in §, then the corresponding self-adjoint relation © is semibounded in 
G. The converse is not true in general; cf. Remark 5.6.16. However, in Proposi- 
tion 5.5.8 below it will be shown that the converse holds if S has finite defect 
numbers or Sp has a compact resolvent. The following result is a preliminary 
observation. 


Lemma 5.5.7. Let S be a closed semibounded relation in H with lower bound y and 
let {S,0o, Pi} be a boundary triplet for S* such that Sp = kerTo. Let M be the 
corresponding Weyl function and assume that for any C > 0 there exists xı < y 
such that 

M(x) < -C, TIL (5.5.17) 


Then for every semibounded self-adjoint relation © in G the corresponding self- 
adjoint extension Ao is semibounded from below. 


Proof. Let © be a self-adjoint relation in 9 with lower bound v and choose C > 0 
in (5.5.17) such that —C < v < ©. For all x < xı one then has 


0<v+C<0+C<0-M(:2), 


which implies that © — M(x) is boundedly invertible for all x < xı. From The- 
orem 2.6.2 one concludes (—o0, x1) E€ p(Ae) and hence Ag is semibounded from 
below. This conclusion also follows from Proposition 5.5.6. 
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Now it will be shown that the condition (5.5.17) holds when S' has finite 
defect numbers or Sp has a compact resolvent. 


Proposition 5.5.8. Let S be a closed semibounded relation in 9 with lower bound 
y and let {9,1,0i} be a boundary triplet for S* such that Sp = kerTo. Assume 
that one of the following conditions hold: 


(i) G is finite-dimensional; 


(ii) (Sp —A)7! is compact for some, and hence for all, X € p(Sp). 


Then for any C > 0 there exists xı < y such that (5.5.17) holds. In particular, if 
(i) holds, then all self-adjoint extensions of S in § are semibounded from below, or 
if (ii) holds and © is a semibounded self-adjoint relation in 9, then the self-adjoint 
extension Ae of S is semibounded from below. 


Proof. (i) As Sp = kerTo, one has (M(x)~p,~) > —oo for £ — —oo and all 
vy € 9 by Corollary 5.5.3 (i). Since G is finite-dimensional, a compactness argument 
shows that there exists xı < y such that (5.5.17) holds. Every self-adjoint relation 
© in the finite-dimensional space 9 is semibounded and hence it follows from 
Lemma 5.5.7 that all self-adjoint extensions Ae are semibounded. 


(ii) Recall from Proposition 5.4.12 that the resolvents of the Krein type extensions 
Skr, converge uniformly to the resolvent of Sp, that is, for all A € C \ [y,0o) one 
has 

jim (Sk —A)~* — (Sp — A)" || = 0. (5.5.18) 


In the following fix some À = zo < m(Sp) and note that, by (5.5.18), there exists 
t! < ao such that zo € p(Sk,z) for all t < t’. Using (5.5.1) it follows that the 
resolvent of Sx + has the form 


z = -1 r 
(Srt — £0)? — (Sr — £0)! = y(20) (M(t) — M(z0))  (z0)*, 
where (M(t)—M(a9))~+ € B(S) for all t < t’ by Theorem 2.6.1 and Theorem 2.6.2. 
Since y(%o9) maps J isomorphically to Ng, (9*) and y(zo)* maps Ns, (9*) isomor- 
phically to 9, it follows together with (5.5.18) that 


„5m || (M(t) = M(zo)) -1 l 


=0. (5.5.19) 


This implies that for any C > 0 there exists xı < y such that (5.5.17) holds. 
In fact, otherwise there exists some Cp > 0 and a sequence sn — —oo such that 
Sn < t <a and M (sn) > —Co. Then the estimate 


—Co — ||M(zo)|| < —Co — M (z0) < M (sn) — M (z0) < 0 


and (M(s,) — M(ao))~+ € B(S) contradict (5.5.19). Therefore, the condition 
(5.5.17) is satisfied and if © is a semibounded self-adjoint relation in 9, then by 
Lemma 5.5.7 the corresponding self-adjoint extension Ae is semibounded. 
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In the case of Corollary 5.5.5 the relationship between the Friedrichs exten- 
sion Sp and the Krein type extension S_, is described in the following corollary, 
which is a translation of (iv)—(vi) in Corollary 5.5.2; cf. Corollary 5.4.13 and Corol- 
lary 5.4.14. 


Corollary 5.5.9. Let S be a closed semibounded relation in 5. Let {5,1%,Ti} be 
a boundary triplet for S* such that Sp = kerTo and let M be the corresponding 
Weyl function. Let y = m(Sp). Then the following statements hold: 


(i) Sp and Sk, „ coincide if and only if M(y) = {0} x 9; 
(ii) Sp and Sx, are disjoint if and only if M(7) is a closed operator; 
(iii) Sp and Sx, are transversal if and only if M(7) € B(S). 


In general it may not be possible to simultaneously prescribe ker To as the 
Friedrichs extension Sp and kerT; as the Krein type extension Sx, since ker To 
and kerT, are necessarily transversal; cf. Section 2.1. However, note that the 
Friedrichs extension Sp and the Krein type extension Sx, for x < y are automat- 
ically transversal; cf. (5.4.26). 


Proposition 5.5.10. Let S be a closed semibounded relation in 9 with lower bound 
y. Then the following statements hold: 


(i) For x < y there exists a boundary triplet {S,To,01} for S* such that 


Sp=kerlo and Sx. =kerT). (5.5.20) 


(ii) If Sp and Sx, are transversal, then there exists a boundary triplet {9,T0, T1} 
for S* such that 


Sp=kerlp and Sx =kerTy. 


In both cases the corresponding Weyl function satisfies M(—co) = {0} x 9 and 
M(x) =S§ x {0}, x < y. In particular, M(t) < 0 for allt < x, i.e., M belongs to 
the class Sz (—00, £) of inverse Stieltjes functions. 


Proof. (i) The extensions Sp and Sk,» for x < y are automatically transversal 
according to (5.4.26). Hence, it follows from Theorem 2.5.9 that there exists a 
boundary triplet {9, To, I1} for S* such that (5.5.20) holds. 


(ii) Since it is assumed that Sp and Sk, are transversal, Theorem 2.5.9 yields the 
statement. 


The Weyl function M satisfies M(—oco) = {0} x 9 and M(x) = 9 x {0} 
as a consequence of Corollary 5.5.2. Finally, that M(t) < 0 for allt < visa 
consequence of the monotonicity of the Weyl function M in Corollary 2.3.8. The 
assertion M € S (—oo, x) is immediate from the definition of the inverse Stieltjes 
class in Definition A.6.1. 
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The following corollary is a consequence of Proposition 5.5.4 and Corol- 
lary 5.5.2. 


Corollary 5.5.11. Let G be a Hilbert space and let M be a uniformly strict B(G)- 
valued Nevanlinna function, which is holomorphic on C \ [y,0o) and not holomor- 
phic at y. Assume, in addition, that 


M(—œ) = {0} x G and M(y) = x {0}. (5.5.21) 


Then there exist a Hilbert space 9, a closed simple semibounded operator S in 9 
with lower bound y, and a boundary triplet {19,T0, T1} for S* with Sp = kerTo 
and Sky = ker), such that M is the corresponding Weyl function. 


Proof. It follows from Proposition 5.5.4 that there exist a Hilbert space 9, a 
closed simple symmetric operator S in §, and a boundary triplet {9, ro, r1} for 
S* such that Ao = ker is a semibounded self-adjoint relation with lower bound 
m(Ao) = y and M is the corresponding Wey] function. The assumptions in (5.5.21) 
and Corollary 5.5.2 (i) and (viii) imply Sp = ker To = Ap and Sk = ker Ty. Since 
m(Sp) = m(Ao) = 7, it is also clear that the symmetric operator S' is semibounded 
with lower bound y. 


In the next corollary a boundary triplet with the properties as in Proposi- 
tion 5.5.10 (i) is exhibited. 


Corollary 5.5.12. Let S be a closed semibounded relation in 9 with lower bound y. 
Then Ji 
S* = Sp + %,(S*), z<, (5.5.22) 


is a direct sum decomposition. Let f= {f, f'} € S* have the unique decomposition 
PaR+E, 
with fe = { fr; fh} € Sp and fr = { fe, £ fo} € Me(S*). Then 
Tof = fe and Tif = Pns-)(fp - afr) 
defines a boundary triplet {Na (9*), To, T1} for S* such that (5.5.20) holds. For 
A € p(Sp) the corresponding y-field y is given by 
YA) = (I+ (A= 2)(Sp — A)“ Jin, (s+) (5.5.23) 


and the corresponding Weyl function M is given by 


M(A) =A-2 + (A e £)? Pr (s) (SF = AT Hn, (s) (5.5.24) 
Proof. It is clear from Theorem 1.7.1 that (5.5.22) is a direct sum decompo- 
sition. Now choose u = xz in Theorem 2.4.1 and modify the boundary triplet 
{Nz (S*), To, Pi} in Theorem 2.4.1 to {Nz (S*), To, T1 — ro}. Then Sp = kerTo 
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and the corresponding y-field and Weyl function have the form (5.5.23) and 
(5.5.24); cf. Theorem 2.4.1 and Corollary 2.5.5. It is easy to see that 


S $M,(S*) C kerri, 


and since Sk, = S 4 (5 *) and kerTy are both self-adjoint, one concludes that 
SK,» = kerT), so that (5.5.20) holds. 


The following example is an illustration of Proposition 5.5.10 (i) and Corol- 
lary 5.5.12 for the case where the semibounded relation S is uniformly positive. In 
this situation it is convenient to have a boundary triplet for which the Krein—von 
Neumann extension Sx o corresponds to the boundary mapping T1; cf. Chapter 8. 


Example 5.5.13. Let S be a closed nonnegative symmetric relation in § with 
lower bound y > 0. In this case the Krein-von Neumann extension Sx,9 is given 
by Sko = S F NolS*); cf. (5.4.3). Moreover, the Friedrichs extension Sp and 
the Kreïn-von Neumann extension Sk, are transversal by (5.4.26). For x = 0 
Corollary 5.5.12 shows that {No (S*), To, T1}, where 


Tof=fo and Tif = Py (s+) fr, f = fe, fo} + (fo, 0}, 
is a boundary triplet for S* = Sp + No(S*) such that 
Sp=kerl) and Sko = kerr]; 
moreover, for A € p(Sp) the corresponding 7-field y is given by 
A) = (I+ X(Sp — A)7*)omocse)s 
and the corresponding Weyl function M is given by 
M(A) = à + X? Pps) (Se — A) no(s). 


Note that, in particular, y(0) = tm, (s+) is the canonical embedding of No(S*) into 
H, 7(0)* = Poy(s+) is the orthogonal projection onto No(S*), and M(0) = 0. 


The last objective in this section is to derive an abstract first Green identity. 
For this consider a boundary triplet {9, ro, 01} for which Sp = ker To and assume 
that also the self-adjoint extension corresponding to [Tı is semibounded. In the 
following the notation S; = kerT, (instead of A,) is used; this will turn out to be 
more convenient for the next section. As a first step rewrite the abstract Green 
identity (2.1.1) in the form 


(f’,9) — (if, Tod) = (f,9') — Tof, 119), Fg E 8". (5.5.25) 


In the following theorem it will be shown that the expression on the left-hand side, 
and hence on the right-hand side, of (5.5.25) can be seen as a restriction of the 
form tg,. 
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Theorem 5.5.14. Let S be a closed semibounded relation in § and let {9,T0, r1} 
be a boundary triplet for S* such that 

Sp = kerro and Sı = kerr], (5.5.26) 


where Sp is the Friedrichs extension and Sı is a semibounded self-adjoint extension 
of S. Moreover, let ts, be the closed semibounded form corresponding to Sı. Then 
dom S* C domts, and the following equality holds: 


(fo) = tsi [f g] + Tif, r09), fG ES. (5.5.27) 


Proof. By the assumption (5.5.26), the extensions Sp and Sı are transversal and 
hence it follows from Theorem 5.3.8 that dom S* C dom ts,. Moreover, every 
f. 9J € S* can be decomposed as 


f=fr+f, J= JF +H, frr € SF, Jog Si 
Using the conditions in (5.5.26) one sees that 
ITofr=Io0ĝr =0 and Tif; =r =0, (5.5.28) 
and therefore the identity (5.5.25) can be rewritten as 
(9) — Tif, Tog) = (f.9') — Tof, T19) 
= (fr + fi; gp +91) — (Tofi, r19F). 
In order to rewrite the last term on the right-hand side of (5.5.29) observe that 
fı gr € S*. Therefore, another application of the abstract Green identity for the 
boundary triplet {9, To, I1} shows that 
(Fige) — (fir 9p) = (Tifi Togr) — (Tofa r19F) 
= = (Tofi lige), 


where (5.5.28) was used in the last equality. A combination of (5.5.29) and (5.5.30) 
gives 


(5.5.29) 


(5.5.30) 


(f’,9) — (Ef, Tog) = (fr, gk) + (fr, 91) + (ft. 91) + (F gr). (5.5.31) 


Since dom S* C dom ts,, the last three terms on the right-hand side of (5.5.31) 
can be rewritten by means of Theorem 5.1.18: 


(fr, 9i) = ts, [fr, 91], (fi, 91) = ts, [fi, 91], (fi, gF) = ts, [fi, gr], 


whereas the first term on the right-hand side of (5.5.31) can be rewritten by means 
of Theorem 5.1.18 and the inclusion ts, C ts, as follows: 


(fr. Jp) = tsp | JF, gF] = tsı (fr, gF]. 
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Combined with (5.5.31), the above rewriting leads to 


(fg) = (Cif, 009) = ts, (fr, gF] + ts, [fr, 91] + ts, (fi, 91] + ts, [f1 gr] 
= ts [fF + fı, gr + gı] 
= ts, (f. gl: 


and hence (5.5.27) has been shown. 


Let © be a self-adjoint relation in 9 and consider the corresponding self- 
adjoint extension 


He = {f € S*: {Tof, Tif} € O}; (5.5.32) 
here the notation Ho (instead of Ae) is used, which is more convenient for the 
next section. For f € S* the condition {Io f, Tif} € © is equivalent to 


Tof €dom®@, and Pẹrif = Ħ@opTo0f, (5.5.33) 


where Pop denotes the orthogonal projection from 9 onto Sop = dom O and Oop 
is the self-adjoint operator part of the self-adjoint relation 0; cf. the end of Sec- 
tion 2.2. The following statement is an immediate consequence of Theorem 5.5.14. 


Corollary 5.5.15. Let S be a closed semibounded relation in 9 and let {9, T0, T1} 
be a boundary triplet for S* such that Sp = kerTo and Sı = kerr, where Sp 
is the Friedrichs extension and Sı is a semibounded self-adjoint extension of S. 
Let ts, be the closed semibounded form corresponding to Sı. Assume that He is a 
self-adjoint extension of S corresponding to the self-adjoint relation © in 9. Then 


(f’,9) = tsi lf, g] + (Op rof, r00), F.F € Ho. (5.5.34) 


Under the assumption that Ho is semibounded, the left-hand side of (5.5.34) 
can be written as ty,[f,g]. One may view the identity (5.5.34) as a perturbation 
of the form ts, by means of the term (Oop Kyi, Tog). The proper interpretation of 
(5.5.34) in terms of quadratic forms requires an extension of the mapping Po; this 
procedure will be taken up in detail in Section 5.6 with the introduction of the 
notion of a boundary pair. 


5.6 Boundary pairs and boundary triplets 


In this section the notion of a boundary pair for a semibounded symmetric rela- 
tion in a Hilbert space § is developed. It will turn out that there is an intimate 
connection between boundary pairs and boundary triplets. In fact, a boundary 
pair helps to express the closed semibounded form associated with a semibounded 
self-adjoint extension in terms of the parameter provided by the boundary triplet. 
The concept of a boundary pair is motivated by applications occurring in the study 
of semibounded differential operators. 
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Definition 5.6.1. Let S be a closed semibounded relation in 9 and let Sı be a 
semibounded self-adjoint extension of S such that Sı and the Friedrichs extension 
Sp are transversal. Let ts, be the closed form associated with Sı and let 


Nts, —a = (dom ts, , ie “Diesels a< m(S1), 


be the corresponding Hilbert space. A pair {9, A} is called a boundary pair for S 
corresponding to S4 if 9 is a Hilbert space and A € B (Hts, a; G) satisfies 


ker A = dom ts, and ranA =9. 


Let S be a closed semibounded relation in 9, let Sp be the Friedrichs ex- 
tension of S, and assume that {9, A} is a boundary pair for S corresponding 
to a semibounded self-adjoint extension Sı of S. Then, by Definition 5.6.1, the 
semibounded self-adjoint extensions Sı and Sp are transversal, which, by Theo- 
rem 5.3.8, is equivalent to the inclusion 


dom S* C dom ts, = dom A. 
One also has the orthogonal decomposition 
Hts, -a = ker (S* — a) Dts; -a Hts p-a; a< m(S1) < m(SF); 


cf. Proposition 5.3.7 and Theorem 5.3.8. Since ker A = dom ts, and ran A = 9, 
one sees that the restriction of A to the space ker (9* — a) equipped with the norm 
||- Ilts, -a, is a bounded mapping from ker (S* — a) to § such that 


ran (AÌ ker (S* — a)) = 9. 
Hence, the restriction Af ker (S* — a) has a bounded everywhere defined inverse. 


Boundary pairs have a useful invariance property. To see this consider a pair 
of semibounded self-adjoint extensions Sı and S2 of S which are each transversal 
with Sp, i.e., 

S*= Sı + Sp = S2 + Sp. (5.6.1) 


Lemma 5.6.2. Let S be a closed semibounded relation in 9, let Sı and S2 be semi- 
bounded self-adjoint extensions which satisfy the transversality conditions (5.6.1), 
and assume that a < min{m($1),m(S2)}. Then domts, = dom ts, and the form 
topologies of ts, and tg, coincide. Consequently, {9, A} is a boundary pair for S 
corresponding to Sı if and only if {G, A} is a boundary pair for S corresponding 
to So. 


Proof. It suffices to consider the boundedness property, as the other properties of 
a boundary pair in Definition 5.6.1 do not depend on the choice of the transversal 
extensions Sı and S2. In fact, according to Corollary 5.3.9, the transversality 
conditions in (5.6.1) imply that 


tle 


dom (Sı — a)? = dom (S2 — a)?, a< min {m(S1), m(S2)}. 
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Moreover, again by Corollary 5.3.9, this implies that 
1 1 1 
((Si)op = a)? Pll? < I((Sa)op = a)? ol? < c2||((St)op — a)? ll? 


for all y € dom (Sz — a)? = dom (S; — a)? and for some constants c1, c2 > 0. In 


other words, ci(ts, — a) < ts, — a < co(ts, — a) for some constants c1, C2 > 0. 
Therefore, the form topologies of ts, and ts, coincide and thus A € B(t,, a, 9) 
if and only if A € B(ts,-a; 9). This implies that {9, A} is a boundary pair for 
S corresponding to Sı if and only if {9, A} is a boundary pair for S correspond- 
ing to Sp. 


To explore the connection between boundary pairs and boundary triplets, 
the notion of extension in the next definition will be important. 


Definition 5.6.3. Let S be a closed semibounded relation in §, let {9,To, I1} be 
a boundary triplet for S* with Ag = kero and assume that mul Ap = mul 9*. 
Let Sı be a semibounded self-adjoint extension of S such that Sı and Sp are 
transversal, so that, dom S* C dom ts,. Then an operator A € B(Sis,-a,9) is 
said to be an extension of To if 


Tof=Af forall f={f,f'}eS*. (5.6.2) 


It follows already from the assumption mul Ag = mulS* that the mapping 
fro Tof from dom S* to G in (5.6. 5.2) is an operator. In fact, if f = {0, f} € 9%, 
then f € Ao = kerTo, so that Tof = = 0. Note also that in the case Ag = Sp the 
condition mul Ag = mul S* is satisfied by Theorem 5.3.3. 


Next the notion of a compatible boundary pair will be introduced. 


Definition 5.6.4. Let S be a closed semibounded relation in $ and let {9, ro, r1} 
be a boundary triplet for S* with 


Ao = ker To and Aj = ker Ty. 


Let Sı be a semibounded self-adjoint extension of S such that Sı and Sp are 
transversal and let {9, A} be a boundary pair for S corresponding to 5;. Then 
{S,To, 01} and {9, A} are said to be compatible if A is an extension of To and the 
self-adjoint relations A; and S4 coincide. 


The next lemma provides a sufficient condition for an extension A of Fo such 
that {9, A} is a boundary pair, or compatible boundary pair, for S corresponding 
to Sı. In the special case where the defect numbers of S' are finite this condition is 
automatically satisfied, which makes the lemma useful in applications to Sturm— 
Liouville operators in Chapter 6. 


Lemma 5.6.5. Let S be a closed semibounded relation in § and let {9,T0, T1} be a 
boundary triplet for S* with Ag = kerTo and Ay = kerTy. Let Sı be a semibounded 
self-adjoint extension of S such that Sı and Sp are transversal or, equivalently, 
dom S* C domts,, and let a < m(S,). Then the following statements hold: 
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(i) IFA € BUMts, -a,G) is an extension of To, then ran A = G and 
dom ts, C ker A. 
(ii) FAE B(ts,-a; G) is an extension of To and 
dom ts, = ker A, (5.6.3) 


then Ag = kerTo = Sp and {9, A} is a boundary pair for S corresponding to 
Sı. If, in addition, Ay = Sı, then {9,T0, T1} and {9, A} are compatible. 


In particular, if A € Bie, as G) is an extension of T'o and the defect numbers 
of S are finite, then Ag = kerTo = Sp and {S,A} is a boundary pair for S 
corresponding to S1. If, in this case, also Ay = S1, then {9,T0, T1} and {9, A} are 
compatible. 


Proof. (i) Let A € B(t;, -a, 9) be an extension of To. It follows from the extension 
property (5.6.2) that ran A = 9 and that 


dom § C dom Ao C ker A. (5.6.4) 


Since A € B(S5, -a, 9), it is clear that ker A is closed in Hts, -a and, by (5.6.4), 
the closure of dom S' with respect to the inner product (-,-)¢;,-a is contained in 
ker A. On the other hand, dom S C dom Sp C dom ts, and the inner product on 
Hts, —a restricted to Hispa coincides with the inner product (-, 3 eer in Nts,—a 
(see the discussion below (5.3.10) and (5.3.11)). As dom £ is a core of tsp, it follows 
from Corollary 5.1.15 that the closure of dom S with respect to the inner product 
(-,-)ts,—-a coincides with dom tsp. Thus, one concludes dom ts, C ker A. 


(ii) Assume that A € B(Si5,-a,9) is an extension of To and that (5.6.3) holds. 
Then i Ji M 

Ao = {fe S*: fE kerro} c {fe S*: f € ker A}. (5.6.5) 
Since ker A = dom tsp, it follows from Theorem 5.3.3 that the right-hand side of 
(5.6.5) concides with Sp. Thus, Ao C Sp and since both relations are self-adjoint, 
it follows that Ag = Sp. Moreover, one has ran A = G by (i) and hence {9, A} is a 
boundary pair for S* corresponding to Sı. It follows directly from Definition 5.6.4 
that the additional assumption A; = Sı yields compatibility of {5,[o,Ti} and 
{9,4}. 


For the last statement assume that the defect numbers of S are finite and let 
AE B(Sts,-a, G) be an extension of ro. Then ran A = 9 and dom tsp C ker A by 
(i). Since Sı and Sp are transversal, one has the orthogonal decomposition 


Nts, —a = ker (s* = a) Pts, —a Hisy=a 
for a < m(S1) by Proposition 5.3.7 and Theorem 5.3.8. Then 
dim ran A = dim § = dim ker (S* — a) < oo 


together with dom ts, C ker A implies dom ts, = ker A. Now the assertions follow 
from (ii). 
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If the boundary triplet {9, To, T1} and the boundary pair {9, A} are compat- 
ible, then automatically ker To = Sp. In the next theorem it will be shown that for 
a boundary triplet for S* such that kero = Sp and ker Tı = S4 is semibounded, 
there exists a compatible boundary pair {9, A} for S corresponding to S4. 


Theorem 5.6.6. Let S be a closed semibounded relation in and let {9,T0, T1} be 
a boundary triplet for S*. Assume that 


kerro = Sp and kerri = $1, 


where Sp is the Friedrichs extension and Sı is a semibounded self-adjoint extension 
of S. Then, with a < m(S1) fixed, the mapping 


Ao = {{f,Tof}: FE S} C Dis -a X S, (5.6.6) 


is (the graph of) a densely defined bounded operator. Its unique bounded extension 
A to all of Sis, -a induces a boundary pair {G, A} for S corresponding to Sı which 
is compatible with the boundary triplet {9,T0, T1}. 


Proof. The assumption that {9,19,01} is a boundary triplet for S* implies that 
Sp and Sj are transversal extensions of S. By Theorem 5.3.8, this is equivalent to 
dom S* C dom ts;, and hence dom Ag = dom S* is contained in Hts, -a, i.e., the 
relation Ag in (5.6.6) is well defined from Hts, —a to G. 

In order to see that Ag is an operator, assume that { f, Tof} € Ao with fe S* 
satisfying f = 0. Hence, f = {0, f'} € S*, which by Theorem 5.3.3 shows that 
fe Sp. Now the identity Sp = ker To implies that Tof= 0. Hence, mul Ap = {0}, 
that is, Ao in (5.6.6) is an operator. Furthermore, it is clear that Sp = ker To yields 
ker Ag = dom Sf. 

Next it will be shown that the operator 


Ao : Bis, -a D dom S*+§, fre Aof =Tof, (5.6.7) 


is bounded. By assumption, a < m(S1) < m(Sp), and hence one has the decompo- 
sition S* = Sp + ,(S*); see Theorem 1.7.1. Let f = { f, f’} € S* and decompose 
it accordingly, 


f= fr+fa frE Sr, fa = {fa afa} € Nal S*). 


From Sp = kerTo and the fact that [9 : S* — 9 is bounded (with respect to the 
graph norm; cf. Proposition 2.1.2) it follows that 


lAo fl? = lTofll? = ofall? < M(Ilfall? + a? || fall?) < Ml fall? 


holds for some constants M, M’ > 0. Then is clear from (5.1.9) that there exists 
M” > 0 such that 


IIo fll? < MNase, -a <M" (Sele, -a + Fall25, a) = MISI, -a 
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where fp € dom Sp C dom tsp; here in the last equality one uses the orthogonal 
decomposition 


dom ts, = ker (S* — a) Pts, -a dom tsp 


with respect to the inner product (-,-)t;, -a in the Hilbert space Hts, a, see Propo- 
sition 5.3.7 and Theorem 5.3.8. This shows that the operator Ag in (5.6.7) is 
bounded. 

By Theorem 5.1.18 (ii), dom S4 is a core of ts, and hence dom S4 is dense in 
the Hilbert space Hts, -a by Corollary 5.1.15. As dom Sı C dom S* C dom ts,, it 
follows that dom $* is also a dense subspace of His, -a Therefore, the bounded 
operator Ao in (5.6.7) is densely defined, and hence Ag admits a unique extension 
A by continuity to all of Hts, —a- 

Since the restriction of the inner product in Hts, -a tO Nts, -a coincides with 
the inner product in Hts,—a (see the discussion below (5.3.10) and (5.3.11)), the 
closure of dom Sp = ker Ao in 9is,-a is dom tsp. This implies ker A = dom tsp- 
Finally, by definition ranA = ran Ao = 9, and hence {9, A} is a boundary pair 
for S corresponding to S4. It is also clear that the boundary pair {9, A} and the 
boundary triplet {9,To, I1} are compatible. 


In the next corollary it is shown that in the context of Theorem 5.6.6 the 
continuity of A: Hts, -a + Y makes it possible to extend the identity 


(f'g) = tsi [fg] + (if. E09), fg eS", (5.6.8) 


in Theorem 5.5.14 to fe S* and g E€ domts,. 


Corollary 5.6.7. Let S be a closed semibounded relation in $, and let {9, T0, T1} 
and {9, A} be the boundary triplet and boundary pair in Theorem 5.6.6, respec- 
tively. Then the following equality holds: 


a 


(Fg) = ts [fg] T (Tif, Ag), f = S% gE dom ts, . 


Proof. As domS* is a dense subspace of Hts, —a, there exist gn € dom S* and 
Gn = {9n, Gn} E S* such that gn > g in His, -a, and hence Pogn = Agn > Ag in 9. 
Furthermore, gn — g in Hts, —a also implies gn + g E€ H and ts, [f, gn] > ts, [f, g] 
for f = {f, f’} € S*. By (5.6.8), the identity 


(F, gn) = ts, |f, 9n] + Cif, Lon) = ts, |f, gn] + Cif, Agn) 


a 


holds for f = { f, f'} and Jn = {gn, gh} E S*. Now the assertion follows by taking 
limits. 


For the sake of completeness the existence of boundary pairs is stated in the 
following corollary as an addendum to Definition 5.6.1. 
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Corollary 5.6.8. Let S be a closed semibounded relation in H. Then there exist a 
semibounded self-adjoint extension Sı of S such that Sı and Sp are transversal 
and a mapping A € B(Hts,-a, 9), a < m(S1), such that {9, A} is a boundary pair 
for S. 


Proof. By Proposition 5.5.10, there exists a boundary triplet {9,To, I1} for S* 
such that Sp = kero and Sx. = kerr; for x < m(S) = m(Sp). Now the 
statement follows with S1 = Sx, and a < m(S1) = x from Theorem 5.6.6. 


Example 5.6.9. Let S be a closed semibounded relation in § with lower bound 
y, fix xz < y, and consider the boundary triplet {N} (S*), To, T1} for S* in Corol- 
lary 5.5.12 with 


Tof=fe, f= (fe. fe} + (fe tfa} € Sp F Tt, (S*). 


Then Sp = ker and Sk, = kerf; and for a < x one has the direct sum 
decomposition 


His, ,-a = dom tsk, = dom tsp + Ne(S"), a<ax<y; (5.6.9) 
cf. Corollary 5.4.16. Then the mapping 
ANF = fos f = fF + fs E€ domts, +N (9*), 


belongs to B(Hts, a, Na(9*)). In fact, let f € Hetsy -a have the decomposition 
f = fe + fe as in (5.6.9), and define fa = (I + (a — x)(Sp — a)“)f,. Then 
f = gF + fa, where gp = fx — fa + fp E€ domtsp and fa E Na(S*). Now observe 
that fr = (I+ (x—a)(Sf =x) t) fa, so that Proposition 1.4.6 leads to the estimate 


y-a 
Il fell < ——— lfall- 
yx 
Recall from (5.1.9) (with t= tsk.. Y = T, Y = fa) and (5.4.28) that 


(x —a)||fall? < Nalog „~a < Ilfall2s,., -« + lorlo -a = IFoo» 


which proves that A € B(Hts, -a Ne(9*)). Thus, A extends To in the sense 
of Definition 5.6.3. It is clear that dom ts, = ker A, and hence Lemma 5.6.5 (ii) 
implies that {9t,(.5*), A} is a boundary pair for S' corresponding to Sk,» which is 
compatible with the boundary triplet {N+ (S*), To, r1} in Corollary 5.5.12. 


Theorem 5.6.6 admits a converse. If S is a semibounded relation and {9, A} is 
a boundary pair for S' in the sense of Definition 5.6.1, then there exists a compatible 
boundary triplet {9, T0, r1} for S*. The construction of the mapping To : S* > 9 
is inspired by Lemma 5.6.5 and the construction of I4 : S* — G is inspired by the 
first Green formula in Theorem 5.5.14. 


350 Chapter 5. Boundary Triplets and Boundary Pairs for Semibounded Relations 


Theorem 5.6.10. Let S be a closed semibounded relation in Ý) and let Sı be a 
semibounded self-adjoint extension of S such that Sı and Sp are transversal. Let 
{9, A} be a boundary pair for S corresponding to Sı. Then 


To= {f Af}: fes*} (5.6.10) 


is (the graph of) a linear operator from S* to G and there exists a unique linear 
operator Tı : S* —> G such that {9,T0, T1} defines a boundary triplet for S* which 
is compatible with the boundary pair {9, A} for S corresponding to Sı. 


Proof. The relations S; and Sp are semibounded self-adjoint extensions of S and 
hence m(S1) < m(Sp) = m(S). There are the following decompositions of the 
relation S*: r 

S* = Sr + Na(S*), a<m(Sp), (5.6.11) 
and, likewise, Ji 

S* = S1 F Nal S*), a< m(Sı); (5.6.12) 


cf. Theorem 1.7.1. Recall that ts, C ts, and, since Sı and Sp are transversal, 
there is the orthogonal decomposition 


dom ts, = ker (S* — a) Bts, -a domts,, a< m(S1), (5.6.13) 


of the Hilbert space Hts, —a. Moreover, in this case one also has dom S* C dom ts; 
cf. Proposition 5.3.7 and Theorem 5.3.8. The proof will be given in a number of 
steps. The mapping To is considered in Step 1. Step 2 and Step 3 are preparations 
for the construction of I, in Step 4. In the remaining steps the various properties 
of T4 are established. 


Step 1. This step concerns the properties of To in (5.6.10). Since dom $* C dom ts, 
one sees from Definition 5.6.1 that the relation To is well defined. It is clear that 
To is the graph of an operator, 


iis? >9, fehfaanrs (5.6.14) 
and that {0} x mul S* C kerTo. Furthermore, 
Sfp = {fe S: fe dom tsp } = {fe S: fe ker A} = kerTo, (5.6.15) 


where the first equality holds by Theorem 5.3.3, the second equality is due to 
dom ts, = ker A, and the third equality follows from (5.6.14). 

Since ran A = 9 and ker A = dom tsp, it follows from (5.6.13) that A maps 
ker (S* — a) bijectively onto §. Therefore, 


To is a bijection between Tt, (S*) and G, (5.6.16) 


and, in particular, 
ranTo = S. (5.6.17) 
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Step 2. Now it will be shown that the identity 
ts [f, gr] = (f, gr), f E€ S*, gr € domtg,, (5.6.18) 
holds. For this, assume that fis decomposed as 
f =fr tha, fre Sr, ħa e%,(8"): (5.6.19) 
cf. (5.6.11). Recall that dom S* C dom ts, and observe that with (5.6.19) one gets 
ts, [f, gr] = ts, [fp + ha, gr] = tsr [fe gr] + ts, [ha, gr]. (5.6.20) 
The orthogonal decomposition in (5.6.13) gives 
0 = (ha, 9F)ts, -a = ts, [ha, gr] — alha, gF). 
Hence, (5.6.20) leads to the identity 
tsi [f, gr] = tse Lf, gr] + a(ha, gr) = (fr, gr) + alha, gF), 


which shows (5.6.18). 
Step 3. Next it will be shown that 


a 


ts, [fg] — (F59) = (farda)ts,-a FG €S", (5.6.21) 


where f and g are decomposed as 


f= fit fa hes, fae a(S"), 5.6.22) 
and p 
G=Gr+Ga, Gre Sr, Ja E Na(S*); 5.6.23) 


cf. (5.6.12) and (5.6.11). For this note first that with (5.6.22) the identity (5.6.18) 
in Step 2 gives 


ts, [fi + fas gF] = (fi + afa, gF). 5.6.24) 
Furthermore, note that with ga from (5.6.23) one has 
ts, [fis 9a] = (fi; Ja) 5.6.25) 


due to A € Sı and ga E Na(S*) C dom ts,; cf. Theorem 5.1.18. A combination of 
(5.6.24) and (5.6.25) leads to 


ts, [f, 9] aa (Fg) = tsı [fı H fas 9F Jal] (fi f a fa, JF +ga) 
_ ts. [fi JF fas Gal = (fi + afa, Ja) 
= ts, Fas Gal = a( fa; Ja), 


which gives (5.6.21). 
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Step 4. In this step the operator [y : S* + G will be constructed. For this purpose 
fix f € S* and consider the linear relation 


It follows from ran To = G in (5.6.17) that dom DF = 9. Next it will be shown that 


® F is the graph of a bounded linear functional. If f and g are decomposed as in 
(5.6.22) and (5.6.23), then it follows from (5.6.21) in Step 3 that 


(9, F’) — ts, (9, f]| E lts, [f, 9] = (f',9)| = (fas Ga)ts, -al < Il fallts, -allgallts, -a- 


Recall that the restriction of A to ker (5*—a) has a bounded inverse (with respect 


to the norm ||- ||t;, -a on ker (S* — a)). Therefore, by (5.6.10) and (5.6.15), 
IIGallts, -a < Cl|Agal] = Cl|To9al] = CllPogl (5.6.27) 


for some constant C > 0 and, as a consequence, 


l, f’) tsi lo, I| < Cllfallts,-allTogll, FES. 


This implies that the relation ® >in (5.6.26) is the graph of an everywhere defined 
bounded functional. Hence, by the Riesz representation theorem, there exists a 
unique pọ € G such that 


7 (CoG) = (Tog pF), FES. 
Define the mapping r1 by 
T :*>9, fsanf= pF (5.6.28) 
By construction, I; is linear and it follows from (5.6.21) and (5.6.26) that 
Tif T09) = (1.9) — tsi [f9] = (fa Ga)ts, -a (5.6.29) 


for all f € S* and J € S* decomposed in the forms (5.6.22) and (5.6.23), respec- 
tively. 
Step 5. It will be shown that the operator I1, constructed in Step 4, satisfies 

Sı =kerT. (5.6.30) 
To show that Sı C kerT,, assume that fe Sı. Then (5.6.29) in Step 4 implies 
that (Tı f, Tog) = 0 for all J € S*, and since To is surjective (see (5.6.17)), one 
concludes that Py f =0. Thus, Sı C kerr. To show the reverse inclusion, assume 
that f ={f, f’} € ker). Then it follows from (5.6.29) that 

ts, [f,g] = (f',g) for all g €domS, C domS*. 


Since dom 5} is a core of tg,, it is a consequence of the first representation theorem 
(Theorem 5.1.18) that f = {f, f’} € Sı. Thus, kerr C S1, and so (5.6.30) has 
been proved. 
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Step 6. Next it will be shown that the operator T1, constructed in Step 4, satisfies 
ranly = S. (5.6.31) 


For this purpose note first that ranl, = 9. In fact, if ran lı Æ 9, then in view of 
(5.6.16) there exists Ja E M%ta(S*) such that Tog, # 0 and 


((if,Voga)=0 forall fe s*. (5.6.32) 


Now apply (5.6.29) with f = fi + fa € S*, fi € Si, fa € Nal S*), and Ja € Na (S*). 
Then (5.6.32) implies 

(fas GJa)ts, —a 7 0 
for all fa € Na(9*). Therefore, ga = 0 and hence Ja = 0 and loJa = 0, which is a 
contradiction. Thus, ran l: = 9. 

To conclude (5.6.31), it suffices to show that ran T; is closed. For this consider 
the restriction T} to Na (S*). It follows from S* = Sı F N,(S*) and (5.6.30) that 
I‘, is injective and that 

ranI = ranT). (5.6.33) 


With the inner product (-,-)ts,-a the space Ta (S*) is a closed subspace of the 
Hilbert space Hts, —a X Nts, —a (see (5.6.13)). Since 


|(T1 fa, Po9)| = |a; Ja)ts, -al < Cll falles, -allEoF| 


by (5.6.29) and (5.6.27), it follows from 


Ti fall = sup |(CifasTo9)| < Cllfallts,—a 
Iogl=1 


that the operator T% is bounded in the topology of Hts, -a X Hts, -a- Hence, I is 
closed and the same is true for the inverse operator 


(T1) 1: 9 > ranI > N,(S*). 


Assume that ([)~! is unbounded. Then there exists a sequence (Qn) in TN, (S*) 
such that II9nllts, -a = land l'n > 0 in 9. From (5.6.29) and the definition of 
To one obtains 


1 = (Gn; 9n)ts,-a = —(T1Gn;ToGn) = — (11n, Agn) < |P1Gnl|Agnll, 
andas A: HNis,-a > G is bounded this yields 
1 < O"|PGnllilgnllts, -a = C'I] > 0; 


a contradiction. Hence, the operator (T4)! is bounded. As (I,)~+ is closed, it 
follows that ranT4 = dom (T/4)~t is closed, which together with (5.6.33) and 
ran’, = 9 shows (5.6.31). 
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Step 7. First it will be verified that the mappings Io and I, form a boundary 
triplet for S*. Observe that (5.6.29) implies the Green identity 


(f,9) = (f.9') = (Tif, Tog) - Tof. T18), fg ES. 
It remains to show that 


ran (E) =9x9. (5.6.34) 


1 

For this, let y, y’ € 9. From ranTo = G in (5.6.17) and ranTı = J in (5.6.31) it is 
clear that there exist h, k € S* such that Toh = y and [Tik = g. It follows from 
the transversality S* = Sp + Sı that 


h=hpthy and k = kp +k, hr, kr € Sr, hi, ki € S. 


Define f = hy + kp € S*. Making use of the facts that kerro = Sp in (5.6.15) 
and ker, = Sı in (5.6.30), one obtains 


Tof = Tohi = Doh = y, 
f= Tike = Tik = y’, 


which shows (5.6.34). Therefore, {9,To, I1} is a boundary triplet for S*. 

Since kerro = Sp and ker; = Sj, and since A is an extension of Io, see 
(5.6.10), one concludes that the boundary triplet {9,To, r1} and the boundary 
pair {9, A} are compatible; see Definition 5.6.4. 

It remains to check that [; constructed in (5.6.28)—(5.6.29) is uniquely de- 
termined. Note that the mapping To and the kernel Sı of Tı are uniquely deter- 
mined as the boundary triplet is required to be compatible with the boundary 
pair {9, A}. Under these circumstances the action of I’; is uniquely determined by 
formula (5.5.27) in Theorem 5.5.14. 


The following result gives a connection via a boundary pair {9, A} between 
closed semibounded forms ty corresponding to semibounded self-adjoint exten- 
sions H of S such that Sı < H < Sp and closed nonnegative forms w in 9. A 
similar result also involving boundary triplets follows later. 


Theorem 5.6.11. Let S be a closed semibounded relation in § and let Sı be a 
semibounded self-adjoint extension of S such that Sı and Sp are transversal. Let 
{S, A} be a boundary pair for S corresponding to Sı. Then the following statements 
hold: 


(i) If H is a semibounded self-adjoint extension of S such that Sı < H, then 
there exists a closed nonnegative form w in G defined on domw = A(dom tp) 
such that 


tylf,9] = ts, [f, g] + w[Af, Ag], f, g € domty. (5.6.35) 


Moreover, the space A(dom H) is a core of the form w. 
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(ii) If w is a closed nonnegative form in 9, then 


tf, g] = ts, [f, g] +wlAf, Ag], 


(5.6.36) 
domt = {f € domts, : Af € domw}, 


is a closed semibounded form in H and the corresponding self-adjoint relation 
H is a semibounded self-adjoint extension of S which satisfies Sı < H. 


The formulas (5.6.35) and (5.6.36) establish a one-to-one correspondence between 
all closed nonnegative forms w in G and all semibounded self-adjoint extensions H 
of S satisfying the inequalities Sı < H < Sp. 


Proof. (i) Let H be a semibounded self-adjoint extension of S and let ty be the 
corresponding closed semibounded form. By assumption, Sı < H or, equivalently, 
ts, < tg; cf. Theorem 5.2.4. Hence, dom ty C dom ts, and ts, |f] < ta[f] for all 
f € domty. Recall that tsp, as the closure of tg, satisfies ts, C ts, and tsp C ty. 
Since ker A = dom tsp, one concludes that the form 


wlAf, Ag] := ta[ f, g] — ts, [f.g], domw=A(domty), f,g € domty, (5.6.37) 


is well defined and nonnegative in the Hilbert space 9. To see that it is well defined, 
just note that for f,g € dom ty the Cauchy—Schwarz inequality shows 
i 
lta[f, g|- tsilf,g J| < lex lf, fl —ts, Lf, A? ltalg, 9] — ts,[9.9]|*, 
and hence ty[f, g] — ts,[f,g] in (5.6.37) vanishes when either f or g belongs to 
ker A = dom tsp. 
Next it will be shown that the form w is closed in 9. To this end consider a 
sequence (Yn) in domw and assume that Yn >w Y for some ọ € 9, that is, (yn) 
is a sequence in dom w = A(dom ty), such that 


Yn 7 pes and w[Yn — Ym] > 0. (5.6.38) 
Since ker A = dom ts, and 
dom ts, C domty C domts, = (dom ts, Ots, -a dom tsp) Bts, -a dom tsp 


for a < m(S1), there exists a sequence (fn) in dom tg Sts,-a dom tsp such that 
Afn = Yn. Moreover, since ran A = 9, there exists f € dom ts, Ots; —a dom tsp 
such that Af = y; see Proposition 5.3.7. Since the restriction of A to the space 
dom ts, Ors, -a dom ts, has a bounded inverse (see the discussion following Def- 
inition 5.6.1), it follows that fn > f in 9ts,-a- In particular, f, > f in § and 
ts, [fn — fm] — 0. Then (5.6.37) and (5.6.38) imply 


Hlfn = frm = ts, [fn = fm] +wfA fn a Afm] 
_ ts, [fn Fin] won Pm > 0, 
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and as ty is closed one concludes f € domty and ty[f, — f] —> 0. This implies 
p = Af € domw. Furthermore, as ts, is closed, also ts, [fn — f] > 0, and hence 


wyn — p] =w[Afn — Af] = tu[fn f ts, [fn f > 0, 


so that w is a closed form in 9. It is clear that the definition of w in (5.6.37) implies 
the representation of ty in (i). 

It remains to show that A(dom H) is a core of w. For this let y € domw 
and choose f € dom tp such that y = Af. As dom H is a core of ty, there exists 
a sequence (fn) in dom H such that fa > f in § and ty[f, — f] > 0. Then 
0 < (ts, — @)[fn — f] < (tu — @)[ fn — f] —> 0 and, in particular, one has fn > f 
in Hts -a- Setting Yn := Af, one has yn C A(dom H) and using the fact that A 
is bounded one concludes that 


Yn =Afn > Af =p 


and 


This shows that A(dom H) is a core of w. 


(ii) Assume that w is a closed nonnegative form in 9. Then it is clear that the 
form 


tif, g] = ts, [f, g9] + w[Af, Ag] (5.6.39) 


defined on dom t = A~1(domw) C dom tg, is semibounded and t[f] > ts, [f] holds 
for all f € dom t. To verify that t is closed consider a sequence (fn) in dom t such 
that fn > f for some f € H, that is, fa > f in § and t|fn — fm] > 0. Since 
the forms ts, — a, a < m(S1), and w are nonnegative, it follows from (5.6.39) and 
(t= a) fa — fm] + 0 that 0 < (ts, — @)[fn = fm] = 0 and w[Afn = Afm] > 0. As 
ts, is a closed form in §, one concludes that f € dom ts, and ts, [fn — f] —> 0. This 
shows that fa converges to f in $¢5,-a and as A is bounded one has Af, > Af 
in 9. Moreover, since w[A fn — Afm] — 0 and w is closed in 9, one concludes 
that Af € domw and w[Afn — Af] > 0. Hence, f € domt = A7~!'(domw) and 
tlfn — f] + 0, and t is a closed form in 9. 

Let H be the semibounded self-adjoint relation associated with t via the 
first representation theorem; see Theorem 5.1.18. Since dom ts, = ker A, it follows 
from (5.6.36) that ts, C t. Hence, ts, < t < tsp or, equivalently, Sı < H < Sp; 
see Theorem 5.2.4. One concludes from Theorem 5.4.6 (or its proof) that H is a 
self-adjoint extension of S. This completes the proof of (ii). 


The indicated one-to-one correspondence is clear from (i) and (ii) by the 
uniqueness of the representing semibounded self-adjoint relation associated with 
a closed semibounded form. 


A combination of Theorem 5.6.11 with Theorem 5.4.6 leads to the following 
observations. Recall that the Krein type extensions Sx, and Sp are transversal 
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when x < y = m(S) = m(Sp) (see (5.4.26)) and that in the nonnegative case 
y > 0 the Krein—von Neumann extension is given by Sx,; cf. Definition 5.4.2. 


Corollary 5.6.12. Let S be a closed semibounded relation in 9 with lower bound y. 


(i) Fora < y and Sı = Sx, the formulas (5.6.35) and (5.6.36) establish a one- 
to-one correspondence between all closed nonnegative forms w in 9 and all 
self-adjoint extensions H of S satisfying m(H) > a. 


(ii) If Sk, and Sp are transversal, then with Sı = Sx, the formulas (5.6.35) and 
(5.6.36) establish a one-to-one correspondence between all closed nonnegative 
forms w in § and all self-adjoint extensions H of S satisfying m(H) = y. 


(iii) Ify > 0, then with the Krein-von Neumann extension Sı = So the formulas 
(5.6.35) and (5.6.36) establish a one-to-one correspondence between all closed 
nonnegative forms w in G and all nonnegative self-adjoint extensions H of 
S. Ify =0 the same is true if the Krein—-von Neumann extension Sı = Sko 
and Sp are transversal. 


Theorem 5.6.11 is a first step towards a full description of all semibounded 
self-adjoint extensions and their associated forms. The following result is a con- 
tinuation of Theorem 5.5.14 for semibounded self-adjoint extensions (see Corol- 
lary 5.5.15) and an extension of the first part of Theorem 5.6.11, in which also the 
boundary conditions of the extensions and the corresponding forms are connected. 


Theorem 5.6.13. Let S be a closed semibounded relation in § and let Sı be a 
semibounded self-adjoint extension of S such that Sı and Sp are transversal. Let 
{9,T0, T1} be a boundary triplet for S* and let {9, A} be a compatible boundary 
pair for S corresponding to Sı. Assume that He is a semibounded self-adjoint 
extension of S corresponding to the self-adjoint relation © in G as in (5.5.32)- 
(5.5.33). Then © is semibounded in G and the corresponding closed semibounded 
form we in 9 and the closed semibounded form ty, corresponding to He are 
related by 


te lf, g] = ts, [f,9] +welAf, Ag], 


(5.6.40) 
dom tHo = {f € domts, : Af € domwe }. 


Proof. The proof of the theorem will rely on the results in Theorem 5.5.14 and 
Corollary 5.5.15, where He is now taken to be semibounded. In the first two steps 
of the proof the equality between the forms in (5.6.40) will be verified. In the last 
step the domain characterization in (5.6.40) will be shown. 


Step 1. First recall from Corollary 5.5.15 the formula (5.5.34): 
(f',9) = tsi [f, g] + (Ooprof, r09), f,.9€ Ho. (5.6.41) 


Since Ho is assumed to be semibounded, it follows from Theorem 5.1.18 that 
(f',9) = tHolf, g]. As the boundary pair {9, A} is compatible with the boundary 
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triplet {9,To, T1}, the mapping A is an extension of ro. Hence, (5.6.41) may now 
be rewritten as 


tue lf, g] = ts |f, g] + (Oop Af, Ag), f,g € dom He. (5.6.42) 


Step 2. In this step it is shown that the formula (5.6.42) can be extended to 
the form domain of ty, as in (5.6.40). First observe that by Lemma 5.6.5 one 
has Ag = Sp. Moreover, since Ho is a semibounded extension of S, it follows 
from Proposition 5.5.6 that © is semibounded from below. Hence, (5.6.42) can be 
written as 


tHo f, g] = ts, If; g] ar welAf, Ag], fig € dom Ho, (5.6.43) 


where we is the closed semibounded form corresponding to © in 9. It follows from 
Corollary 5.3.9 that 


dom (He — a)? C dom (S1 — a)? (5.6.44) 
and hence there is a constant C > 0 such that 
i ai 
ISi) — a)? |] < Cll((Ho)op — a)” ll (5.6.45) 


for all y € dom (He —a)?. 

Now let f € dom type. As dom Ho is a core of tHo, there exists a sequence 
(fn) in dom He such that fan > f in § and ty.e[fn — f] > 0. By (5.6.44)-(5.6.45) 
it follows that f € dom ts, and ts, [fn — f] > 0, so that fn + f in Hts, -a. Since A 
is bounded, this shows that Af, > Af in 9. Furthermore, from (5.6.43) one sees 
that 


we[Afn = Afm] = tHo [fn fm] ts, [fn Feil > 0. 


Since we is closed, one obtains 
Afédomwe and wel[Af, — Af] 0. 
Therefore, the following inclusion has been shown 
dom ty, C {f € domts, : Af € domwe }. (5.6.46) 


Let f,g E€ dom tpe and choose (fr), (gn) in dom Heo as above. Then one has 


tHe (fn: Gn] =a tHe [f, g], ts, [fn In] a ts, if, gl, and Wo [A fn, Agn] > We [Af, Ag] as 
n — co by Lemma 5.1.8, and hence (5.6.43) extends to 


tuolf,g] = tsi [fg] +wolAf, Ag], f,g E dom tyo. (5.6.47) 


Step 3. To complete the proof of the theorem the equality between the domains 
in (5.6.40) must be verified. Due to (5.6.46) it suffices to show that 


Tf E€ domts, : Af € dom we } C dom tpo. 
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Let f E domtg, and assume that y = Af € domwe. Using the orthogonal decom- 
position 

dom ts, = (domts, Ots, -a doM tsp) Dts, -a domts,, a<m(S1), (5.6.48) 
write f in the form f = h+k, where h € dom ts, Ots, -a dom tsp and k € dom tsp. 
Then k € dom tpe, and since ker A = dom tsp, one has y = Ah. It remains to 
show that h € dom tyo. 


Recall that dom © is a core of we. Hence, there exists a sequence (pn) in 
dom © such that Yn we Y, that is, 


Pn > P = S and we[Yn E Pml] — 0. 


Note that yn E domO means {Yn, Yp} € O for some yi, E€ 9 and there exists 
{fn fn} € Ho such that T{ fn, fa} = {2n Pn}. Hence, Afn = Po{fn, fn} = Yn, 
where fa € dom He C dom tHo C dom ts,. Using (5.6.48), one can write fn in the 
form 
fn =hntkn, hn € domtgs, Sts,-a domts,, kn E dom tsp. 

From ker A = dom ts, it is clear that Yn = Af, = Ahn. Since the restriction of 
A to dom ts, Ots, -a dom ts, has a bounded inverse it follows from y, — ọ in 9 
that hn > h in Hts, -a. In particular, An — h in §) and ts, [hn — hm] > 0. Then it 
follows from (5.6.47) that 


toe [hn — hm] = ts, [hn — hm] + wo[Ahn — Ahm] 
= ts, [hn Amn] We [Pn Pml] > 0, 


and as ty, is closed, one concludes that h € dom tyo. 


One may apply the second representation theorem (Theorem 5.1.23) to the 
closed form we in Theorem 5.6.13. Assume that u < m(0), then it follows that 


wolAf, Ag] = ((Oop — #)2 Af, (Oop — 4)? A9) + u (AS, Ag), 
domwe = dom (Oop — u)?. 
Hence, one obtains the following result; cf. Corollary 5.5.15. 


Corollary 5.6.14. Let the assumptions be as in Theorem 5.6.13 and let u < m(0). 
Then the closed semibounded form ty, corresponding to He is given by 


tuolf,9] = ts: |f, g] + (Oop = #)# AL, (Oop — #) Ag) + u (AF, Ag), 
dom tzo = {f € domts, : Af € dom (Oop — u)? }. 
Furthermore, if Oop € B(Gop), then 
tue lf,9] = ts, [f, g] + (Oop Af, Ag), 
dom tHo = { f E€ domts, : Af € dom Oop }, 
and in the special case O € B(9) 
tuo lf, g] = ts: [f, g] + (OAS, Ag), dom tHo = domts,. 


(5.6.49) 
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Example 5.6.15. Let S be a closed semibounded relation in § with lower bound 
y, fix x < y, and consider the boundary triplet {Nta (S*), To, Pi} for S* in Corol- 
lary 5.5.12 and the corresponding compatible boundary pair {9t,(S*), A} in Ex- 
ample 5.6.9. Assume that Ho is a semibounded self-adjoint extension of S corre- 
sponding to the self-adjoint relation © in Nt,(S*) as in (5.5.32)-(5.5.33). Then © 
is semibounded in Nz (S*) and the corresponding closed semibounded form we in 
N.(S*) and the closed semibounded form ty, corresponding to He are related by 


tHe f; g] = Esg ali g] + wolfz, gz], 
dom tHo = {f = fF + fz E domts, + Neh S*) : fr € dom we }. 


Let He be a semibounded self-adjoint extension of S corresponding to the 
self-adjoint relation © in G as in (5.5.32)—(5.5.33). The first boundary condition 
in (5.5.33) is the essential boundary condition given by Tof € dom Oop . Since Ho 
is now assumed to be semibounded, it follows from f € dom S* C dom A that this 
condition can be written as 


Af =Tof € dom ©,, C dom (Oop — u)?, u < m(0), 


which implies that f € dom tHo. The second boundary condition in (5.5.33) is 
the natural boundary condition given by Pop Tif = Oop Tof. It is subsumed in the 
additive term in the structure of the form ty,: 


((Qop = FAL, (Oop — u)? Ag) + u (Af, Ag); 
cf. Corollary 5.5.15, which in case of a bounded operator part Oop simplifies to 
(Oop Af, Ag); 


cf. (5.6.49). In particular, the elements in dom Ho satisfy an essential boundary 
condition if and only if dom O Æ 9, that is, © ¢ B(G). Note that the extreme case 
dom © = {0} corresponds to Af = 0 and Tof = 0, i.e., f E€ dom ts, and f € Sp. 


Remark 5.6.16. In Theorem 5.6.11 a one-to-one correspondence between the closed 
nonnegative forms w in 9 and the semibounded self-adjoint extensions H of S in 
Ñ satisfying Sı < H < Sp is established. For closed semibounded forms w in 9 the 
situation is different: Although Theorem 5.6.13 shows that for each semibounded 
self-adjoint extension H = Ho of S there exists a closed semibounded form w = we 
in S such that 

tu[f, 9] = ts. lf, 9] +w[Af, Ag], (5.6.50) 


one can also see that for an arbitrary closed semibounded form w in 9 the right- 
hand side in (5.6.50) is not necessarily bounded from below. However, if, e.g., w is 
a symmetric form with domw = J such that for some a > 0 and b € [0, 1) 


|u[Af]] < all fl? + dts, [f], f € domts,, 
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then Theorem 5.1.16 shows that ty in (5.6.50) is a closed semibounded form with 
domty = domts, in §. In particular, in this situation the corresponding self- 
adjoint extension H of S is semibounded. 


Recall from Proposition 5.5.8 that in the case of finite defect numbers or in 
the case that Sp has a compact resolvent the implication 


© semibounded in § = Ho semibounded in 9 


holds. The following corollary supplements Theorem 5.6.13 and can be seen as an 
extension and completion of the second part of Theorem 5.6.11. When the defect 
numbers are not finite or the resolvent of Sp is not compact there is in general no 
analog of the second part of Theorem 5.6.11. 


Corollary 5.6.17. Let S be a closed semibounded relation in H and let Sı be a 
semibounded self-adjoint extension of S such that Sı and Sp are transversal. Let 
{S,To, 01} be a boundary triplet for S*, let {S, A} be a compatible boundary pair for 
S corresponding to Sı and assume, in addition, that one of the following conditions 
hold: 


(i) the defect numbers of S are finite; 
(ii) (Sp —A)~! is a compact operator for some A € p(Sp). 


Let © be a semibounded self-adjoint relation in G and let He be the corresponding 
self-adjoint extension of S as in (5.5.32)-(5.5.33). Then Ho is semibounded and 
the closed semibounded forms ty, and we are related by (5.6.40). 


The following corollary complements Corollary 5.6.12 (iii). If the symmetric 
relation S is positive a natural choice for Sı is the Krein—von Neumann extension 
Sko. A possible explicit choice for the boundary triplet can be found in Exam- 
ple 5.5.13. 


Corollary 5.6.18. Let S be a closed semibounded relation in § with lower bound 
y > 0, let {9,T0, T1} be a boundary triplet for S*, and let {9, A} be a compatible 
boundary pair for S corresponding to the Krein-von Neumann extension Sk o. 
Then the formula 


tolf, I] = tsx olf, g] + (O8 AF, O2 A9), 


i (5.6.51) 
dom tHe = { f € dom tsx o : Af € dom O }, 


establishes a one-to-one correspondence between all closed nonnegative forms tHe 
corresponding to nonnegative self-adjoint extensions He of S in § and all closed 
nonnegative forms we corresponding to nonnegative self-adjoint relations © in 9. 


Proof. By assumption, one has Sk, = kerr; and hence the Weyl function M 
corresponding to {9, ro, 11} satisfies M(0) = 0 by Corollary 5.5.2 (viii). Assume 
that He is a nonnegative self-adjoint extension of S with corresponding closed 
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nonnegative form typo. Since y > 0, Proposition 5.5.6 with x = 0 shows that the 
self-adjoint relation © in 9 is nonnegative. Formula (5.6.51) follows from Theo- 
rem 5.6.13 and Corollary 5.6.14 with u = 0. Conversely, if © is a nonnegative 
self-adjoint relation in 9, then Theorem 5.6.11 (ii) shows that Ho is a nonnegative 
self-adjoint extension of S and (5.6.51) holds. 


In the next corollary the ordering of semibounded self-adjoint extensions is 
translated in the ordering of the corresponding parameters. 


Corollary 5.6.19. Let S be a closed semibounded relation in 9 and let {9, T0, T1} 
be a boundary triplet for S*. Assume that 


kerro = Sp and kerr = $4, 


where Sp is the Friedrichs extension and Sı is a semibounded self-adjoint extension 
of S. Let He, and Ho, be semibounded self-adjoint extensions of S corresponding 
to the semibounded self-adjoint relations 0, and O2. Then 


Hə, < He, & O1< Od. (5.6.52) 
In particular, Sı < He, 0< Oo. 


Proof. Let {9, A} be a compatible boundary pair for S corresponding to Sı as in 
Theorem 5.6.6. Then according to Theorem 5.6.13 one has the following identities 


tHe, If; g] = ts, f, g] ar We, [Af, Ag], 


(5.6.53) 
dom tHo, = {f € domts, : Af € domwe, }, 


and 


tHo, [f, g] = ts, [f, g] + wo, [Af, Ag], 


(5.6.54) 
dom tie, = { f € domtg, : Afe dom we, }. 


Recall from Theorem 5.2.4 that He, < Ho, if and only if tHo, < tHe,- This last 
statement means by definition that 


dom tHe, Cdomty,, and tye, [f] < tHe, lf], fedomty,,, (5.6.55) 
which, via (5.6.53) and (5.6.54), is equivalent to 
dom tHe, Cdomty,, and we,[Af] <we,[Af], f<edomty,,. (5.6.56) 


Assume now that He, < Ho,, i.e., that (5.6.56) (and (5.6.55)) holds. First 
it will be shown that dom tgo, C dom tge, implies that 


dom 92 C domwe,. (5.6.57) 
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To see this, let p € dom O2. Then {y,y’} € O2 for some y’ € J. Now choose 
{f, f'} € Ho, C S* with the property T{f, f’} = {y,y’}. Then it follows that 
Af =To{f, f’} = p. Furthermore, since f € dom S* C dom ts, and 


p = Af € dom O2 C dom wọ,, 


it follows from dom tHe, C dom tpe, that y = Af E€ domwe,. Hence, (5.6.57) 
has been shown. Next observe that due to the previous reasoning the inequality 
n (5.6.56) gives 

we, ly] < wely], p € dom Og. (5.6.58) 


Denote the restriction of the form we, to dom O2 by we,. Then the inclusion 
(5.6.57) and the inequality (5.6.58) can be written as 


We, < Woz, (5.6.59) 


and, since dom O% is a core of we,, it follows from (5.6.59) and Lemma 5.2.2 (v) 
that 
we, <we, or, equivalently, ©Oı < Oo. 


Hence, He, < He, implies that O; < O2. 
For the converse statement assume 0, < Qy or, equivalently, we, < we,, 
i.e., 


domwe, Cdomwe, and we, |y] < welel, yp E€ domwe,. (5.6.60) 


It will be shown that (5.6.56) holds. Let f € domty,,, so that f € domts, and 
Af € domwe,. Then it follows from (5.6.60) that also Af € domwe,. Hence, 
one sees that dom tHe, C dom tHe, . Furthermore, if f € domty.,,, then it fol- 
lows directly from (5.6.60) that we, TAF] < we, [Af]. Thus, (5.6.56) holds and one 
concludes that Hı < Ho. 

Finally, note that for the choice © = 0 one has He, = kerr = Sı and 
hence the equivalence (5.6.52) takes the form Sı < He, = 0< Ox. 


If S is a semibounded relation in § with lower bound y and one chooses He, 
to be the Krein type extension Sx, for some x < y in the previous corollary, then 
the next statement follows from (5.5.1). 


Corollary 5.6.20. Let the assumptions be as in Corollary 5.6.19 and let Ho be a 
semibounded self-adjoint extension of S corresponding to the self-adjoint relation 
© in G as in (5.5.32)-(5.5.33). Then for any x < m(S) 


Sk.x <Ho $s M(x) <0. 
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Chapter 6 


Sturm-—Liouville Operators 


Second-order Sturm-—Liouville differential expressions generate self-adjoint differ- 
ential operators in weighted L?-spaces on an interval (a,b). A brief exposition of 
elementary properties of Sturm—Liouville expressions can be found in Section 6.1; 
this includes the limit-circle and limit-point terminology. The corresponding max- 
imal and minimal operators associated with the Sturm—Liouville expression are 
introduced in Section 6.2; here one can find also a discussion of quasi-derivatives 
which are useful in limit-circle cases. In this chapter the boundary triplets and 
Weyl functions which can be associated with Sturm—Liouville operators will be 
studied. The case where the endpoints of (a, b) are regular or limit-circle is treated 
in Section 6.3, while the case where a is regular or limit-circle and b is limit-point 
is treated in Section 6.4. In each of these sections the spectrum is related to the 
limit properties of the Weyl function, as in Chapter 3. The case where both end- 
points are limit-point can be found in Section 6.5. Here the useful technique of 
interface conditions is explained by means of the coupling concept in Section 4.6. 
Closely related is the case of exit space extensions resulting in boundary con- 
ditions depending on the eigenvalue parameter; such extensions are treated in 
Section 6.6. The characterization of the spectrum via subordinate solutions can 
be found in Section 6.7, where again the results in Chapter 3 play a central role. 
The rest of this chapter is devoted to boundary triplets and Weyl functions for 
Sturm-—Liouville operators which are semibounded. Particular attention is paid to 
the corresponding semibounded forms and boundary pairs; cf. Section 5.6. The 
special case of regular endpoints is given in Section 6.8. In the singular case it 
is possible to construct semibounded closed forms by means of solutions which 
are nonoscillatory near the endpoints. This construction, which is suggested by a 
particular form of the Green formula, can be found in Section 6.9. Section 6.10 
contains an overview of the necessary properties of the so-called nonprincipal and 
principal solutions which make these forms useful. The case where both endpoints 
a and b are limit-circle is treated in Section 6.11, while the case where a is limit- 
circle and 6 is limit-point is treated in Section 6.12. In each section the connection 
between the boundary triplet and the form is studied in detail as in Section 5.6. 
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Finally, in Section 6.13 the particular case L = —D? + q, where q is a real in- 
tegrable potential on a half-line is treated. Here again the spectral theory from 
Chapter 3 will be employed. 


6.1 Sturm-—Liouville differential expressions 


This section offers a brief review of the properties of the Sturm—Liouville differen- 
tial expression L defined by 


L=-[-DpD+q, D=d/dz, (6.1.1) 


alie 


where p, q, and r are assumed to be real functions on an open interval (a,b) with 
—œ <a < b < œ. Throughout the text the following minimal conditions will be 
imposed: 

k #0, r(x) >0, for almost all x € (a,b), (6.1.2) 


1/p,q,r € Li. (a,b). 


loc 


Here Li, (a,b) stands for the linear space of all (equivalence classes of) complex 
functions which are integrable on each compact subset K C (a,b). 

For the reader’s convenience some more notations which are used in the 
following are collected. The space of complex integrable functions on (a,b) will 
be denoted by L! (a,b). One denotes by LŽ ioe (a,b) the set of all functions f for 


which |f|?r € Li. (a,), while L2(a,b) stands for the set of all functions f for 


which |f|?r € L! (a,b). The space L2 (a,b) is a Hilbert space when equipped with 
the usual inner product 


(F, 9) L2(a,0) =| f(x)g(x)r(x) dz. 


a 


For f € L? oc (a,b) the generic notations 


r,loc 
ferla) or f €L?(',b) 


indicate that |f|?r is integrable on an interval (a, a’) for some, and hence for all 
a <a’ < b or on an interval (b’,b) for some, and hence for all a < b < b, 
respectively. A complex function f is absolutely continuous on (a,b) if there exists 
g € Lh. (a,b) such that 


loc 


fle) 1 = f * g(t) dt (6.1.3) 


for all x,y € (a,b). One denotes by AC (a,b) the linear space of absolutely contin- 
uous functions on (a,b). Note that if f € AC (a,b), then f is differentiable almost 
everywhere on (a,b) and f’ = g almost everywhere, where g is as in (6.1.3). 
When a € R, then AC{a,b) stands for the subclass of f € AC(a,b) for which 
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g € Li, (a,b) in (6.1.3) additionally belongs to L1(a,a’) for some, and hence for 


loc 
all a <a’ < b, in which case 


f(a) Ha) = f " g(t) at 


for all x € (a,b) and thus f(a) = lim,-_,, f(z). When b € R there is a similar 
notation AC(a, b] and for f E AC(a,b] one has f(b) = lim,-,, f(x). The notation 
AC{a, 6] is analogous. If for some a < c < b there are functions fı € AC (a, c| and 
fte € AC|c,b) with the property filc) = f,(c), then the function f : (a,b) > C 


defined by 
wa JA) a<ace, 
fa) = T é< t<, 


belongs to the space AC (a,b), as follows easily from the above observations. 


In order to apply the differential expression L in (6.1.1) to a complex func- 
tion f on (a,b) in a meaningful way one must first assume that f € AC(a,b), so 
that as a consequence f is differentiable almost everywhere. However, then the 
function pf’ is only defined almost everywhere. The natural domain of the differ- 
ential expression L in (6.1.1) is the linear space of all f € AC (a,b) for which the 
equivalence class [pf’] (in the sense of Lebesgue measure) contains an absolutely 
continuous function, which again will be denoted by pf’. For such functions f one 
defines Lf by 


1 
r(x) 


so that (Lf)(x) is well defined almost everywhere. This convention will be used 
tacitly: for f € AC (a,b) the assertion pf’ € AC (a,b) means that the equivalence 
class [pf'] contains an absolutely continuous function, which is denoted by pf’. 
Sufficient conditions for the equivalence class [pf’] to have a representative in 
AC (a,b) can be found in Theorem 6.1.2. 

The following simple observation will be used frequently: for all functions 
f € AC(a,b) with pf’ € AC(a,b) one has 


(Lf)(x) = 


[-(f')'(2) + a(x) f(z), 2 € (a,b), 


Lf =Lf (6.1.4) 
since the coefficient functions of L are assumed to be real. 


Often the coefficient functions are integrable in a neighborhood of an end- 
point. Hence, the following definition is presented. 


Definition 6.1.1. Let the coefficient functions p, q, and r of the differential ex- 
pression L in (6.1.1) satisfy the conditions (6.1.2). Then L is said to be regular 


368 Chapter 6. Sturm—Liouville Operators 


(i) at the endpoint a if one has a € R and 1/p,q,r € L'(a,a’) for one, and hence 
for all a’ € (a,b). 

(ii) at the endpoint b if one has b € R and 1/p,q,r € L!(b',b) for one, and hence 
for all b € (a,b). 


The endpoint a or b is said to be regular if L is regular there and singular if a or 
b is not a regular endpoint, respectively. 


Under the conditions in (6.1.2) there is an existence and uniqueness result 
for initial value problems involving the inhomogeneous equation (L — A)f = g 
when the initial values are posed at an interior point of (a,b). The initial value 
problem may also be posed at a finite endpoint when the differential expression 
L is regular there. The uniqueness and existence result can be proved by writing 
the Sturm-Liouville equation as a first-order system of differential equations: 


Gir) = (2m 0) Gh) - Ge): 


The new initial value problem is equivalent to a Volterra integral equation which 
can be solved in the usual way by successive approximations when all data are 
locally integrable; see, e.g., [754, Theorem 2.1]. Note also that the assumption 
gE Li isi (a,b) in the next theorem implies that rg € Li, (a,b); this follows by 


means of the Cauchy-Schwarz inequality from the condition r € L}, (a,b). 


loc 
Theorem 6.1.2. Let g € L?ioc(a,b) and c1,c2 € C. Then for all A € C and 
xo € (a,b) the initial value problem 
(L—A)f =g, f(to) =c, (pf')(x0) = c2, (6.1.5) 


has a unique solution f € AC(a,b) for which pf’ € AC(a,b). Moreover, if a or 
b is regular, then xo = a or xo = b is allowed and f,pf' belong to AC{a,b) or 
AC(a,b], respectively. In addition, the functions 


Aw f(xo,A) and A (pf')(xo, A) 


are entire for each xo € (a,b) and for x9 = a or xo = b if the endpoint a or b is 
regular, respectively. 


Let f,g be complex functions in AC (a,b). Then the Wronskian determinant 
W(f,g) is defined by 


W(f,9) = v(fo' — f'9) = F(pg") — (rf) 9. (6.1.6) 


The value at x € (a,b) of W(f,g) will be denoted by W,(f,g). For complex 
functions f,g,h,k in AC (a,b) one has the so-called Plücker identity 
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This identity can be easily verified by writing out the various terms accord- 
ing to (6.1.6). The Wronskian determinant and the Pliicker identity will be ap- 
plied in conjunction with the differential expression L. Assume, in addition, that 
pf',pg’ € AC(a, b) (in the sense that their equivalence classes contain an element 
in AC(a, b)). Then differentiation of the Wronskian gives an identity involving the 
differential expression L: 


WF, 9) =r (EF) g- f (£9). (6.1.8) 


When g in (6.1.8) is a solution of (L — u)y = 0 for some u € C one obtains the 
useful formula 


(W(f,9))' =r ((L— u) f) g. (6.1.9) 
Furthermore, if for some A € C the function f is a solution of (L — A)y = 0, then 
(6.1.9) gives 

(W(f,9)) =r(A-p)f g. (6.1.10) 


In particular, one sees that the Wronskian «+> W,(f,g) is constant for solutions 
f.g of (L — A)y = 0. Moreover, if the functions f,g are solutions of (L — A)y = 0, 
then it is straightforward to verify that these functions are linearly independent if 
and only if W(f,g) 40. 

Integration by parts in (6.1.8) over a compact subinterval [a, 8] C (a,b) leads 
to the Green or Lagrange identity: 


B a —_ 
l [(Lf) (x) (x) — f(x) (L9) (2) ] r(2) dz = Wa (f, D) (6.1.11) 


assuming that f,pf’,g,pg' € AC(a,b) and Lf, Lg € L?(a, 8). In particular, when 
f = g are solutions of (L — \)y = 0 for some A € C this gives 


B & 
(A=) | fl@)Pr(e) de = Welf, PE, (6.1.12) 


see also (6.1.10). 

The interest in the present chapter is in solutions of (L — )y = 0 which are 
square-integrable with respect to the weight r near the endpoint a or the endpoint 
b. Thus, if f is a solution of (L — A)y = 0 on (a,b) for some A € C, then for 
A € C \ R the identity (6.1.12) implies that 


fera) & limW,(f,f) exists, 


ra 
ferw, Db s lim W.(f,f) exists. 
a=k 


Clearly, if these statements hold for some a < a’ < b or a < b’ < b, then they hold 
for alla < a’ < b or a < b’ < b, respectively. 
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It follows that under the circumstances of Theorem 6.1.2 for any À € C the 
homogeneous equation has a fundamental system of solutions, i.e., for any A € C 
there are two solutions u;(-,A) and u2(-,A) of (L — A)y = 0 which are linearly 
independent. This can be seen by imposing the conditions 


( uy (aq, A) u2(Xo0, A) ) L r i 

(pui)(zo, àA) (puz)(zo,à)/ \0 1 

for a fixed xo € (a,b); when L is regular at the endpoint a or b, then zo = a or 
zo = b, respectively, is also allowed. Note that then the Wronskian determinant 
satisfies Wg (u1 (+, A), ua(-,A)) = 1 for all x € (a,b). Hence, for g € L?,,, (a,b) it is 
clear that the function 


cneA l 


To 


T T 


uz(t, A)g(t)r(t) dt — u2(x, A) / ur(t, A)g(t)r(t) dt 


To 


belongs to AC (a,b), while (ph’)(x) is equal almost everywhere to 


T 


(mi) a) | 


To 


ua(t, A)g(t)r(t) dt — (puz) (z, A) f u(t, A)g(t)r(t) dt, 


and the last expression belongs to AC (a,b). Hence, h provides a solution of the 
inhomogeneous equation (L—A)h = g with h(zxo) = 0 and (ph')(xo) = 0. Moreover, 
by adding c1u1(-, A) +c2ua(-, A), £1, C2 € C, to the solution h one obtains a function 


F = h + cuh, A) + c2ua(-, A) (6.1.13) 


which is a solution of the initial value problem (6.1.5). The formula (6.1.13) is 
sometimes referred to as the variation of constants formula. 


The following result is about smoothly cutting off the solution of an inhomo- 
geneous Sturm-Liouville equation near an endpoint of the interval (a,b), so that 
it becomes trivial in a neighborhood of that endpoint. 


Proposition 6.1.3. Let g € L? ioc (a,b), A € C, and let f be a solution of the 
inhomogeneous equation 

(L—-A)f=9, 
with f,pf' € AC(a,b). Let [a, 8] C (a,b) be a compact subinterval. Then there 
exist functions fa and ga with 


apf, € AC(a, b) and Ja = I? (a, b), 


r,loc 
such that 
(L = A) fa = Ga; 


and, in addition, 


ey — sft), te (a,a], _ Jot), t€ (aa, 
sosi tE [B b), sof (6.1.14) 
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Likewise, there exist functions fẹ and gy with 


fo, pfs € AC(a,b) and ge € Lẹ ioc (a,b), 


r,loc 
such that 
(L -= A) fo = 9, 
and, in addition, 
= JO, t € (a,a], = JO, t € (a, a], 
folt) = Ca te (8,0), p(t) = a +e (A.B). (6.1.15) 


Proof. The cut-off process at the endpoint a as exhibited in (6.1.15) will be shown; 
the other case of cutting off at the endpoint 6 as in (6.1.14) is treated in a similar 
way. Define the functions fẹ and gp as indicated on the interval (a,a) and on the 
interval (8,6). On the interval [a, 8] choose any function h € L?(a, 8) and define 
the function fẹ on (a, 8) by 


T T 


filz) = ulea) f u(t, A)h(t)r(t) dt — ulea) | u(t, A)h(t)r(t) dt, 


Q Q 


where ui(-,A) and u2(-, A) form a fundamental system of (L — A)y = 0, fixed by 
standard initial conditions at a: 


( uila, A) u2(a, A) ) E (a i f 

(pui) (a, àA) (pu3)(a, A) 0 17’ 

cf. Theorem 6.1.2. Then it is clear that on the interval [a, 8] the function fy satisfies 
(L—A)f, = h and fila) = 0, (pfi)(a) = 0. Furthermore, one sees that 


( fo(8) )=( u(8,A)  u(8,A) ) Ja ua(t, A)Jh(t)r (t) dt 
(Pfi) (8) (put )(B,A) (puh)(8:A)/ \— f? ut, A)h(t)r(t) adt) 


Now one may choose the function h € L?(a, 8) in such a way that 


FB) \ _f( F() 
EA 7 (ose) 
To see this, note that the mapping from L?(a, 8) to C? defined by 
7 ( [oe walt, AA) t) dt 
— fi u(t, A)h(t)r(t) dt 


is surjective: any element in C? which is orthogonal to its range is trivial. 
Observe that with such a choice of h the above components of fẹ belong to 
AC (a, a], AC |a, 8], and AC[8, b), respectively, and that there are no jumps. There 
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is a similar statement for pf; and hence one concludes that fe, pfy E€ AC(a, 6). 
Since h € L?(a, 8), one sees that the choice 


g(t) = h(t), tE [a, BI, 


implies gp € L?,,,.(a,b) and (L — A) fe = g. 


r,loc 


The following lemma is useful in the proof of Theorem 6.1.5. 


Lemma 6.1.4. Assume that r € Li. (b',b) is nonnegative almost everywhere and 


let p € L2(b',b) be a nonnegative function. If u € L?,,,[b',b) and there exist 
nonnegative constants A and B such that 


|u(a)|? < v(x)? (4 +B] |u(s)|?r(s) as) , W<ar<d, (6.1.16) 


then u € L2(b',b). 


Proof. For B = 0 the statement is clear. In the following it will be assumed that 
B > 0. Since y € L?(b',b), one can choose b' < c < b such that 


b 
2B (/ p(x)?r(x) is) <i 


Let y € R be an arbitrary number with b’ < c < y < b. Then it is clear from the 
assumption (6.1.16) that 


y 
lula)? < Ale)? + Bola)? f |u(s)Pr(s)ds, esa sy. 
b’ 
Multiply this inequality by 2r(x) and integrate over the interval [c, y]; then 


af lu(x)|?r(z)dz < 24 f oara) dx 


+2B (f eere) ar) ( : lu(s)|?r(s) ds) 


<A T daoa 
— US T\S S. 
B b’ 


It follows that for any c < y < b 
y A c 
f |u(a)|?r(x) dx < B + | |u(s)|?r(s) ds. 
c b' 


The monotone convergence theorem implies that u € L?(c,b), and hence one 
concludes u € L2(b', b). 
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The next two theorems present fundamental results proved in a purely ana- 
lytical way. 


Theorem 6.1.5. Assume that all solutions of (L — \o)y = 0, ào € R, belong to 
L?(a,a’) or to L2(b',b) for some ào € C, respectively. Then for any A € C all 
solutions of (L — \)y = 0 belong to L?(a,a’) or to L2(b’,b), respectively. 


Proof. It suffices to give the proof for the endpoint b. In the following, fix Ap € C 
and let u1 := ui(-, Ao) and u2 := u2(-, Ao) be two linearly independent solutions of 
(ZL — Ao)y = 0 such that 


u, E€ L?(b',b) and us € L?(b’,b) (6.1.17) 


for some a < b’ < b. Let A € C and let u := u(-,A) be an arbitrary solution of 
(L — A)y = 0. It will be shown that u € L2(b’,b), which proves the theorem. 
Assume without loss of generality that 


ur1(b’, Ao) u2(b’, Ao) — 1 0 
(pui) (b, o) (pu3)(b', Ao) 0 17 
Observe that (L — ào)u = (A — ào )u, so that by the variation of constants formula 
there exist @œ1, &2 € C such that 


T EET 
+=) lato f 


for all x € (a,b). Define 


T T 


1 1 


uals)u(s)r(s) ds = tal) [un(su(s)r(s) dsl 


a = max {ļa1|, lasl}, (2) = max {lu (2)|, luz(2)|}, © € (a,b), 
and note that y € L2(b',b) by (6.1.17). It follows from the above representation 
of u that 


jue) < 2 agt) + 1A -oloto f eouls) as) 


which leads to 


T 


lula)? < 8al)? + 81A = aolo)? ( f oul)roas) . 


An application of the Cauchy—Schwarz inequality gives 


ula)? < 80% (x)? + Bola)? f Iu(s)Pr(s) ds, 


where ` 


B = 8|à — ào}? f (s)?r(s) ds. 
b’ 


Since p € L2(b',b) one can apply Lemma 6.1.4 with A = 8a? and B as above. 
This leads to u € L2(b', b), as claimed. 
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Limit-circle case and limit-point case. The following discussion is devoted to the 
construction of solutions of (L — A)y = 0 that belong to L?(a,a’) or L2(b',b). 
Here the case for L2(b',b) will be considered; the treatment for the case L?(a, a’) 
is entirely similar. For A € C\R let u := u(-,A) and v := v(-, A) be solutions of 
(L — )y = 0, and denote 

W,.(u, v) 


a as 


It is clear that u > {u,v}, is linear and v +> {u,v}, is anti-linear; in addition, 
{u,v}, = {v,u}.. Fix a < c < b, then for any solution u of (L — A)y = 0 one has 


J |u(t)|? r(t) dt = {u, ube — {u, ute; (6.1.18) 


cf. (6.1.12). Hence, the function x + {u,u}, is nondecreasing on (c,b). In the 
following let u1 := ui(-,A) and u2 := ue(-, A) be two linearly independent solutions 
of (L — A)y = 0 fixed by 


ur(c, A) ualc, A) ) é 1 
= g 6.1.19 
(aie A) (Puey) ~ oa) = 
so that W (u1, u2) = 1. Then it is clear that {u1, ui}. = 0, {u2, ua}. = 0, and that 
for z > c: 


{u1,ti}s = f lu (t)|? r(t) dt > 0, 
ee (6.1.20) 
{u2, u2}s = f lua (t)|? r(t) dt > 0; 


cf. (6.1.18). For each ¢ € C define a solution u = u(-, A) of (L — A)y = 0 in terms 
of the fundamental system u1, uz by u = Cu, + ug. Then for c < x < b one has 


{u, ube = CC{ur, ite + C{ur, uate +C{U2, Urta + {U2 U2} 
and it easily follows from this identity that 


{uue _ (ic Cl? {u1, U2}o{ue, Ute — Ae 


{u1, U1 be {u1, Ui}ao{ur, U1 te 


where ¢, € C is defined by 
_ {u2, Uife 
{u1, usa 


Co = (6.1.21) 


It is a direct consequence of the definition, (A — A)? = —4|Im A|?, and the Pliicker 
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identity (6.1.7) with f = u1, g = u2, h = ū1, and k = Uo, that 


{u1, U2 fx {U2, Ute 5 {u1, u1 ta{ue, U2 fe 
{u1, U1 fao{ur, Ute 
— W(u1,t1)W (u2, u2) — 
jim Au, 1 Fa)? 
) 


W (u, uz) W (u2, U1) 


= W (u1, U2)W (u1, U2 
A|Im A|?({u1, va fe) 


z? 


=r 
where r, > 0 is defined for c < x < b by 


1 
"e= Jim Au, ue 


(6.1.22) 


Consequently, for all c < x < b the solution u = Cuz + ug of (L — A)y = 0 satisfies 
the identity 
{u,u}e = {u1, U1} (I¢ — GV — r?) : (6.1.23) 
where ¢, € C and r} > 0 are given by (6.1.21) and (6.1.22), respectively. Since 
{u1,ui}2 > 0 for all x > c by (6.1.20), it follows from (6.1.23) that the equation 
{u,u}, = 0 gives the circle with center ¢, and radius r,; and for ¢ = ¢, one has 
{u,u}, = —{u1,ui}2r2 < 0. Hence, by (6.1.23), one sees for u = Cuz + ug and 
c<a<b that 
fuul <0 > [=h r (6.1.24) 


For each c < x < b the closed disk with center ¢, and radius r, will be 
denoted by D(z, rs). Now let c < zı < £2 < b and assume that ¢ € D(Cr3, Tz). 
Then it follows from (6.1.24) that {u, u}s, <0 where u = Cui + ug. Recall that 
(6.1.18) with u = Cui + u2 implies that 


{u, Ufc, < {u,u}e, <0. 
By (6.1.24) this means that ¢ € D(¢.,,1rz,). In other words, 
c< a <a4g9<b => Deor) CDleri Ta): (6.1.25) 


Therefore, the disks D(¢,,r.) tend to a limit disk as x — b or shrink to exactly 
one point. These are the limit-circle case and the limit-point case, respectively. 
In the limit-circle case rẹ = limyz-s»)7z > 0 is the radius of the limit circle and 
its center is given by ¢, = liMz—b Cz. In the limit-point case rẹ, = lim, .,r, = 0 
and @ = liMmz—b Cr show that the limit circle degenerates into one point: the limit 
point. 


The main fact which goes together with Theorem 6.1.5 is that at each end- 
point and for all A € C \ R there is at least one nontrivial solution in L?(a, a’) or in 
L?(b’,b). This leads to the following classification of the limit-circle and limit-point 
cases. 
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Theorem 6.1.6. Let L be the differential expression in (6.1.1) on (a,b) such that the 
conditions in (6.1.2) are satisfied, and let A € C \ R. Then the following statements 
hold for the endpoint b: 


(i) There exists a nontrivial solution u of (L — A)y = 0 with u € L?(b',b). 


(ii) The limit-point case prevails at the endpoint b if and only if there exists a 
solution v of (L — A)y = 0 such that v ¢ L2(b',b). In this case 


lim W,,(u, u) = 0 


xz—b 


holds for each solution u of (L — Ajy =0 such that u € L?(b',b). 


(iii) The limit-circle case prevails at the endpoint b if and only if every solution 
of (L — r)y = 0 belongs to L2(b',b). In this case there exists a fundamental 
system uy and uz of (L—A)y = 0 and a disk with center ¢, and radius rp > 0 
so that with u = Cu, + u2 


lim W,,(u, u) = 0 
xz—b 
holds for all Ç with |C — G| =r». 
There are similar statements for the endpoint a. 


Proof. It suffices to give the proof for the endpoint b as the proof for the other 
endpoint is completely similar. Let wy := uz(-, A) and wg := ua(-, A) be two linearly 
independent solutions of (L — A)y = 0 fixed by (6.1.19). 


Step 1. Assume that b is in the limit-circle case. Then ry = limb 7, > 0 is the 
radius of the limit circle and ¢, = lim,4)¢ is the center of the limit circle. It 
follows from (6.1.22) that 


1 


ji TTS 
ate u} 2|Im A| rp 


and by (6.1.20) and the monotone convergence theorem one therefore obtains 
b 
f lui (t)|? r(t) dt = lim {u1, U1 fo < oo. 
c i a 


Moreover, for any Ç with |Ç — &| < rp it follows from (6.1.18) with u = Cur + u2 
and (6.1.24) that 


[len + walP rit) dt = fusude = {usuhe < Cua 


Hence, the monotone convergence theorem implies that 


b 
f |u (t) + u2(t)|? r(t) dt < oo. 


6.1. Sturm—Liouville differential expressions 377 


Therefore, uw; and Cu; + uz form a fundamental system of (L — A)y = 0 and both 
functions belong to L2(b', b). 
Still assuming that b is in the limit-circle case, take the limit x — b in (6.1.23) 
to obtain 
{u, u}o = {u1, Ur }o (I _ |? = r?) x 
Since {u1, ui}, > 0 it follows for |Ç — G| = r, that {u, u}, = 0, so that 


lim W,(u, u) = 0. 
xr—>b 


Step 2. Assume that b is in the limit-point case. Then ry = lim, 4,7, = 0 and 
Çp = limz-+, Cx show that the limit circle degenerates into the limit point. It follows 


from (6.1.22) that 


1 
li $ g li = 
lim {u1, u1} paa 2|Im A| rz i 


and therefore z 
i Jus (t)|? r(t) dt = lim{u1, ui}, = 00. 
ë xb 


Thus, there exists a solution v of (L — A)y = 0 such that v ¢ L?(b’,b). 

Still assuming that b is in the limit-point case, observe that by (6.1.25) ¢ is 
inside all circles with center Çy and radius ry, and therefore it follows from (6.1.24) 
that {uc,,uc,}2 < 0, where ug, = Cpu + ug. Hence, by (6.1.18) 


f lug, OP re dt = {ug the, Fo — {igst Fo $ -ligste 


and the monotone convergence theorem implies that 


b 
f luc, (t)|? r(t) dt < 00, 


that is, ue, € L2(b', b). Thus, u1 and ug, form a fundamental system of (L—A)y = 0 
and every solution in L?(b’,b) must be a multiple of we,. It follows from (6.1.22), 
(6.1.20), and (6.1.23) that for ug, = Cpu1 + u2 and c < x < b 


1 
4|Im A|? {u1, u1 ba 
< {u1, U1 fe (Ic ~~ cP > ra) = {Utr Udy ba < 0. 


Since {u1, ui}. + oo as x > b, it follows from these inequalities that 


{u1,Ui}e 


lim {ug,, ug, Sa = 0. 


In other words, lim,_,, Wz (uc,, ūc,) = 0 and since every solution u € L2(b',b) of 
(L — A)y = 0 is a multiple of uç, it follows that 


lim W,.(u, u) = 0. 
ab 
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Step 3. It follows from Step 1 and Step 2 that both in the limit-circle case and in 
the limit-point case there is a nontrivial solution of (L — A)y = 0 which belongs to 
L?(b’,b). Therefore, (i) has been shown. 

According to Step 1, in the limit-circle case every solution of (L — A)y = 0 
belongs to L2(b’,b). Conversely, if every solution of (L — \)y = 0 belongs to 
L?(b’, b), then the limit-circle case must prevail. To see this, assume that the limit- 
point case prevails. Then by Step 2 there is a nontrivial solution of (L — A)y = 0 
which does not belong to L?(b’,b), which gives a contradiction. Therefore, (iii) has 
been shown. 

According to Step 2, the limit-point case implies that there exists a nontrivial 
solution of (L — A)y = 0 which does not belong to L?(b’,b). Conversely, if there 
exists a nontrivial solution of (L — A)y = 0 which does not belong to L?(b’,b), then 
the limit-point case must prevail. To see this, assume that the limit-circle case 
prevails. Then by Step 1 all solutions of (L — A)y = 0 belong to L2(b',b), which 
gives a contradiction. Therefore, (ii) has been shown. 


By means of Theorem 6.1.5 the alternative in Theorem 6.1.6 is shown to be 
independent of A € C \ R. The existence of these two possibilities at an endpoint 
is known as Weyl’s alternative. 


Corollary 6.1.7. Let L be the differential expression in (6.1.1) on (a,b) such that 
the conditions in (6.1.2) are satisfied. Then the following statements hold: 


(i) The endpoint b is in the limit-circle case for some A E€ C\R if and only if 
it is in the limit-circle case for all A€ C\ R. In this situation, for all A € C 
every solution of (L — A)y = 0 belongs to L?(b', b). 

(ii) The endpoint b is in the limit-point case for some A € C\ R if and only if it 
is in the limit-point case for all A € C\R. In this situation, for all A€ C\R 
there is, up to scalar multiples, exactly one nontrivial solution (L — A)y = 0 
in L?(b',b) and for all A € R there is, up to scalar multiples, at most one 
nontrivial solution of (L — A)y = 0 in L?(b',b). 


There are similar statements for the endpoint a. 


In addition to the assertions in Corollary 6.1.7 note that if for some A € R 
every solution of (L—A)y = 0 belongs to L2(b’, b), then the limit-circle case prevails 
for all A € C\R. Likewise, if for some À € R there is at most one nontrivial 
solution of (L — A)y = 0 which belongs to L?(b’,b), then the limit-point prevails 
for all A € C\R. 


So far the Sturm—Liouville differential expression L in (6.1.1) was considered 
on the interval (a,b) under the conditions (6.1.2). At the end of this section some 
attention is paid to the following extra condition: 


p(x) > 0 for almost all x € (a,b). (6.1.26) 
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This sign condition will play an important role later in this chapter. Here are a 
couple of useful remarks. 


Let v be a real solution of (L — A)y = 0, A € R, and let a < £ be a pair of 
consecutive zeros of v, i.e., v(a) = v(8) = 0 and v(x) 4 0 for x € (a, 8). Assume 
the sign condition (6.1.26). Then 


v(t) >0 for a<t<B = (pv')\(a)>0 and (pv’)(8) <0, 


and there is a similar implication when the signs are changed. It suffices to show 
the first inequality. By the uniqueness and existence theorem it is not possible to 
have (pu’')(a) = 0. Now assume that (pu’)(a) < 0; then since pv’ is absolutely 
continuous, there exists 6 > 0 such that pu’ < 0 on the interval (a — ô, œa + ô). As 
p(x) > 0 almost everywhere on (a,b), one sees that v'(x) < 0 almost everywhere 
on (a—0d,a+6). Since v is absolutely continuous one has v(x) = J v'(t)dt, which 
implies that v(x) < 0 for a < x < a +ô; a contradiction. Hence, it has been shown 
that (pv’)(a) > 0. The above implication will play a role in the following lemma, 
which is concerned with the Sturm comparison theory. 


Lemma 6.1.8. Assume the additional sign condition (6.1.26) and let u and v be 
real solutions of (L — Ajy = 0 with A € R. Then the following statements are 
equivalent: 


(i) u and v are linearly independent; 
(ii) u vanishes exactly once between consecutive zeros of v. 


Let w be a real solution of (L — w)y = 0 with p > à. Then between consecutive 
zeros of v there is at least one zero of w. 


Proof. (i) = (ii) Let u and v be real solutions which are linearly independent so 
that «++ W,(u,v) is a nonzero constant. Let a < 8 be consecutive zeros of v and 
assume that u(t) > 0 for a < t < 8. Then clearly 


0 < Wa(u,v)Wa(u, v) = u(a)(pv')(a)u(B)(pv') (8). (6.1.27) 


The inequality (6.1.27) and (pv’)(a) > 0 and (pv’)(8) < 0 together show that 
u(a)u(3) < 0. Hence, u has a zero between a and £. It is the only zero of u on 
this interval. For if not, a repetition of the argument applied to u would produce 
a zero of v between a and 8, which is a contradiction. 


(ii) > (i) This implication is clear. 


In order to see the last statement, assume again that œ < 8 are consecutive zeros 
of v and that v(t) > 0 for a < t < p. Let w bea real solution of (L— y)y = 0 with 
u > à. Assume that w has no zeros between a and $, and that, in fact, w(t) > 0 
fora < t < 6. Then 


Wa(w,v) = w(a)(pe')(a) > 0, Wa(w,v) = w(8)(pv')(8) < 0, 
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since (pv’)(a@) > 0 and (pv')(8) < 0. Recall from (6.1.10) that on (a, 8) 
(W2(w,v))! = r(x) (u — Ajw(z) v(x), a<a< p, 


and the right-hand side is positive almost everywhere on (a, ĝ) which gives a 
contradiction. Thus, w has at least one zero between a and £. 


For later use the following simple observation is included. 


Lemma 6.1.9. Assume that the sign condition (6.1.26) holds. Let f and g be real 
solutions of (L — A)y = 0 with X € R, and assume that f does not vanish on 
(a, B) C (a,b). Then the function g/f is monotone on (a, ß) and for x < y in 
(a, B) one has 


where c = Wz( f, g). 
Proof. A straightforward calculation shows that 
/ 
g W.(f,9) 
LC) = ; 6.1.28 
(5) © = saree ee 


where W,(f,g) is constant and the right-hand side has a constant sign on the 
interval (a, 8), due to the condition (6.1.26). 


6.2 Maximal and minimal Sturm-—Liouville 
differential operators 


In Section 6.1 it has been shown that the differential expression L in (6.1.1) may be 
applied to a complex function f on (a,b) when f,pf’ € AC(a,b). The conditions 
in (6.1.2) were used for the existence and uniqueness theorem for the correspond- 
ing initial value problems. In this section it will be shown that the differential 
expression L generates differential operators in the Hilbert space L?(a,b), where 
the weight function r is positive almost everywhere on the open interval (a, b). 


The mazimal operator Tmax in L?(a,b) associated with the differential ex- 
pression L is defined by 


Imax td = Lf = A (PFY t qf], 
dom Tmax = {f € L?(a,b) : f,pf’ € AC (a,b), Lf € L?(a,b)}. 


(6.2.1) 


Recall from (6.1.6) that for f,g € AC (a,b) the Wronskian is defined as 


Wa (f, 9) = f(x)(p9')(@) — (pf) (2) 9(2), (6.2.2) 
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and it follows from (6.1.11) and the definition of Tmax that for all f,g € dom Tmax 
the limits 
lim W,(f,g) and lim W,(f,g) 
wa xz—b 
exist separately. Therefore, it is a consequence of (6.1.11) that the following Green 
identity 
(Tmax f 9) L2(a,b) = (f, Tmax 9) L2(a,b) = lim Wilf, g) = lim W:(f, g) (6.2.3) 


holds. The preminimal operator To in L2(a,b) is defined by 


1 ; 
Tof = Lf = F +aqf], 
dom Tọ = { f € dom Tmax : supp f is compact in (a,b) }. 
It follows from the Green formula (6.2.3) that the operator To is symmetric. The 


following theorem concerning the minimal operator Tmin = To of the operator To 
is based on the existence and uniqueness result in Theorem 6.1.2. 


Theorem 6.2.1. The closure Tmin = To of To is a densely defined closed symmetric 
operator in L?(a,b) and it satisfies 

Troin E (Tmin )* = Dna 
and, consequently, Tmin = (Tmax )*- 


Proof. Step 1. This step is preparatory. Let |a, 3] C (a,b) be a compact interval 
in which case the restriction of L to (a, 3) is regular at a and 8. Define the linear 
space Djq,g] as 


Dia,6] = {yp € ACla, 8] : py’ € AC[a, 8], Ly € L? (a8), 
pla) = 9(8) = 0, (py’)(a) = (pp’)(8) = 0}, 


and the operator Sjq,g) from L?(a, B) into itself by 


Sia p] Y = Ly, P © Diag). 


Denote by N the two-dimensional space of all solutions of Ly = 0 on [a, 6]; thus 
if h € N, then h, ph’ € AC[a, 8] and Lh = 0. In particular, one has N C L?(a, 8). 
Now one shows that the Hilbert space L?(a,) admits the orthogonal decompo- 
sition 

L? (a, B) = ran Sja, g) B N, (6.2.4) 
so that ran Sa 5] is automatically closed. For this, let g = Sja,g)p with Y € Dia,g)- 
Then for any solution u of Ly = 0 it follows from the Green identity that 


B _ 
f a(a)u(a)r(2) dz = W (p, 5) |Ê = 0. 
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Hence, one concludes that g L N in L?(a,), which shows ran Sta,p] C mt. 
Conversely, assume that g E€ N+. Let y be the solution of the equation Ly = g 
that is uniquely determined by the initial conditions (8) = 0 and (py’)() = 0; 
cf. Theorem 6.1.2. For any solution u of Ly = 0 it follows from the Green identity 
that 


B —— 
0= / g(x)u(a)r(ax) dx = —W,(y, U). 


By choosing the right initial conditions at a for the solution u it follows that 
pla) = 0 and (pp')(a) = 0. Hence, g = Ly with Y € Diap] i€, g = Sla, p2- 
Thus, N+ C ran Sita,g]- Hence, (6.2.4) has been shown. 


Step 2. The previous step will be used in conjunction with the following observa- 
tion. Let [a, 6] C (a,b) be a compact subinterval. Then one has the equivalence: 


f €domTo and suppfcfla,f] & fe Diag. (6.2.5) 


The implication (=) about the restriction of f to [a, 8] is clear by definition. 
Conversely, if f € Dia g], then f can be trivially extended to all of (a,b) and 
then the extension, also denoted by f, belongs to dom Tmax since f and pf’ are 
continuous across a and 8. Hence, the implication (<=) in (6.2.5) follows. 


Step 3. The symmetric operator To is densely defined. To see this, assume that 
g € L2(a, b) satisfies (g, )12(a,b) = 0 for all y € dom To and let u be any solution of 
Lu = g. For any compact interval [a, 8] one has (g, ?)r2(a,s) = 0 for all p € dom To 
with support in [a, 3]. Hence, for [a, 8] fixed one has by means of Step 2 that 


B ee B 
0= (9.91209 = f oered = | TAa) ae 


for all Y € Djq,g}- According to Step 1 it follows that u € N, i.e., g = Lu = 0 on 
[a, 8]. Since [a, 8] is arbitrary, it follows that g = 0 in L2 (a,b). Thus, To is densely 
defined. In particular it follows from Tọ C (To)* that the operator Tp is closable. 
Therefore, Tinin = To is an operator. 


Step 4. Observe first that Tmax C (To)*. In fact, if f € dom Tmax, then for all 
p € dom Tp one has 
(Tmax f, P) 12 (a,b) — (f, To?) 12 (a,b) = (Tmax f, 9) 12(a,b) — (f, Tmax Y) 12(a,b) = 9 


due to (6.2.3) and y being zero in a neighborhood of a and of b; this proves the 
claim. It will now be shown that (Zo)* C Tmax. For this let {f, g} € (Zo)*. Then 
for all p € dom To one has 


(9; )12(a,b) = (F, Top) 12(a,0)- 


Now let [a, 6] C (a,b) be any compact interval. Then for all p € dom Tọ with 
supp Y C |[a, S] or, by Step 2, for all Y € Djq_,4] one has 


B 2. > B 
f a(x) o(a)r(e) dz = | f(x)(Eey@ayr(a) de. 
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On [a, 8] choose u with u, pu’ € AC[a, 8] such that Lu = g almost everywhere. 
Then 


B oo B 
f (Lu) (e)p(a)r(a) de = f OIPOLOL. 


and integration by parts of the left-hand side yields 


B B 
f oE Arla) ar f TAa) a 


so that f—u L ran Sjq,g] in L?(a, 8). By Step 1 one sees that f —u € N. It follows 
that f has the decomposition 


f=h+u, h=f-u, 


where h,ph’,u,pu’ € AC|a, p] and Lh = 0. Therefore, f,pf’ € AC la, 8] and 
Lf = Lu = g almost everywhere on [a, 8]. This is true for each compact subinterval 
[a, 8] of (a,b) and hence f,pf’ € AC(a,b) and one has g = Lf almost everywhere 
on (a, b). Therefore, Lf g} € Tmax and (To)* C Tmax : 


As a consequence of Theorem 6.2.1 and Theorem 1.7.11 one sees that the 
graph of Tmax has the componentwise sum decomposition 


Tng = Lmin F 1s (Tass) + Mil Tonase i, À € C \ R, direct sums. 


Observe that Ny (Tmax ) consists of functions that solve the differential equation 
(L — \)y = 0 and belong to L2(a,b). In particular, each of the defect numbers 
of Tmin is at most 2 and since the coefficient functions are real, it follows that 
the defect numbers are equal; cf. (6.1.4). If both endpoints are in the limit-circle 
case, then every solution of (L — \)y = 0, à € C\R, belongs to L?2(a,b) by 
Theorem 6.1.5. If one endpoint is in the limit-circle case and the other endpoint 
is in the limit-point case, there is, up to scalar multiples, only one solution that 
belongs to L?(a,b) by Theorem 6.1.6. This leads to the next corollary on the defect 
numbers of Tmin. 


Corollary 6.2.2. Let Tmin be the minimal operator associated with the differential 
expression L in L?(a,b). Then the following statements hold: 


(i) If both endpoints of (a,b) are in the limit-circle case, then the defect numbers 
of Tmin are (2,2). 

(ii) If one endpoint of (a,b) is in the limit-circle case and the other is in the 
limit-point case, then the defect numbers of Tmin are (1,1). 


In addition to the cases in Corollary 6.2.2 there is the situation where both 
endpoints of (a,b) are in the limit-point case. Then the defect numbers of Tmin 
are (0,0), which will become clear in Section 6.5; cf. Corollary 6.5.2. 
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The cases (i) and (ii) in Corollary 6.2.2 will be treated in Section 6.3 and Sec- 
tion 6.4, respectively, in terms of boundary triplets. These triplets will be defined 
by means of the Green formula 


(Tmax if 9) L2(a,b) = (f, Tmax 9) L2(a,b) = lim W.(f, 9) = lim Wz (f, g), (6.2.6) 
where for f,g € dom Tmax each of the limits 


lim W,(f,g) and lim W,(f,9) 
r>a z—b 

exists separately. These limits will be essential ingredients in defining “boundary 

values” of functions in dom Tmax. In particular, observe that Tmin = (Tmax )* 

implies that dom Tmin consists of all f € dom Tmax for which 


lim Wa (f, g) = lim W, (f, g) 


for all g € dom Tmax. Hence, it follows from Proposition 6.1.3 that dom Tmin 
consists of all f € dom Tmax for which the two separate limits must satisfy 


lim Wz(f,g9)=0 and lim W,(f,g) =0 (6.2.7) 
a—b cra 


for all g € dom Tmax. An essential ingredient is the behavior of the Wronskian 
W(f,g) for f,g E€ domTmax near an endpoint which is regular or in the limit- 
circle case. First the regular case is considered. 


Lemma 6.2.3. Assume that L is regular at a orb. Thena or b is in the limit-circle 
case, respectively. In particular, if f € dom Tmax, then the limits 


f(a) = lim f(x), (pf")(a) = lim(Pf’)(2), 


JO) = lim f(x), (pf")(0) = lim (Wf')(2), (6.2.8) 


exist, respectively. Moreover, for f,g € dom Tmax 


lim W,(f,9) = f(a)(p9')(a) — (pf")(a)9(a), 


lim W,(f,9) = f(b)(p9')(b) — (pf) (6)9() 
respectively. 


Proof. Assume that L is regular at b. Then it follows from Theorem 6.1.2 that 
all solutions of (L — A)y = 0, A € C, belong to AC(a,b] and hence are bounded 
near b. Since r is integrable at b, all solutions belongs to L2(b', b) and so the limit- 
circle case prevails at b by Theorem 6.1.6. Let f € dom Tmax and let g = Tmax f- 
Then f,g € L2(a,b) and f,pf’ € AC(a,b] by Theorem 6.1.2. This implies the 
statements. 
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If the endpoint is in the limit-circle case but not regular, then the existence 
of the individual limits in (6.2.8) is not guaranteed. In that case the notion of 
quasi-derivative proves useful. 


Definition 6.2.4. Let u and v be linearly independent real solutions of the equation 
(L — Ao)y = 0 for some ào € R and assume that the solutions are normalized by 
W(u,v) = 1. Let f be a complex function on (a,b) for which f,pf’ € AC(a,b). 
Then the quasi-derivatives of f, induced by the normalized solutions u and v, are 
defined as complex functions on (a,b) given by 


f :=W(f,v) and fl :=-W(f,u). (6.2.9) 


Let f and g be functions on (a,b) for which f, pf’, g, pg’ € AC (a,b). Then it 
follows from the Plücker identity in (6.1.7) that 


Walt, g) = f(a) g(a) — f(a) g(a). (6.2.10) 


Note that the right-hand side has an appearance which is similar to the right-hand 
side of (6.1.6) and (6.2.2), but both fl and fl"! are made up of f and pf’. In the 
limit-circle case also the individual factors have limits. 


Lemma 6.2.5. Let u and v be linearly independent real solutions of the equation 
(L — \o)y = 0 for some Ao € R which are normalized by W (u,v) = 1, and let 
f,g € dom TMnax. If u,v € L?(a,a’), then the limits 


mwa wa 


exist, and consequently 


lim W2(f,9)(2) = fH (a)g™ (a) — #4 (a)g (a). 


La 
Likewise, if u,v € L?(b',b), then the limits 


f(b) = lim f(x) and f(b) = lim f")(2) 


a—b «2b 
exist, and consequently 
lim W(f,9)(@) = f1 ()g™ (b) — FUo) gO), 
t> 
Proof. Let @ be any real solution of (L — àoọ)y = 0. Since f € dom Tmax by 


assumption, it is clear that (L — Ao) f € L2(a, b). It is easily seen from (6.1.9) that 
the following identity 


wo -Wo = f (E= do) f)(t) b(t) r(t) dt 
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holds for alla < s < x < b. If, in addition, ¢ € L?(a,a’), then 
W.(f,¢) = lim Wal f,O) 


exists as can be seen from the dominated convergence theorem. The assertions in 
the lemma then follow by taking ¢ = v and ¢ = —u, respectively. 


At the end of this section it is assumed that the coefficient functions satisfy 
(6.1.2) and that the endpoint a is in the limit-circle case. The following result is 
about solving the Sturm-Liouville equation (L — A)f = g with initial conditions 
in terms of quasi-derivatives. The proof of this result has the same background as 
the proof of Theorem 6.1.2. Just write the equation as a first-order system, but 
now involving quasi-derivatives: 


flay’ 2 fo 
(jar) aoo (EE S) Gn) * (Cero) 


The new initial value problem is equivalent to a Volterra integral equation which 
can be solved in the usual way by successive approximations when all data are 
locally integrable. Note that the condition g € L2(a,b) in the proposition implies 
that urg,vrg € L! (a,a'). There is a similar statement when the endpoint b is in 
the limit-circle case. 


Proposition 6.2.6. Let a be in the limit-circle case. Let u,v be real solutions of 
(L—Xo)y = 0, ào E€ R, such that W (u,v) = 1, and u,v € L2(a,a'). Let c1,c2 E€ C 
and let g € L?(a,b). Then for all A€ C the initial value problem 


(L-A)f=g, f(a) = C1, f(a) = C2, 


has a unique solution f € AC(a,b) for which pf’ € AC(a,b). In addition, the 
functions 
AH f(a, A) and AW f(a, A) 


are entire. 


It follows that under the circumstances of Proposition 6.2.6 for any A € C the 
homogeneous equation (L — A)y = 0 has a fundamental system, i.e., for any ÀA € C 
there are two solutions u;(-,A) and u2(-,A) of (L — A)y = 0 which are linearly 
independent when it is required that 


u (a, A) ula, A) 1 0\. 

uj (a, à) us (a, A) 
cf. (6.2.10). Moreover, each of the entries of the left-hand side gives an entire 
function in À. 


The quasi-derivatives of an element f € dom Tmax may be interpreted as 
coefficients of f in terms of a local expansion involving the square-integrable so- 
lutions u and v as follows. 
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Lemma 6.2.7. Let u and v be linearly independent real solutions of the equation 
(L— ào)y = 0 for some Ao E R which are normalized by W (u,v) = 1. Assume that 
f €domTnax and let the quasi-derivatives f and fl be defined as in (6.2.9). 
If u,v € L?(a,a'), then 


F(a) = u(x) (f(a) + 0(1)) + o(@) (F(a) + 01), 2a. 
Likewise, if u,v € L?(b',b), then 


f(x) = u(x) (f(b) + o(1)) + v(@)(FM(b) + 0(1)), wb. 
Proof. Consider the case of the endpoint a. Let the function g be defined by 


g = (Tmax — Ao)f and note that g € L?(a,b). There exist unique a, 8 € C such 
that 


fla) = ule) (a+ f Orea) +o (9- f ura); 6212 


cf. the variation of constants formula (6.1.13). One sees, via the Cauchy—Schwarz 
inequality, that 


f v(t)g(t)r(t)dt = o(1) and f u(t)g(t)r(t) dt = o(1), xa. 
In order to identify the parameters a and 8 use that 


fl = f(po')—(pf'v and fl = (pf')u— f(pw’). 
Now substitute (6.2.12) and its differentiated form 


PF'E) = (pu')(2) (e + f osoro i) 
+ (a) (8- f uroa), 


so that with the normalization W (u,v) = 1 it follows that 
f(x) =a + f v(t)g(t)r(t)dt and f(x) = 8- | u(t)g(t)r(t) dt. 
Hence, one obtains that a = f(a) and 8 = f(a). 


Next consider the case of the endpoint b. Likewise, if u,v € L7(b’,b), then 
there exist unique y, ô € C such that 


x 


x 


b b 
f(a) = u(2) h- f Osoro) + v(c) (54 f u(t)g(t)r(t) i) 


b b 
f u(t)g(t)r(t) dt = o(1) and / u(t)g(t)r(t) dt = o(1), wb. 


In a similar way one can show that y = f!l(b) and 6 = f(b). 
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6.3 Regular and limit-circle endpoints 


Let Tnax = (Tmin )* be the maximal operator associated with the Sturm—Liouville 
differential expression L in (6.1.1) on the interval (a,b). This situation will be 
considered first under the assumption that both endpoints a and 6 are regular and 
then in the end of this section the endpoints in the limit-circle case are treated. 


Assume that the endpoints a and b are regular, i.e., [a,b] is a compact interval 
and 
p(x) £0, r(x) > 0, for almost all x € (a,b), 
1/p,q,7 € L? (a,b); 
cf. Definition 6.1.1. It follows from Theorem 6.1.2 that there exists a fundamental 
system (u1(-, A); ua(-, A)) for the equation (L — A)y = 0 with the initial conditions 


uila, À) u2(a, À) ) G o 
= ; 6.3.1 
(aen eea) = (01 ie 
Then for i = 1,2 each of the mappings À > u;(x, A) and A > (pu/)(a, A) is entire 
for fixed x € [a, b]. From (6.2.1) and Theorem 6.1.2 one also sees that every function 


f € dom Tmax satisfies f, pf’ € AC |a, b] and the quantities f(a), (pf’)(a), f(b), and 
(pf’)(b) are well defined. 


Proposition 6.3.1. Assume that the endpoints a and b are regular. Then {C} To, Ti}, 
where 


ne) and p(s f € dom Thar, (6.3.2) 


is a boundary triplet for (Tmin )* = Tmax. The self-adjoint extension Ao corre- 
sponding to To is the restriction of Tmax defined on 


dom Ay = { f € dom Tamaz : f(a) = f(b) = 0} 
and the minimal operator Tmin is the restriction of Tmax defined on 
dom Tmin = {f € dom Tmax : f(a) = f(b) = (pf')(a) = (pf) (@) = OF. 


Moreover, for all A € p(Ao) one has u2(b, A) 4 0. The corresponding y-field and 
Weyl function are given by 


A= (wld) wel) ES (AGA e AEA, 


and 


MO= Gey (OT tye.) KEPAN 
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Proof. Assume that the endpoints a and b are regular. First it will be shown that 
(6.3.2) defines a boundary triplet. For f,g € dom Tmax one has by (6.2.6) and 
Lemma 6.2.3 


(Toaz f,9) = (f, Taaxg) = lim W.(f, g) _ lim W.(f, g) 
= f(b)(pg')(b) — (wf)(b)g(b) — f(a) (pg) (a) + (Pf) Ca)gla), 


which implies that the abstract Green identity is satisfied with the choice of [9 and 
Tı in (6.3.2). Furthermore, the mapping (To, I1)" : dom Tmax > C4 is surjective. 
To see this, choose a € C* and consider the initial value problem (6.1.5) with 
à = 0, g = 0, and x9 = a with initial data a,;,a2 € C. Then there is a unique 
solution f with f,pf’ € AC[a,b]. Now cut off this function so that it becomes 
a solution fa of a corresponding inhomogeneous equation which is trivial in a 
neighborhood of b; see Proposition 6.1.3. It is clear that fa € dom Tmax and 


Pofa = @ » Tifa = a : 


A similar procedure at the other endpoint gives a function fẹ € dom Tmax and 


Tofo = @ » Tifs= (2) i 


Taking h = fa + fè completes the argument. Thus, (6.3.2) defines a boundary 
triplet for (Tmin )*. 

The description of the domain of the self-adjoint extension Ao is trivial. 
Since u2(a,A) = 0 for all A € C it follows that u2(b,A) Æ 0 for A € p(Apo), as 
otherwise w2(-, A) would be an eigenfunction for Ag, which contradicts À € p(Ao). 
Furthermore, by Proposition 2.1.2 (ii) one has dom Tmin = ker To N ker Ty, which 
implies the description of the domain of the minimal operator. 


In order to compute the y-field and Weyl function corresponding to the 
boundary triplet {C?, To, T1} note that in terms of the fundamental system deter- 
mined by (6.3.1) every element in Ny (Tmax ) has the form 


FA) = (mA) wal-,d)) & . eee 


C2 


It follows from Definition 2.3.1 that y(A) is given by 


lat my (2) , (ua(, A) uf, A)) (G 


for all pairs c1, c2 € C and, likewise, it follows from Definition 2.3.4 that M (A) is 
given by 


ararac t 2) erste waan e) 


390 Chapter 6. Sturm—Liouville Operators 


for all pairs cy,c2 € C. Since u2(b, A) 4 0 for À € p(Ao) the stated results follow. 
In particular, the last result on the form of the Weyl function M follows as the 
Wronskian of u and uz is constant and equal to one; cf. (6.3.1). 


Note that the self-adjoint operator Ao in Proposition 6.3.1 corresponds to 
Dirichlet boundary conditions and the self-adjoint operator A; defined on kerT, 
corresponds to Neumann boundary conditions. In the next corollary the boundary 
condition at the endpoint b is fixed as the Dirichlet condition f(b) = 0. The 
corresponding boundary triplet appears as a restriction of the boundary triplet 
in Proposition 6.3.1. Corollary 6.3.2 can be seen as an immediate consequence of 
Proposition 6.3.1 and Proposition 2.5.12 applied to the decomposition 


C? =9=9' 89", with 9 = span @ and 9” = span a ; 


A short direct argument will be given. 


Corollary 6.3.2. Assume that the endpoints a and b are regular. Let the operator 


T? in be the extension of Tmin defined on 

dom Thin = { f € dom Tmax : f(a) = (pf’)(a) = f(b) = 0}. 
Then T’ in is a densely defined closed symmetric operator with defect numbers 
(1,1) and Tmin C Thin C Ao. The adjoint (Tin )* is defined on 


dom (Thin )* = {f € dom Tmax : f(b) = 0}. (6.3.3) 

Then {C, T0, r1}, where 
Tof = fla) and f=(pf'\(a), f Edom (Thin)“, (6.3.4) 
is a boundary triplet for (Thin )*. Moreover, for A € p(Ao) the corresponding y-field 
and the Weyl function are given by 
U1 (b, à) 
u2 (b, à) 


ur(b, à) 


YA) = ul, A) — u2(b, A) 


u2(-,A) and M'(A)=-— 


Proof. One verifies that the adjoint (Tin )* is a restriction of Tmax given by the 


boundary condition in (6.3.3) and that {C, T6, r1} (6.3.4) is a boundary triplet 
for (T/ in )*. To see the last statement let 


FCA) = a(A)ua(-, A) + B(A)ua(-, A) € ker ((Tinin )* = A); 
where a(A)ui(b, A) + B(A)ua(b, A) = 0. For À € p(Ao) one obtains 


B(A) 
a(à) 


(A) = w (, A) + u2(, à) and M’(\) = ==. 


This completes the proof. 
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Example 6.3.3. In the special case r = p = 1 and a constant q € R, the Sturm- 
Liouville expression is Lf = — f” + qf. For À > q the fundamental system deter- 


mined by (6.3.1) is given by 
ulz, A) = cos| YÀ — q (z-a u(x „Sal Amaea] 
1( ,A) — [ A q( )], 2( ,A) ~a=o , 


and if the square root y^ is fixed such that Im VA > 0 for A € C \ [0,00) and 
VA > 0 for À € [0,00), the formula extends to A € C \ {0}. Hence the Weyl 
function in Proposition 6.3.1 is 


E -q — cos| VA =q (b — a)] 1 
ae sin[ VA — q (b — a)] ( 1 — cos|VA =q (b — a) i 


and the Weyl function in Corollary 6.3.2 is 


M'(A) = -VA — qcot[ VA — q (b — a)]. 
The poles of M and M’ are given by 


oss, aes N) 


and coincide with the eigenvalues of the self-adjoint extension Apo. 


Proposition 6.3.4. For A € p(Ag) the resolvent of Ag is an integral operator of the 
form 


b 
(o= d-*9) (0) = f Golt,s.X)alo)r(s)ds, g € L(a, b), 
where the Green function Go(t, s, A) is given by 


(u(t, A) + M’(A)ua(t, A))ua(s,A), a<s<t, 


STC ea ECT CT ere ner 


Here M' is the Weyl function in Corollary 6.3.2. The integral operator belongs to 
the Hilbert-Schmidt class. In particular, (Ap) = op(Ao) and the multiplicity of 
each eigenvalue is 1. 


Proof. A straightforward calculation shows that the function 
b 
f(t) = i Golt, s, A)g(s)r(s)ds 
t 
= (u(t, A) + M'(AJuz(t, d)) | uin(#, A)g(e)r(s) ds 


b 
+ ua(t, » | (u1(s, A) + M’(A)ua(s, A))g(s)r(s) ds 


satisfies the differential equation (L — A) f = g. Since u2(a, A) = 0, it is clear that 
f(a) = 0. Moreover, since M’(A)u2(b, A) = —ui(b, A), one also has f(b) = 0. As 
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f is continuous on [a,b] and r € L! (a,b), it follows that f € L?(a,b) and hence 
f € dom Ap. Therefore, (Ao — A) f = g and for A € p(Ao) the resolvent of Ao is of 
the form as stated. 

Furthermore, one has 


b pb 
i / |Go(t, s, A)|?r(s)r(t) ds dt < œ 


since Go(-,-, A) is continuous for a < s < t and t < s < b and r € L*(a,b). Thus, 
(Ao — A)~! is a Hilbert-Schmidt operator and, in particular, (Ao) = op(Ao) 
holds. Since the eigenfunctions of Ap are multiples of the solution w2(-, A) it also 
follows that the eigenvalues of Aj have multiplicity one. 


It is easy to see that the closed symmetric operators Tmin and T’ in in Propo- 
sition 6.3.1 and Corollary 6.3.2 do not have eigenvalues. Therefore, since the spec- 
trum of Ap is purely discrete according to Proposition 6.3.4, the next corollary is 


immediate from Proposition 3.4.8. 


Corollary 6.3.5. Tmin and T! 


“in are simple symmetric operators in L<(a,b). 


It follows from Corollary 6.3.5 and the results in Section 3.5 that the spectrum 
of Ag can be characterized with the help of the Weyl functions M and M’ in 
Proposition 6.3.1 and Corollary 6.3.2. More precisely, in the present situation the 
functions 


E 1 —u1(b, A) 1 mey walb, A) 
M(A) = ua(b, \) » ( i — (puh )(b, 5 and M'(A) = =t X) 


are defined and holomorphic on p(Aoọ), and one has \ € o(Ao) = op(Ao) if and 
only if A is a pole of M and M’. In particular, it follows that A € o,(Ao) if and 
only if u2(b, A) = 0; this extends the observation that u2(b, A) Æ 0 for all A € p(Ao) 
in Proposition 6.3.1. The two linear maps 


T : ker (Ao — A) > ran Ra, fA) Ti f(,A) = (TOS )) ' 


and 
tT’: ker (Ao — A) > ran R4, FCA) 6 T FCA) = (pf) (la, A), 


where 


Ry = lim ieM(A+ie)y, peC?, and R= lim ieM'(d + i£) 
E € 


coincide with the residues of M and M’ at A, are bijective. 


In the following some classes of extensions of Tmin and their spectral prop- 
erties are briefly discussed. Let {C?,[,[1} be the boundary triplet in Proposi- 
tion 6.3.1 with corresponding y-field y and Weyl function M. Recall first that the 
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self-adjoint (maximal dissipative, maximal accumulative) extensions Ag C Tmax of 
Tmin are in a one-to-one correspondence to the self-adjoint (maximal dissipative, 
maximal accumulative, respectively) relations © in C? via 


dom Ag = { f € dom Tmax : {To f, Tif} € O} 


={reumsin (C8). a)}eoh 


In the following assume that © is a self-adjoint relation in C?, so that the operator 
Ae is a self-adjoint realization of the Sturm—Liouville differential expression L in 
L?(a,b). By Corollary 1.10.9, the relation © in C? can be represented by means 
of 2 x 2 matrices A and B satisfying the conditions A*B = B*A, AB* = BA* and 
A*A + B*B = I = AA* + BB*, namely, 


© = {{Ay, Bo} : p E C*} = {{h,v'} : A*y’ = Bry}. 


In that case one has 


tonto {ttn (0) = C) 


Recall from Theorem 2.6.1 and Corollary 2.6.3 for A € p(Ae) N p(Ao) the Krein 
formula for the corresponding resolvents 


(Ag = A)! = (Ao = A)T! + 7A) (8 — MA) HA) 
= (Ao = A)T} + YA)A(B = MAJA) VA" 


Since the spectrum of Ag is discrete and the difference of the resolvents of Ag and 
Ae is an operator of rank < 2, it is clear that the spectrum of the self-adjoint 
operator Ae is discrete. Note that A € p(Ao) is an eigenvalue of Ao if and only if 
ker (Ə — M(A)) or, equivalently, ker (B — M(A)A) is nontrivial, and that 


ker (Ao — A) = 7(A) ker (© — M(A)) = 7(A)A ker (B — M(A)A). 


For a complete description of the (discrete) spectrum of Ao recall that the sym- 
metric operator Tmin is simple and make use of a transform of the boundary triplet 
{C?, To, T1} as in Section 3.8. This reasoning implies that À is an eigenvalue of 
Ae if and only if A is a pole of the function 


A œ> Mo (A) = (A* + B*M(A)) (B* — A*M(A)) 


It is important to note in this context that the multiplicity of the eigenvalues of 
Ao is at most 2 and that the dimension of the eigenspace ker (Ao — A) coincides 
with the dimension of the range of the residue of Meo at A. In the special case 
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where the self-adjoint relation © in C? is a 2 x 2 matrix the boundary condition 
in (6.3.5) reads 


m= {tn (18) = (HERE) 


and according to Section 3.8 the spectral properties of the self-adjoint operator 
Ae can also be described with the help of the function 


AH (O- MA); (6.3.6) 


that is, the poles of the matrix function (6.3.6) coincide with the (discrete) spec- 
trum of Ao and the dimension of the eigenspace ker (Ao — A) coincides with the 
dimension of the range of the residue of the function in (6.3.6) at À. 

In what follows some special types of boundary conditions will be discussed. 
Example 6.3.6. Let {C?, To, T1} be the boundary triplet in Proposition 6.3.1 with 
corresponding 4-field y and Weyl function M. Consider a 2 x 2 diagonal matrix 


o= (6 a aB ER. 


The domain of the corresponding self-adjoint Sturm-Liouville operator Ao is 
given by 


dom Ao = Tf = dom Tmax : af(a) = (pf) (a), BEC) = —(pf’)(b)}. 

Such boundary conditions are often called separated boundary conditions. The 
eigenvalues of Ag have multiplicity one and they coincide with the poles of the 
function 

aol) ( 1 ur(b, A) + aua(b, A) J’ 
where 

U2 (b, à) 

(u1 (b, A) + aua(b, A))(Bua(b, A) + (puz) (b, A)) = 1 
In the special case œ = 8 = 0 the operator Ao is defined on ker I, which corre- 
sponds to Neumann boundary conditions. In this situation the poles of the function 


en 1 ( us) (b, A) 1 
à -M(A) = oney l” 1 e 


coincide with the Neumann eigenvalues. 


Next the boundary triplet {C?, To, r1} in Proposition 6.3.1 will be trans- 
formed so that the so-called periodic boundary conditions can be treated in a 
convenient way. For this consider the matrix 


v(A) = 


1 -10 0 
_if{o 0 1 1 

v2|0 0 1 -1]’ 
-1 -1 0 0 
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and note that the condition (2.5.1) in Theorem 2.5.1 is satisfied. It then follows 
that {C?, Yo, Yi}, where 


_1( fla) f0) om 
ol = alo oWo) Fedo Tame (637) 


and 


_ 1 (PFa) + WFQ) a 
Tif = V2 ( —f(a) = f(b) ) ’ f ed eases (6.3.8) 


is a boundary triplet for Tmax. In order to compute the corresponding 4-field yr 
and Weyl function My use Proposition 2.5.5 and note first that 


(2, 2 $ G a M(X) = ED P a 1 + u) ») 


w(à) = 
O= FGA) EA) 

and M is the Weyl function corresponding to the boundary triplet {C?, To, r1} 

in Proposition 6.3.1. Now it follows that the y-field yy and Weyl function My of 

{C?, Yo, Yı} are given by 


yr (A) = (ual) uzl, AJ) wA) ( ao r o t (6.3.9) 
and 
2(pu',)(b, A) —u1 (b, A) + (pus) (b, A) 
Mx(A) = w(A) Ore ene ( ee i: (6.3.10) 


As above, it follows from Corollary 6.3.5 and the considerations in Section 3.5 
that the eigenvalues of the self-adjoint operator Ay, which corresponds to the 
boundary condition ker Yo, that is, 


dom Ay, = {f € dom Tmax : f(a) = f(b), (Pf) (a) = (vf')(0)}, 


coincide with the isolated poles of My, that is, \ is an eigenvalue of Ay, if and 
only if uı(b, A) + (pu5)(b, A) = 2. It is important to note that in this situation 
eigenvalues of multiplicity two may arise and hence a reduction of the spectral 
problem to a scalar Weyl function as in Corollary 6.3.2 is, in general, not possible. 
This is the case in the following example, where a symmetric extension of Tmin 
appears which is not simple. 
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Example 6.3.7. Let {C?, To, Yi} be the boundary triplet in (6.3.7)—(6.3.8) with 
corresponding y-field yy and Weyl function My in (6.3.9) and (6.3.10), respec- 
tively. Consider the Sturm—Liouville expression Lf = — f” in L?(0,27), that is, 
r= p= 1 and q = 0, and (a,b) = (0, 27). Then the positive eigenvalues k?, k € N, 
of Ay, are of multiplicity two and the eigenvalue 0 has multiplicity one. Consider 
the symmetric operator 7”, defined on 


dom Thin = {f € dom Tmax : f(0) = f(2m), f’(0) = f'(27) = 0} 


which arises in the same way as in Corollary 6.3.2, but now with the bound- 
ary triplet {C?, ro, I1} from Proposition 6.3.1 replaced by the boundary triplet 
{C?, Yo, Yi}. As in Corollary 6.3.2, one obtains that T”; is a closed symmetric 


operator with defect numbers (1,1) and adjoint (TV, )* defined on 


dom (THin )* = {f € dom Tmax : f’(0) = f/(2m)}, 


and one has Tmin C T” 


min 


C Ay,. Moreover, {C, Yo, T1}, where 


in/ > 


r ae = T an l 2 í ý T om g 
of = GAO - f2m) and Tif = (F0) + f'(27)), fE dom (Ta 


is a boundary triplet for (T” 


. )* with corresponding Weyl function M4. given b 
min P 8 y. Y 8 y 
Qu} (27, A) 


~ 2- u (27, A) — uh (27, A) 


My) 


However, in contrast to the situation in Corollary 6.3.2 and Corollary 6.3.5, here 
T”. is not simple. In fact, since the eigenvalues k?, k € N, of Ay, have multi- 
plicity two and T%;„ is a one-dimensional restriction of Ay, each k?, k € N, is 
an eigenvalue of 7”... of multiplicity one. Therefore, the corresponding eigenfunc- 
tions span an infinite-dimensional subspace of L?(0, 27) which reduces T”;„ and in 
is self-adjoint. Note however, that a further one-dimensional restriction 


min 
which T” 
of 7’, leads to the minimal operator Tmin which is simple by Corollary 6.3.5. 


min 


This section is concluded with the limit-circle case. It is assumed that the 
coefficient functions satisfy (6.1.2) and that both endpoints a and b are in the 
limit-circle case; cf. Theorem 6.1.6. Now consider real solutions Ua, Ua and up, vp 
of (L — ào)y = 0, Ao E€ R, which satisfy W (ua, va) = 1 and W (up, vp) = 1, while 
Ua, Va E€ L?(a,a’) and up, vp € L2(b’,b). In the following it is tacitly assumed that 
quasi-derivatives at a are defined in terms of Ua, Ua and that the quasi-derivatives 
at b are defined in terms of up, vp. 

Fix a fundamental system (ui(-, A); u2(-,A)) for the equation (L — A)y = 0 
by the initial conditions 


u (a, A) ul (a, A) ae `) 
upia, A) uba Aa) O UY 
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Recall that for each function f € dom Tmax the quasi-derivaties f(a), fH (a), 
f(b), f(b) are well defined; cf. Definition 6.2.4. The proof of the following 
proposition follows the lines of the proof of Proposition 6.3.1 in conjunction with 
Lemma 6.2.5 and Proposition 6.2.6. 


Proposition 6.3.8. Assume that the endpoints a and b are in the limit-circle case. 
Then {C?, To, T1}, where 


[Olfa (a 
rot = (Foy) and P= (Lpo) Fe domna: 


is a boundary triplet for Tmax. The self-adjoint extension Ao corresponding to To 
is the restriction of Tmax defined on 


dom Ao = { f € dom Tnax : f(a) = fY (b) = 0} 
and the minimal operator Tmin is the restriction of Tmax defined on 
dom Tmin = { f € dom Tmax : f(a) = f(b) = f(a) = fH) = 0}. 


Moreover, for all X € p(Ao) one has ull, à) £0. The corresponding y-field and 
Weyl function are given by 


MO 
9) = (al, A) at a (A : A € p(Ao), 


and 


ma —ull(o, A) 1 
M(A) = oan ( -utig ») , AE plAo). 


6.4 The case of one limit-point endpoint 


Let Tmax = (Tmin )* be the maximal operator associated with the Sturm—Liouville 
differential expression L in (6.1.1) on the interval (a,b). This situation will be 
considered under the assumption that the endpoint a is regular and the endpoint 
b is in the limit-point case. In the end of the section also the situation that a is in 
the limit-circle case is briefly discussed. 


Recall that the assumption that the endpoint a is regular means 


p(x) £0, r(x) > 0, for a.e. x € (a,b), 
1/p,q,r € L’ (aya), 1/p,q,r € Liela’, b); 


loc 


cf. Definition 6.1.1. Let the fundamental system (u1(-, A); u2(-, A)) for the equation 
(L — A)y = 0 be fixed by the initial conditions 


a as 
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For each function f € dom Tmax one has f,pf’ € AC|a,b) and the quantities f(a) 
and (pf’)(a) are well defined; cf. Theorem 6.1.2. 


Proposition 6.4.1. Assume that the endpoint a is regular and that the endpoint b 
is in the limit-point case. Then {C, To, T1}, where 


Tof = f(a) and Tif =(pf')(a), f€ domTmnax, (6.4.2) 


is a boundary triplet for the operator (Tmin )* = Tmax- The self-adjoint extension 
Ao corresponding to To is the restriction of Tmax defined on 


dom Ap = { f € dom Tmax : f(a) = 0} 
and the minimal operator Tmin is the restriction of Tmax defined on 
dom Tmin = If € dom Tinax : f(a) = (pf) (a) = 0}. 


Moreover, if A€ C\R and y(-, A) is a nontrivial element in Ny (Tmax), then one 
has x(a, A) £0. For all A € C \ R the corresponding y-field and Weyl function are 
given by 


¥(-,A) = ur(-,A) + M(Aju2(, à) and = M(A) = ee (6.4.3) 


Proof. First it will be verified that the mapping (Lo, r1)! : dom Timax —> C? is 
surjective. Let a € C?. Then there exists f € dom Tmax such that f(a) = ay, 
(pf')(a) = a2, which vanishes in a neighborhood of b. To see this, let h be a 
solution of Ly = 0 with h,ph’ € AC{[a,b) and h(a) = ay, (ph’)(a) = ag. Now by 
cutting off the function h near b one obtains a function f which satisfies Lf = g for 
some g € L?(a,b) and which vanishes in a neighborhood of b; see Proposition 6.1.3. 
Hence, f € dom Tmax and at a one has 


Tof = f(a) =h(a)= a, and Vif = (pf')(a) = (ph')(a) = a2. 


This proves the claim. 

Next one verifies the abstract Green identity. For this one shows first that 
lim, +, W2(f,9) = 0 for all f,g E€ dom Tmax. In fact, since the endpoint b is in 
the limit-point case it follows from Corollary 6.2.2 that Tmin has defect numbers 
(1,1). Now choose hi, h2 € dom Tmax such that 


hi(a)=1, (phi )(a)=0, haa) =0, (ph3)(a) = 1, 


and such that hı and hg vanish in a neighborhood of b; cf. Proposition 6.1.3. Then 
hı, h2 € dom Tmin, since otherwise 


lim Wz (hi, 9) = hi(a)(p9')(a) — (ph;)(a)g(a) =0, i=1,2, 


©ta 
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for all g € dom Tmax by (6.2.7) and Lemma 6.2.3, which is not possible by the 
considerations in the beginning of the proof. Thus, every function f € dom Tmax 
can be written in the form 


f = fotahi + coho, fo € dom Tinin , 
for some c1,¢2 E€ C. Observe that therefore 
W.(f, g) = W.(fo.9) + W,(cihy F czh2,9) 


for all g € dom Tmax, and since the last term vanishes in a neighborhood of b one 
obtains 

lim W (f, g) = lim W (fo, 9) = 0 

xz—b z—>b 
for all g € dom Tmax- Hence, by (6.2.6) and Lemma 6.2.3, for f, g € dom Tmax one 
has 


(Tmax f, 9) L2(a,b) = (f, Triax 9) L2(a,b) = lim Wf, 9) 
= (pf')(a)g(a) — f (a)(pg')(a), 

which implies that the abstract Green identity is satisfied with the choice of To 
and T: in (6.4.2). Thus, (6.4.2) defines a boundary triplet for (Tmin )* = Tmax - 

The description of the domain of the self-adjoint extension Ao is trivial. 
Furthermore, by Proposition 2.1.2 (ii) one has dom Tmin = ker To N ker Ty, which 
yields the stated description of the domain of the minimal operator. 

Due to the assumption that the endpoint b is in the limit-point case, each 
eigenspace Ny (Tmax ); A € C \ R, has dimension one. Hence, if y(-, ) is a nontrivial 
element which spans Ny (Tmax ), A € C \ R, then, by Definition 2.3.4, 


M(A) = {{x(a, A)c, (px) (a, Ale}: cE C}, AEC\R. 


Observe that x(a, A) 4 0 for A € C\ R, since otherwise x(-, A) € ker (Ap — A) and 
the fact that Ao is self-adjoint would imply y(-, A) = 0. Consequently, 


M(A) = aiea, \EC\R. 


Likewise, it follows from Definition 2.3.1 that 
YA) = {{x(a, Ax, Ale} sce C}, AEC\R, 


and so 


AEC\R. 
Writing x(-,) in terms of the fundamental system, 

x(-,A) = x(a, A)ur(, A) + (px’)(a, A)ua(-,A), AEC\R, 
the form of the y-field follows. 
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Note that the y-field and the Weyl function corresponding to the boundary 
triplet {C, To, [1 } in Proposition 6.4.1 are defined and analytic on the resolvent set 
of the self-adjoint operator Ag. The expressions in (6.4.3) extend from C \ R to all 
of p(Ao) when p( Ao) OR 9. In fact, it follows from the direct sum decomposition 
dom Tmax = dom Ap + 9ta(Timax) that also for each A € p(Ao) MR there exists 
a nontrivial element y(-,A) in 9t,(Zinax ) such that x(a, A) A 0. It is clear from 
(6.4.2) that also for these points A € p(Ag) OR the y-field and Weyl function are 
given by (6.4.3). 


Example 6.4.2. In the special case r = p = 1 on ų = (a,0o) and a constant q € R, 
the Sturm-—Liouville expression is Lf = — f” +qf. Fix the square root y- such that 
Im VA > 0 for all A € C\ [0,00) and VA > 0 for A € [0, 00). For all A € C \ [g, œ), 
the function 

aH x(a, A) = éva 2-9) € 1? (a, 00) 


spans the one-dimensional eigenspace Ny (Tmax). Hence, the Weyl function M in 

Proposition 6.4.1 is given by 

— Tıx(:, A) 
Tox(, à) 


In terms of the fundamental system 


M(A) =i/\—@. 


ui(x, A) = cos| y À — q(x — a)], uz(x, A) = , 
one has x(a, A) = u1 (x, A) + M(A)ua(a, A) = Y^ (2-a) for A € C \ fq, 00). Note 


also that M is holomorphic on C \ [g,oo) and that o(Ao) = [q, 00). Moreover, for 
A € (q, 00) one has 


lim Im M(A + ie) = VA =q > 0, 
E 
and for » € [g, 00) 

lim i¢M(A + ie) = 0. 

el0 


Below in Proposition 6.4.4 it is shown that Tinin is simple and hence the results 
in Section 3.5 and Section 3.6 apply. In particular, it follows from Theorem 3.6.5 
that oa-(Ao) = [g,co) and Corollary 3.5.6 shows o,(Ao) N [g,00) = Ø (see also 
Theorem 3.6.1). 


Proposition 6.4.3. For A € p(Ao) the resolvent of the self-adjoint extension Ag is 
an integral operator of the form 


b 
((Ap — A)~*g) (t) = f Go(t,s,A)g(s)r(s)ds, g€ L?(a,b), (6.4.4) 
where the Green function Go(t, s, A) is given by 


(ui (t, A) + M(A)ua(t, A)Ju2(s, à), a<s<t, 


Ga i A(s, A) + M(A)ua(s,A)), E< <b, 
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In particular, if g € L2(a,b) has compact support, then 


b 
((Ao — A)~'g) (t) = walt, ama) | u2(s, A)g(s)r(s) ds 


a 


+ u(t») f u2(s, A)g(s)r(s) ds (6.4.5) 


b 
+ wt f u1(s, A)g(s)r(s) ds. 


Proof. As in the proof of Proposition 6.3.4, consider the function f(-, A) given by 
the right-hand side in (6.4.4), which has the form 


f(t, A) = (u(t, A) + M(A)ua(E, A)) | u2(s, A)g(s)r(s) ds 
(6.4.6) 


b 
+ ua(t, A) f (u1(s, A) + M(A)ua(s, A)) 9(s)r(s) ds 


for g € L?(a,b). Note that f(-,A) is well defined, since u1(-, A) + M(A)ua(-, A) 
belongs to L2(a, b) by (6.4.3). A straightforward computation shows that f(-, A) is 
a solution of the inhomogeneous differential equation (L — A) f = g satisfying the 
initial conditions 


f(a, à) =0, 
b 


(pf')(a, à) = (ous)(a,d) f (u1(s, A) + M(A)ua(s, A))g(s)r(s) ds 


a 


b 
Z f aa) uer M e ai 


= (9, I(A))L2(a,b)- 


On the other hand, since Ap C Tmax, it is clear that the function h = (Ao — A)~+g 
also satisfies the inhomogeneous differential equation (L — A)h = g and, moreover, 


h(a) = Toh = To(Ao — à)™tg = ((Ao — A)7*9) (a) = 0, 
(ph')(a) = Tih =T: (4o — A)7*g = Y0A)*9 = (g, Y(A)) 22 (a,b); 


where Proposition 2.3.2 (iv) was used. Hence, f = h by the uniqueness property 
for the initial value problem. This proves (6.4.4). The formula (6.4.5) follows for 
g € L? (a,b) with compact support from (6.4.6). 


Proposition 6.4.4. The minimal operator Tmin is simple. 


Proof. It suffices to show that the defect spaces Ny (Tmax ) span the space L2 (a, b); 
cf. Corollary 3.4.5. To see this, let g € L?(a,b) and assume that 


[mee A) + M(A)ua(t, A)) g(t)r(t) dt = 0 
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for all A € C \ R. Then it follows from (6.4.4) that 
t 
((Ao = A)~*g) (Œ) = (u(t, A) + M(A)u2(t, »» | ua(s, A)g(s)r(s) ds 


b 
+ ug(t, A) | (ui (s, A) + M(A)ua(s, r))g(s)r(s) ds 


= (u(t, A) + M(A)ua(t, d)) f uals, A)g(s)r(s) ds 


a 


— ud(t, xf (ui (s, A) + M(A)u2(s5, A))g(s)r(s) ds 


= f (u(t, AJu2(s, A) — u2(t, A)ur(s, A))g(s)r(s) ds 


and the right-hand side is entire in À. Now consider a bounded interval ô C R 
such that the endpoints of 6 are not eigenvalues of Ag and let h € L?(a,b) be 
a function with compact support. It follows from Stone’s formula (1.5.7) (see 
also Example A.1.4), Fubini’s theorem, and dominated convergence that, for any 
h € L?(a,b) with compact support, 


(E(6)g, h) 12(a,b) 
1 as cage 
=lim z (Co (u + ie))~* — (Ao — (u = i£))™?)g, h) p(y dH 


=0. 


This implies that E()g = 0 for all bounded intervals 6 C R as above and letting 
6 expand to R one concludes that g = E(R)g = 0. 


Let {C, ro, r1} be the boundary triplet in Proposition 6.4.1 with y-field and 
Weyl function given by 


1 
sah Meh and M(a) = BOON 
x(a, à) 
where x(-,A) is a nontrivial element in Ny (Tmax), 4 € p(Ao). Since the operator 
Tmin is simple by Proposition 6.4.4, Theorem 3.6.1 shows that the Weyl function 
M is analytic at À if and only if A € p(Ao), that A € op(Ao) if and only if 
lime 9 gM (A + te) A 0, the poles of M coincide with the isolated eigenvalues of 
Ao, and À € o,(Ao) if and only if limzjo gM (A + i£) = 0 and M does not admit 
an analytic continuation to A. Furthermore, if A is an open interval in R, then 


Tacl Ao) NA = closac({A € A: 0 < Im M(A + i0) < +00}). 
In the special case A = R one has 


Tac( Ao) = closac({A € R : 0 < Im M(A + i0) < +00}). 
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Furthermore, with the help of Corollary 3.6.9 one can exclude singular continuous 
spectrum as follows. If A is an open interval in R and there exist at most countably 
many A € A such that 


ImM(\+ie) + +00, eM(A+ic) 30 as eļ0, 


then os¢(Ag) N A = Í. For more results on the description of singular and singular 
continuous spectra of Ao in this context see Section 3.6. 

Now consider the self-adjoint (maximal dissipative, maximal accumulative) 
extensions of Timin . According to Corollary 2.1.4 for r € R (r € Ct, r € C7), the 
realization A, of L with domain 


dom A, = { f € dom Tinax : (pf')(a) = Tf(a)} 


is self-adjoint (maximal dissipative, maximal accumulative), and the boundary 


condition T = oo is understood as f(a) = 0, which corresponds to kerT9. For 
T E€ RU {co} introduce the following transformation of the boundary triplet in 


(6.4.2): 
()-vanG 7) (8) a 


Then {C,19,[7} is a boundary triplet defined on dom Tmax with corresponding 
y-field and Weyl function given by 


_ 0) Ja sea LETM(A) l 
97 (A) 7- MA) VT?+1 and M,(A) T-M AEC\R; (6.4.8) 


cf. (2.5.19) and (2.5.20). Moreover, it is clear that 
kerT = ker (T; — TTo) = dom A,, 


and again T = co corresponds to the extension with boundary condition f(a) = 0. 
The spectrum of A, can now be characterized with the help of the Weyl function 
M, in the same way as the spectrum of the extension defined on kerTo (that is, 
T = œ) was characterized with the function M. E.g., À is an eigenvalue of A, if 
and only if lime) i¢M;(A+ ie) ¥ 0, and the absolutely continuous spectrum of A, 
is given by 


Oac(A;) = closac({A ER:0<ImM,(A + i0) < +oo}). 


The transformation for the y-field in (6.4.7) and (6.4.8) also shows up in a 
transformation of the fundamental solutions. 


Lemma 6.4.5. Let r E RU {co}. For A€ C\R the y-field y-(A) is of the form 


yr(-,A) = vil, A) + Mz (A)v2(-, A). 
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Here the fundamental system (v1(-, A); v2(-,A)) is given by 


(0) > ere G7!) (C3) 


and one has W (vi(-, A), v2(-,A)) = 1. 


Proof. Recall that y(-,A) = ui(-,A) + M(A)ua(-, A). If vi(-, A) and ve(-, A) are as 
above, then it is clear that 


GEI = se G RER) 


Hence, 
1 
IA = A (lA) + 026A) + MOC A) rola) 
= (0 = Meyen(. 4) + + rMO)Yoal A) 
V+ (ac T= MQ) 249) 


where it was used that M(A) £7 €R for À € C\R. This leads to 


(A) 3 i 1+7M(A) 
rM Pel N A) 2(-, A). 


Comparing with (6.4.8) one obtains the claimed form of y,(A). 


Note that the formal solution 


v2(-,A) = (ui(-, A) + Tu2(-, A)) (6.4.9) 


T2+1 


satisfies the boundary condition (pv)(a, A) = Tv2(a, A) which is connected with 
the self-adjoint realization A, defined on ker} = ker (T — TTo). Observe that 
for g € L?(a,b) and À € p(A,) the resolvent of A, has the form 


b 
((A, — A)7*g)(t) = f G-(t,s, A)g(s)r(s)ds, g€ L?(a,b), (6.4.10) 
where the Green function is given by 


(vilt, A) + M- (A)valt, A)Jv2(s, à), a<s<t, 


v2(t, A)(v1(s, A) + M;(A)ve(s,A)), t< s< b, (6.4.11) 


G- (t, s, à) = f 


6.4. The case of one limit-point endpoint 405 


that is, 
((A, — A)~1g)(t) = (v(t, A) + M;(A)va(t, A)) f s, A)g(s)r(s) ds 


b 
+ vo(t, » | (v1(s, A) + M;(A)v2(s, ))9(s)r(s) ds. 


This follows in the same way as in the proof of Proposition 6.4.3. In fact, a straight- 
forward computation shows that the right-hand side (denoted by f(-, )) satisfies 
the differential equation (L — A) f = g and that 


f(a,A) = v1(s, A) + M;(A)v2(s, A)) 9(s)r(s) ds, 


ver || 


(pf')(a, à) = eel | v1(s, A) + M;(A)v2(s, A))9(s)r(s) ds. 


Hence, 
-— (rfa A) = (f')(a,2)) = 0 
and 
alero) = | ieee Mirae 
T+ ‘ 


7 (9, Yr (X))12(a,b)- 


Since h = (A, — )~'g also satisfies the equation (L — A)h = g and the same 
boundary condition [9h = 0 and [Th = (g,77(A))r2(a,0), it follows that f = h. 


In Theorem 6.4.7 below a unitary Fourier transform for the self-adjoint real- 
ization A,, T E€ RU {oo}, will be provided, which takes A, into multiplication by 
the independent variable in the space TA (R). Here o, denotes the nondecreasing 
function in the integral representation 


ae E LS tz) do,(t), €C\R, (6.4.12) 


of the Weyl function M,. Observe that no linear term is present in the integral 
representation since A; is not multivalued (this follows, e.g., from Lemma A.4.3 
and Proposition 3.5.7). Recall that a, is a real constant and that f,(1+t?)~! do; (t) 
is finite; cf. Theorem A.2.5 

The following preparatory lemma shows that the condition (B.1.2) in Ap- 
pendix B for the Fourier transform is satisfied. 
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Lemma 6.4.6. Let Tr E€ RU {oo} and let E,(-) be the spectral measure of the self- 
adjoint operator A,. For f € L?(a,b) with compact support define the Fourier 
transform f by 


b 
F= f va(s,u)f(s)r(s)ds, eR, 


where v2(-, u) is the formal solution in (6.4.9). Let o, be the function in the integral 
representation (6.4.12) of the Weyl function M,. Then for every bounded open 
interval ô C R whose endpoints are not eigenvalues of A; one has 


CHOLAI Te | Flu) Flu) dor (uw). 


Proof. Observe that for f € L?(a,b) with compact support and A € p(A,) the 
resolvent of A; can be written as 


b 
((A, — A) f) (E) = M-(A)v2(E, » f v2(s, A) f(s)r(s) ds 
a (6.4.13) 


t b 
+ v(t, A) / vals, A) f(s)r(s) ds + v(t, A) f v1(s, A)f(s)r(s) ds. 


Now let ô C R be a bounded open interval whose endpoints are not eigenvalues 
of A,. Then the spectral projection of A, corresponding to 6 is given by Stone’s 
formula 


= lim giy f (Ae = tie) = (Ar = (H = E)E) P) raca d 
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If f € L?(a,b) has compact support, say in [a',b'] C (a,b), then (6.4.13) and the 
fact that the function 


t 


b 
Ar v(t, ») | vals, A) f(s)r(s) ds + va(t, » | v1(s, A) f(s)r(s) ds 


a 


in (6.4.13) is entire imply that (E£,(6)f, f)L2(a,b) has the form 


1 b b 
lim — (J f [gt (u + ic) M, (p+ ie) 
ô a Ja 


e0 2772 
— gt s(p — ie) M, (u — ie)] f(s)r(s)ds Oroa) du, 
(6.4.14) 


where gis is defined by gt,s(7) = v2(t,n)v2(s,n). Note that for t,s € [a’, b’] the 
function gt s is entire in 7. For €o > 0 and A < B such that ô C (A, B) consider 
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the rectangle R = [A, B] x [—i£o, igo]. The function {t, s, n} > gi,s(7) is bounded 
on [a’,b’] x [a',b'] x R and hence for each fixed £ such that 0 < € < € it follows 


that 
[UL T [ge (u + ie)M, (u + ie) 


= gusl te) M; (u — ie)) F(8)r(s)ds FODA ) dy 


-f fF (ft gt, (u + 1€)M, (u + i£) 


- galt — ie) Mo(q—ie)] du) 1(8)r(s)ds FOr (DAt. 
The Stieltjes inversion formula in Lemma A.2.7 shows that 


i g í iE) — j u—i = t o. 
lim -Ł f [oss M+) (u + ie) — (9s, sM, )(u — i£)] du | ge,a(14) dere) 


e 10 2772 
for all t,s € [a’,b’]. To justify taking the limit © | 0 inside the integral (6.4.14) 


one needs dominated convergence. Recall from Lemma A.2.7 that there exists a 
constant m > 0 such that for 0 < £ < £o one has 


| f [(9t,sM,)(u + i£) — (gt, M+)(u — i£)] du 


< m sup{|g:,s(7)l; |gs (M) : t;s € [a',b'], n € R}, 


(6.4.15) 


where R = [A, B] x [-ieo, igo]. Since {t, 5, n} > gt,s(m) and {t, s, n} => gi (7) are 
bounded functions on [a’, b'] x [a',b'] x R, it follows that the integral in (6.4.15) 
regarded as a function in {t, s} on [a’, b']x |a’, b'] is bounded by some constant for all 
0<e<e. As f € L2(a,b) has compact support, there is an integrable majorant 
for the integrands in (6.4.14). Dominated convergence and Fubini’s theorem yield 


CLO p mea [ [ ( Exc 1) do, (p) 1(s)r(s)as F(a 
= fe a(s.n)fle)r(s) as) ( f “walt FOr) at) do-(u) 


for every bounded open interval ô whose endpoints are not eigenvalues of A,. Now 
the assertion follows from the definition of f. 


The next theorem is a consequence of Lemma 6.4.6 and Theorem B.1.4 in 
Appendix B. 
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Theorem 6.4.7. Let Tr E€ RU {oo}, let vo(-,p) be the formal solution in (6.4.9), 
and let a, be the function in the integral representation of the Weyl function M,. 
Then the Fourier transform 


a a 


b 
pee f= f v(e, u)f(e)r(s)ds, PER, 


extends by continuity from compactly supported functions f € L? (a,b) to a unitary 
mapping F : L2(a, b) > Lio. (R), such that the self-adjoint operator A, in L?(a,b) 
is unitarily equivalent to multiplication by the independent variable in Lie, (IR). 


Proof. It follows from Lemma 6.4.6 that the condition (B.1.2) is satisfied. It is 
also clear that for every u € R there exists s € (a,b) such that vo(s, u) Æ 0 and 
hence (B.1.13) holds. Now the result follows from Theorem B.1.4. 


In the next lemma the Fourier transform Fy, of the y-field in (6.4.8) cor- 
responding to the boundary triplet {C, r9, TT} is computed; this will be useful 
in identifying the model in Theorem 6.4.7 with the model for scalar Nevanlinna 
functions discussed in Section 4.3. 


Lemma 6.4.8. Let T € RU {co} and let y, be the y-field in Lemma 6.4.5. Then for 
all A€ C\R one has almost everywhere in the sense of doz: 


1 


[For (A)] (u) = ade HER, 


where F is the Fourier transform from L?(a,b) onto i (R) in Theorem 6.4.7. 


Proof. Let f € L?(a,b). From (6.4.10) one obtains for all t € (a,b) that 
((A; = Ard) (t) = (G,(t, "5 A), F) tzit) 


where both terms are absolutely continuous in t € (a,b). Differentiation yields 


POŠ (Ar -APNO = (PHAGE Ct) F) aa 


where again both terms are absolutely continuous in t € (a,b). Since the Fourier 
transform F is unitary, these two formulas lead to 


((A, = AFF) = (FG-(t,-, A), Thi oa (6.4.16) 
and F 
pT ((4; — A)*F) (t) = (Fp) 3G (t, =A), FH) ia a (6.4.17) 


where all terms are absolutely continuous in t € (a,b). 
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With f € L?(a,b) it follows from (B.1.8) that 


(4,0 = [PEO BAW) dow (6.4.18) 
R HA 

for almost all ¢ € (a,b) and that, in particular, the integrand on the right-hand 

side is integrable. In fact, if Ff has compact support, then the right-hand side 

of (6.4.18) is absolutely continuous in t € (a,b) and hence in this case (6.4.18) 

holds for all t € (a,b). Moreover, if Ff has compact support, one also has for all 


E€ (a,b) 
p(t) 


aT. 


(de = ays) = S RED p(n) dortu), (6.4.19) 


where again all terms are absolutely continuous in t € (a,b). Differentiation under 
the integral sign is now allowed as the integrand has compact support and the 
function u +> (pu) (t, u) is bounded. 

Comparison of the integrals on the right-hand sides of (6.4.16) and (6.4.18) 
under the assumption that Ff is an arbitrary function in ee, (R) with compact 
support leads for each t € (a,b) to 


vo(t, u) 
pur 


=[FG-(,,N](), HER, (6.4.20) 


almost everywhere. Similarly, comparison of the integrals on the right-hand sides 
of (6.4.17) and (6.4.19) under the assumption that Ff is an arbitrary function in 
Li,,(R) with compact support leads for each t € (a,b) to 


vs )(t, 
waan = FIPO- A] u), HER, (6.4.21) 
almost everywhere. The union of the exceptional sets in (6.4.20) and (6.4.21) is 
denoted by Q(t) and it has measure 0 in the sense of do,. 
Let t € (a,b); then for all u € R \ Q(t) it follows from the identities (6.4.20) 
and (6.4.21) that 


A (v1 (t, A) (pot) (E, u) — (Pet) (t, X)valts u) 
= v1 (t, A)F [PEG (t,-,)] (u) — (pvi) (t, A [FG (t, A] U) (6.4.22) 
= F [v (t, A)p()O:G, (t,-, A) 
= F[w(t ag )] (u), 

where w(t, s, A) is defined by 


w(t,s, à) = e 
Ir(s, 


| 
ao 
8 
Š 
S 
© 
S 
~ 
© 
Q 
4 
A 
~œ 
> 
= 
= 
= 
D 


(A)v2(s,A), a<s<t, 
s, À), t<s<b. 
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The form of w(t, s, A) follows from (6.4.11), Lemma 6.4.5, and a straightforward 
computation. First observe that according to this definition 


t 
la(s A) — w(t, = NIZ2¢a,0) =} lvi(s,A)|? r(s)ds +0 as ta, 
and the continuity of F implies that 


[FIC A)] — F[w(t, -, A)]| >0 as ta. 


Lie, (R) 


Now approximate the endpoint a by a sequence (tn). Then there exist a subse- 
quence, again denoted by (tn), and a set Q of measure 0 in the sense of do,, such 
that pointwise 


Flr A)] (4) = lim F[w(tn,-A)](H), wER\O. 


noo 


Observe that U7, 2(tn) is a set of measure 0 in the sense of do, and that via 
(6.4.22) 


1 
F[w(tn, 5 A)] (n) = igs (v1 (tn, A)(pv9) (tn; u) = (pvi) (tn, A)v2ltn, w) 
for all u € R \ UZ: Q(tn). The limit on the right-hand side as n — oo gives 
1 
par’ 


= x (v1 (a, A) (pv3) (a, u) — (pvi )(a, A)v2(a, #)) = 


which follows from the special form of the fundamental system (v1 (+, A); v2(-, A)) 
in Lemma 6.4.5 and (6.4.1). Hence, 


n=1 


F [ar A)] (u) = PESE yeR\ (a. U att) 


which completes the proof. 


Lemma 6.4.8 will be used to identify the model in Theorem 6.4.7 with the 
model for scalar Nevanlinna functions discussed in Chapter 4.3. The Wey] function 
M, of the boundary triplet {C, r,r] } for Tmax has the integral representation 
(6.4.12). By Theorem 4.3.1, there is a closed simple symmetric operator S in 
Lio (R) such that the Nevanlinna function M, in (6.4.12) is the Weyl function 
corresponding to the boundary triplet {C, r6, T1} for S* in Theorem 4.3.1. The 
y-field corresponding to {C, r9, T1} is denoted by y’ and is given by (4.3.8). Fur- 
thermore, the self-adjoint restriction Aj corresponding to the boundary mapping 
T% is the maximal multiplication operator by the independent variable in Lio. (R). 
By comparing with (4.3.8) one sees that, according to Lemma 6.4.8, the Fourier 
transform F from L?(a,b) onto LZ, (R), being a unitary mapping, satisfies 


Fy, (A) = y (A). 
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Hence, by Theorem 4.2.6, the boundary triplet {C, 19,7} for the simple operator 
Tmin and the boundary triplet {C, r6, T1} for the simple operator S' are unitarily 
equivalent under the Fourier transform F. Thus, not only are Aj and A, unitarily 
equivalent under F, 

A = FAF, 
as stated in Theorem 6.4.7, but in fact the complete boundary triplet structure is 
preserved under the Fourier transform F. 


Now assume that the coefficient functions satisfy (6.1.2) and that the end- 
point a is in the limit-circle case, while the endpoint b is in the limit-point case. 
Let u,v be real solutions of (L — Ao)y = 0, Ao € R, with W(u,v) = 1 with 
u,v € L?(a,a’). Let a fundamental system (ui(-,A);ua(-,A)) for the equation 
(L — r)y = 0 be fixed by the initial conditions (6.2.11). The following proposition 
is proved along the same lines as Proposition 6.4.1. 


Proposition 6.4.9. Assume that the endpoint a is in the limit-circle case and that 
the endpoint b is in the limit-point case. Then {C,V,Ti1}, where 


Tof = f(a) and Tif = f(a), f €domTMnax, (6.4.23) 


is a boundary triplet for the operator (Tmin )* = Tmax. The self-adjoint extension 
Ao corresponding to Io is the restriction of Tmax defined on 


dom Ap = Tf € dom Tnax : f(a) = 0} 
and the minimal operator Tmin is the restriction of Tmax defined on 
dom Toin = { f € dom Tmax : f(a) = f(a) = 0}. 


Moreover, if Ac C\R and y(-, A) is a nontrivial element in Ny (Tmax), then one 
has x(a, A) £ 0. For all A€ C\R the corresponding y-field and Weyl function 
are given by 


x” (a, A) 


WA) = ul A) + MAUA) and MOA) = Sy: 


Proof. First it will be verified that the mapping (Co ri)" : dom Tmax > C? is 
surjective. Let a € C?; then there exists f € dom Tnax such that f° (a) = a4, 
f(a) = a2, and f vanishes in a neighborhood of b. To see this, define the function 
h on (a,b) by 
h(x) = ayu(x) + agv(zx). 

Then h,ph’ € AC(a,b) and h satisfies (L — ào)y = 0, while h € L?(a,a’) by 
assumption. Now by cutting off the function h near b, one obtains a function 
f which satisfies (L — \o)f = g for some g € L?(a,b) and which vanishes in a 
neighborhood of b, see Proposition 6.1.3. Hence, f € dom Tmax and at a one has 


Tof = f(a) = hP (a) = Wa (h, v) = œ 
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and 


Tif = f(a) = hH (a) = -Wa (h, u) = a2. 


This proves the claim. 

Now the abstract Green identity will be proved. The argument is the same as 
in the proof of Proposition 6.4.1. It will be shown first that lim,_,, Wa (f, g) = 0 for 
all f,g E€ dom Tmax. In fact, since b is in the limit-point case, the minimal operator 
Tmin has defect numbers (1,1) by Corollary 6.2.2. Now choose hy, hg € dom Tmax 
such that 

nM(ay=1, AM (a)=0, nMl(a)=o, nia) =1, 


and such that hı and hg vanish in a neighborhood of b; cf. Proposition 6.1.3. Then 
hı, ho ¢ dom Tmin follows in the same way as in the proof of Proposition 6.4.1 
from (6.2.7) and Lemma 6.2.5. Thus, every function f € dom Tmax can be written 
in the form 

f = fo + chi + coho, fo € dom Tmin; 


for some c1,c2 € C. Therefore, 
W.(f, g) = W2(fo,9) T W,(cihy Zz coh2, 9) 


for all g € dom Tmax and since the last term vanishes in a neighborhood of b, one 
obtains 


lim W(f,g) = lim W (fo, g) = 0 
xa—b xb 
for all g € dom Tmax. Hence, it follows from (6.2.6) and Lemma 6.2.5 that for 
f, g € dom Tmax one has 
(Tmax Í, g)L2(a,b) T (F, Tmax 9) L2(a,b) =- lim Wf, 9) 


ra 
= fll (a)g™l(a) — fl (a)g (a), 
which implies that the abstract Green identity is satisfied with the choice of To 
and Ty in (6.4.23). Thus, (6.4.23) defines a boundary triplet for (Tmin )* = Tmax- 


The forms of dom Ap, dom Tmin , the y-field, and the Weyl function are veri- 
fied in the same way as in the proof of Proposition 6.4.1. 


6.5 The case of two limit-point endpoints and 
interface conditions 


Assume that the endpoints a and b of the interval (a, b) are both singular and that 
the differential expression L is in the limit-point case at a and at b. In this section 
interface conditions at an interior point c € (a,b) are discussed and the maximal 
operator Tmax associated with L in L?(a,b) is identified as a natural extension of 
the coupling of the minimal operators on the subintervals (a,c) and (c, b). It turns 
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out, in particular, that Tmax is self-adjoint in L?(a,b) and hence Tmin = Tmax, S0 
that the defect numbers of Tmin are (0,0); cf. Corollary 6.2.2. 


Let c € (a,b) and consider the intervals (a,c) and (c,b) separately. The 
differential expression L will be restricted to the open intervals (a,c) and (c,b), so 
that the endpoint c is regular for L and the endpoints a and b are in the limit-point 
case. At the point c fix a fundamental system (wi(-, A); ue(-,A)) for the equation 
(L — A)y = 0 by the conditions 


ur(c, A) u2(c, A) ) € i 
= : 6.5.1 
(onisicd eaen = (0 1 oe 
In the following the functions f on (a,b) will often be written in the vector form 


i) , where f+ = flep) and f- = fla.) 


here the indices + and — stand for the restriction of a function on (a,b) to the 
subintervals (c, b) and (a,c), respectively. 
Let Ty,, be the maximal operator generated by L on (c, b) and define 


max 


T3 f+ = falc) and T f+ = (p+ f4), fe € dom Tiax- 


According to Proposition 6.4.1, {C,T}, T] } is a boundary triplet for T+, with 
Weyl function m4, so that on (c, b) 


qt A) = u(-, à) + m4 (A)u2(:, à) € IG, b), 
where u1 (+, A) and ug(-, A) are as in (6.5.1). Note that the operator Af with domain 
dom Aj = kerTf = {f+ € dom Tax : f-(c) = 0} 


is a self-adjoint extension of the minimal operator Tt 


ie an L? (c, b) defined on 
dom Trin = {f+ € dom Tax : £+(c) = (vf,)(c) = 0}. 


Likewise, let T7 


max 


Tof- = f-(c¢) and Ty f- =- (p-f-)(c), f- € dom Trax: 


Then {C, T5, T] } is a boundary triplet for Tax with Weyl function m_, so that 
on (a,c) 


be the maximal operator generated by L on (a,c) and define 


y-(, A) = uil, A) = m_—(A)ua(-, A) € L2(a, c), 


where again u;(-,A) and u2(-, A) are as in (6.5.1). Note that the operator Ag with 
domain 


dom Aj = kerr = { f- € dom Tpax : f-(c) = 0} 
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is a self-adjoint extension of the minimal operator Tzi in L?(a,c) defined on 


dom Tin = {f- € dom Tex : f-(¢) = (pf")() = 0}. 
The two maximal operators together give rise to the orthogonal coupling 


Trax © Ti, in L?(a,b) = L7(a,c) © L?(c,b). 


max max 


It is clear from Proposition 1.3.13 that Tax 6 Tt, 
thogonal coupling of the corresponding minimal operators T*,, 6 T7 


min min? 
Tt, © Tain is a restriction of Tt, ® Tax defined by the conditions 


f+) =0= f_(c) and (pz fh)(c) = 0 = -(p-f-)(c) 


on the functions f € dom (Tf ax 6 T5,,)- In particular, these conditions force 


a smooth connection at c. Note that Tiin & Tin is a densely defined closed 
symmetric operator with defect tumult (2,2) in L?(a,b) = L?(a,c) © L2(c,b), 
which is simple since both operators T, ‘min and Tiin are simple by Proposition 6.4.4. 
The orthogonal coupling Tt,, © Tij,, can also be identified with an operator 


associated with L when it is restricted to the domain 


{f € L2(a,b) : fip! € AC((a,b)\{c}), Lf € L2(a,b)}; 


in other words, for the elements in this domain both f and pf’ are allowed to have 
one-sided limits at c which need not be equal. Similarly, the orthogonal coupling 
ian & T-.. can be identified as a restriction of the self-adjoint operator Tmax in 


min 


rÈ 2(a, b) defined by the interface conditions 


f(c) = Pf) = 


The following result is a direct consequence of the orthogonal coupling of boundary 
triplets; see Section 4.6. 


is the adjoint of the or- 
and that 


Proposition 6.5.1. A boundary triplet {C?, Ti; ri} for T+, © Taay is given by 
z e (+o z e ( MAIC) ) 
Tof = & a) and Tif = Gees > (6.5.2) 


where f = Gea" € dom (Tt, © T, 


on ‘nax ): Lhe self-adjoint extension Ao corre- 


sponding to To is the orthogonal coupling of the operators At and Ay with domain 
dom Ay = { f = ($+) € dom (Tee © Tia) f0 =0= 4-0} 


and the ae coupling of the minimal operators T*.. @ T7, is the restric- 


min min 
tion of Tt, ® Tax defined on 


dom (Tin 6 Ta 


min min ) 


= g - ($+) € dom (Tise © Trax) = wine oop: 
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Moreover, for all A € pdo) = p( A} )Np( A7) the corresponding y-field Y and Weyl 
function M are given by 


Note that the self-adjoint operator Ag = At @ Ao is the orthogonal coupling 
of the self-adjoint realizations of L on (a,c) and (c,b) corresponding to Dirichlet 
boundary conditions at c. The resolvents of Aj and Aj admit an integral repre- 
sentation as in Proposition 6.4.3 which extends in a natural form to the orthogonal 
coupling Ao. Since the orthogonal coupling Tin & T7 ‘min Of the minimal operators 
is a densely defined closed simple symmetric operator with defect numbers (2, 2), 
the spectrum of Ao can be described with the help of the 2 x 2-matrix function 
M in Proposition 6.5.1 and the general results in Section 3.5 and Section 3.6; cf. 
the considerations below Proposition 6.4.4. 


Recall for completeness that all self-adjoint extensions Ao of the orthogonal 
coupling Thn 6 Trin in L?(a,b) = L?(a,c) @ L2(c, b) are in one-to-one correspon- 


dence to the self-adjoint relations © in C? via 


dom Ag = {f € dom (Tyrax = {Tos Dif} EO} 
= {rm i 8 Ta { (48) C 8} 


For À € p(Ae) N p(Ag) Krein’s formula in the present setting has the form 


L 


(Ae — A) = (Ao — A) + 7A) (0 - MA) TA). (6.5.3) 


In the same way as in Section 6.3 and Section 6.4, the spectral properties of the 
self-adjoint realizations Ae can be described in a convenient way with the help of 
transforms of the Weyl function M; cf. Section 3.8. 


Among all self-adjoint extensions of T & Tin there is one of particular 


importance, namely the extension corresponding to the self-adjoint relation 


B-m (Jre C) jeee} ess 


which was also considered in the abstract context in Section 4.6; cf. Proposi- 


tion 4.6.1. 
Corollary 6.5.2. Let {C?, To, T1} be the boundary triplet for T, tx @ Vinay as de- 
fined in (6.5.2) and let the self-adjoint ko x be as in (6.5.4). Then the cor- 


responding self-adjoint extension As of T. satisfies 


min Tam 


Ag = Tmax, (6.5.5) 
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and for A € C\R Krein’s formula in (6.5.3) reads 


= 1 2 1 1\~~ 
Tmax — À) t = (A Pe À P D 
(Tams -A = (= A = A 0 (656) 
Proof. By definition, the self-adjoint extension As of Tin & Tain iS determined 


by the boundary condition 
Poris} <6, f= ($E) € dom (Tia 6 Tam), 


which, by the definition of the boundary mappings in Proposition 6.5.1 and (6.5.4), 
leads to 


tlefem arn. BO=LEO 
domdg={s= ($+) ea Cet 8 er 
( 


Observe that this domain coincides with dom Tmax and (6.5.5) follows. Kreïn’s 
formula in (6.5.6) follows from (6.5.3) and 


ao oe al 1 E 
(0-M)) = m4 (A) +m- (à) (; i) 


cf. Proposition 4.6.1. 


Since Tmax is self-adjoint, it follows from Corollary 6.5.2 that the defect 
numbers of Tmin are (0,0). This fact can be seen as a completion of the statements 
in Corollary 6.2.2. 


The boundary triplet in (6.5.2) will now be transformed in order to inter- 
pret the self-adjoint extension Tmax in (6.5.5) in a convenient way. The following 
proposition is a variant of Proposition 4.6.4 in the present situation. 


Proposition 6.5.3. A boundary triplet {C?, To, T1} for Tt. © T3 


max max 


& ». (ee IS a a 
Pos =( "EO- £6 ) md T= (Qh a 


where f = (f4,f-)’ € dom (Tt ®© Tz,,,). Here the self-adjoint operator de- 


max 
A 


is given by 


fined on kerTo coincides with the maximal operator Tmax associated with L in 
L2(a,b). For all A € C\R the Weyl function corresponding to the boundary triplet 
{C?, To, Pi} is given by 


M(A) = (6.5.7) 
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Assume that \ € p(Ao) = p(Aq) N p(Ag ). Then the functions m} and m_ 
are defined and analytic at A. It is not difficult to check that A € op(Tmax ) if 
and only if m4(A) + m_(A) = 0; this also follows from Theorem 2.6.2, the special 
form of M in Proposition 6.5.1, and the choice of ©. Since the resolvents of Tnax 
and the orthogonal coupling Ao differ by a rank-one operator, it is also clear that 
a point A € p(At) N p(A7) is either an isolated eigenvalue of A, or belongs to 
P(Tmax )- Hence, the expression for the Weyl function M in (6.5.7) remains valid 
for all A € p(Aq)Np(Ap )Np(Tmax )- Note also that for A € C \ R the Weyl function 
M has the simple representation 


This representation remains valid for all A € p(Af) N p(AT) NO p(A), where Ay 
denotes the self-adjoint operator in L?(a,c) defined on ker Ty. 

As the orthogonal coupling ee &T ‘min 18 & Simple symmetric operator with 
defect numbers (2,2), the spectral properties of the self-adjoint extension Tmax 
can be described by means of the Weyl function M in Proposition 6.5.3 and the 
general results in Section 3.5 and Section 3.6. First of all, it is clear that the poles 
of M coincide with the isolated eigenvalues of Trax and hence it follows from the 
representation (6.5.7) that A € op(Zmax ) is an isolated eigenvalue if and only if 
m, and m_ are holomorphic at \ and m4(A) + m_(A) = 0, or both m+ and 
m_ have a pole at A. Note that M is holomorphic at A if mẹ has a pole and m4 
is holomorphic at A. For the description of the eigenvalues of Tmax embedded in 
the continuous spectrum recall from Corollary 3.5.6 (see also Theorem 3.6.1) that 
À € Op(Lmax ) if and only if Ray = lime jo ieM(A +ie)p £0 for some y € C? and 
that the linear map 


is bijective. The continuous, absolutely continuous, and singular continuous spec- 
tra are described as in Theorem 3.6.5 and Theorem 3.6.8. 


Proposition 6.5.4. For A € C\R the resolvent of the self-adjoint extension Tmax 
is an integral operator of the form 


b 
((Tmax — A) tg) (t) =l G(t, s, A)g(s)r(s)ds, g€ L?(a,b), (6.5.8) 
where the Green function G(t, s, A) is given by 


E A) + m4 (AJu2(t, A)) (u1 (s, A) — m_(A)ua(s,A)), a<s<t, 
mopa W als A) — m—(A)ua(t, A)) (u1 (s, A) + m+ (A)u2(s, àA)), t< s<b. 


m+ 
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In particular, if g € L?(a,b) has compact support, then 


— ? (5, \)g(s)r(s) ds 
(tag — r)~*g)(t) = (u(t, A) uz(t, A)) M(A) k (s, A)g(s)r(s) ) 


b t 
— u(t, xf ua(s, A)g(s)r(s) ds — ua(t, yf uils, A)g(s)r(s) ds, 


where the 2 x 2 matrix M(A) is given by (6.5.7). 
Proof. Observe that for g € L?(a,b) and À € C \ R the function f(-, A) given by 


— (m4 (A) + m_(X)) f(t.) 


= (u(t, A) + m4 (A)u2(t, A)) / (ui(s, A) — m_(A)ua(s, A))9(s)r(s) ds 


a 


b 
+ (ui(t, A) — m_(A)ua(t, d)) f (u1(s, A) + m4(A)ua(s, r))9(s)r(s) ds 


is well defined. Moreover, it satisfies (L — A) f = g and it has the following initial 
values at c: a = 


(9,9 (A) eee + (9+, A) ee 


final Om) 


and 


m4(A)(g—,7—(A)) £2(a,e) — M—(A)(94,74(A)) 22 (6,0) 
m A) +m_(A) i 


(FNA) = 


Recall that the function h = (Tmax — A)7!g is given by the Krein formula in 
(6.5.6). This leads to the following expressions for its components 


Ag(,A)\ _ (Ay = Ay" 9+ 
Garay a =A) ee g 
mM oy) G a) (Geto) 


1 t (A) [(94574(A)) 22(¢,b) + oo eet) 
m4(A)+m_(A) V-A gt A)r) + (9-1 Y-A)) 22(a,0)] J” 


To compute h(c, A) and (ph’)(c, A), it suffices to compute h4 (c, A) and (p4h! )(c, A) 
since h € dom Tmax is smooth at c. Let ky(-,A) = (Af — A)~1g4, then clearly 


ky(c,A)=0 and (pyk4)(c,A) = (g+, Y+(A))r2(c,b)> 
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using Proposition 2.3.2 (iv). Furthermore, observe that 


y+(c,A)=1 and (p474)(c, à) = m4(A). 


Hence, one sees that 


(g+, Y+ (A))r2(c,b) +g; y—(A)) 12 (a,e) 


h(c,) = ha (c, A) = m) + m_(A) 


and that 
(ph')(c, A) = (ph, )(c, A) 
ma (A) [(94,74-(A)) 12(¢,8) + (9—s¥-(A)) 22 (a,0)] 
i) ETO) 
| m_(A)(94574(A)) 22,8) — MAg- Y-A)) 22 (a,0) 
m (A) +m_(A) 


= (94; YLA) Lcd) 


Therefore, f(-, A) and h(-, A) satisfy the same differential equation and the same 
initial conditions. It follows that f(-,A) = (Tmax — \)~+g and this yields (6.5.8). 

Now assume that g € L?(a,b) has compact support. Then writing out all the 
products on the right-hand side of (Tmax — A)~'g is allowed, since each individual 
integral is well defined. This rewriting of the terms of the function f(-,A) gives 
eight terms, which after adding and substracting of the terms 


b 
m-au (ta) f u2(s, A)g(s)r(s) ds 


and 
t 


m_(A)ua(t, A) i) uils, A)g(s)r(s) ds 


a 


and regrouping leads to the desired result. 


Let f € L?(a,b) have compact support and define the two-dimensional 


Fourier transform A 
R Seut, WFE) ) 
fu) = . (6.5.9) 
5 (i ua(t, 4) f(E) at 


Consider the maximal operator Tmax as the smooth extension of Ta & Tae. 


and let E(A) be the corresponding spectral family. Then it follows from Proposi- 
tion 6.5.4 in the same way as in the proof of Lemma 6.4.6 that 


a 


(E(A)f, E f Flx)"ad(x) F(a), 


where X denotes the 2 x 2-matrix function in the integral representation of the 
Weyl function M in Proposition 6.5.3; cf. Theorem A.4.2. In the present context 
there is an analog of Theorem 6.4.7. 
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Theorem 6.5.5. Let X be the 2 x 2-matrix function in the integral representation 
of the Weyl function M in (6.5.7). Then the map f > T in (6.5.9) extends by 
continuity from compactly supported functions f € L?(a,b) to a unitary mapping 
F : L2(a,b) + L? (R), such that the self-adjoint operator Tmax in L?(a,b) is 
unitarily equivalent to multiplication by the independent variable in L?,(R). 


The Fourier transform in the theorem is vector-valued. The details of the 
proof follow the scalar case, but this line of thought will not be pursued in the 
text. 


Remark 6.5.6. The coupling technique in this section can also be applied in sit- 
uations when the endpoints a or b are regular or in the limit-circle case. For 
simplicity a possible choice of the boundary triplets and Weyl functions will be 
made explicit when L is regular at a and b, and Dirichlet boundary conditions 
are imposed there. Let c € (a,b), consider the intervals (a,c) and (c, b) separately, 
and use the fundamental system (w1(-, A); ua(-, A)) in (6.5.1). As in Corollary 6.3.2 
choose the operator (Thin )/ in LŽ, (c,b) defined on 


min 


dom (Tiin) = {f € dom Trax? f+ (e) = (+f, )(€) = +O) = 0} 
and the boundary triplet {C, TP}, r} } for the adjoint given by 


iH jie and T= (p4 fic), 4. € demi)", 


with corresponding Weyl function 


(6.5.10) 


Likewise, choose the operator (T.,,,, )/ in L?_ (a,c) defined on 


dom (Thin)! = {f € dom Tmax : f- (e) = (v-f*)(©) = f- (b) = OF 


and the boundary triplet {C, r5, IT] } for the adjoint given by 


Tof-=f-() and PT$- =- (p-f), f- € dom ((Tain) "s 


m_(A) = (6.5.11) 


The earlier considerations in this section remain valid with the Weyl functions m4 
and m_ in (6.5.10) and (6.5.11), respectively. 
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6.6 Exit space extensions 


In order to study boundary value problems where the spectral parameter appears 
in the boundary conditions one has to deal with self-adjoint extensions of a closed 
symmetric Sturm—Liouville operator in an exit space extending the original Hilbert 
space. In this section the exit space extensions will be investigated for a Sturm— 
Liouville expression L, which is regular at one endpoint and in the limit-point case 
at the other endpoint. Other situations may be studied in an analogous fashion. 


At this stage observe that the construction in Section 6.5 may also be in- 
terpreted in the following way. The operator Tt, in L?(c,b) has a self-adjoint 
extension Tmax in the Hilbert space L?(a,b) when L2(a, c) is considered as an exit 
space: L?(a,b) = L?(a,c) B L2(c, b). It follows from (6.5.6) in Corollary 6.5.2 that 


the compression of the resolvent of Tnax from L?(a,b) onto L?(c, b) is of the form 


P+ (Tinax — d)~ 104 = (AG — AYE = A) (m4) + m_()) 74.) 


where P+ denotes the orthogonal projection from L?(a,b) onto L2(c,b) and v4 
is the corresponding canonical embedding. It follows from Theorem 2.7.3 and 
Theorem 2.7.4 (see also Corollary 4.6.2) that the compressed resolvent of the self- 
adjoint operator Tmax in L?(a,b) gives rise to the Straus extensions of IA in 
L?(c,b) corresponding to the boundary conditions 


rfe =m- (ASS or (pth) = —m_() f+ (e). (6.6.1) 


Note that the family of Straus extensions is defined via the Weyl function m- (A) 
of the Sturm—Liouville operator on the interval (a,c); in particular, this family is 
described by the boundary conditions (6.6.1) in which the eigenvalue parameter 
appears. 


In the present treatment one stays close to the above context. More precisely, 
one assumes that the Sturm—Liouville operator is defined on an interval (c, 6) 
where the endpoint c is regular and the limit-point condition prevails at b. The 
maximal operator in $) = L?(c,b) is denoted by T$,x and the boundary triplet 
for the minimal operator Tt, is denoted by {C,T}, r} }, where rE f+ = f+(c) 
and TT f} = (p+ f!-)(c); cf. Proposition 6.4.1 and Section 6.4. The corresponding 
y-field and Weyl function are denoted by y+} and m4, respectively. Now let 7 be 
a scalar Nevanlinna function (which is not equal to a real constant). The interest 


is in boundary value problems of the form 


Tt f} = TOM G4 or, equivalently, (ps f.)(c) = —r7(A) f4 (c); (6.6.2) 


cf. (6.6.1). According to Theorem 4.2.4 (or Theorem 4.3.1), there exist a repro- 
ducing kernel Hilbert space H’ = §(N,) (or an L?-space 9’, respectively), a closed 
simple symmetric operator T’ in 9’, and a boundary triplet {C, r9, r41} for the 
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adjoint (T’)* with y-field 7/ and Weyl function 7. Observe that the closed sym- 
metric operator T’ is not necessarily densely defined and (7’)* may not be an 
operator. Hence, to denote boundary triplets for the orthogonal sum of the max- 
imal operators Tt, @(T’)* the graph notation will be used. In particular, in- 


stead of TẸ f} = f+(e) and T] f} = (PANO) the notation rf. = f(c) and 
Tt fe = (wf )(0) for fy = {f+ f4} € Titax is used. Thus, 


(0) (8) = -GE 
f Thk k Mk 


where i= ={fi, f) € Tt, and k = {k,k’} € (T’)*, defines a boundary triplet 
{C?, Do, D1} for (Th, 6T’)* = Tias  (T’)* and 


max 


Ao = At 6 Ay = ker To, 


where Af = kerr and Ap = ker To, is a self-adjoint extension of Tet in 


mın 


H P H’. It is clear that for À € p(Ao) = = p(At)n p(Ao) the y-field y and Weyl 
function M corresponding to the boundary triplet {C?, EAE 1} have the form 


W yoy) amd Mor= h r)i 


cf. Proposition 6.5.1. The self-adjoint extension A of Pii © T’ in the next propo- 
sition is of special interest since its compressed resolvent corresponds to the Nevan- 
linna function 7 via the Kren—Naimark formula. Proposition 6.6.1 is a special case 


of Theorem 2.7.4 and Corollary 4.6.2. 


Proposition 6.6.1. Let Tain and T” be the closed simple symmetric operators with 


boundary triplets {C,T}, Tf} and {C,T}, T} } as above. Then 


is a self-adjoint relation in HH’ and for all A€ C\R the resolvent of A has the 
form 


K -1_(4 =L 1 ~ 1 1 Zy \* 
(A= ayt = (ly) = OA 0 


The self-adjoint relation A satisfies the minimality condition 
HoH = span {, ran (A — Atg : AE C\R}, 
and for A€ C\R the compression of the resolvent (A —A)7} to H is given by 
P5(A — A) “Mey = (AF = A)T! — y (A) (mA) $7) HA)": (6-6.4) 


where Pa : 59H > H is the orthogonal projection from H 9 H' onto H and 
t5 + >H OSH! is the canonical embedding of H into H H’. 


6.6. Exit space extensions 423 


The next result describes a particular boundary triplet {C?, To Til for which 
the self-adjoint relation A in (6.6.3) coincides with the kernel of the boundary 
mapping Ilo; cf. Proposition 4.6.4. 


Proposition 6.6.2. Let Thn and T" be closed symmetric operators in the Hilbert 
spaces $ and $y with boundary triplets {C,T}, T] } and {C,T}, T} and corre- 
sponding Weyl functions m4 and T, respectively, as in the beginning of this section. 


Then {C?, ian ret; where 


(fe) (TATE) ona 8, fe) _ (Tots 
oE ea ea =e) 


with f} €T, Ko k € (T')*, is a boundary triplet for Tt. © (T')* such that the 
self-adjoint relation A in (6.6.3) corresponds to the boundary mapping To, that is, 
A = ker Po: 
The Weyl function corresponding to {C?, To, ry} is given by 
1 T(A) 
es ml A) +T(A) mi(A)+7(A 
M(A) = EATON TT , AEC\R (6.6.5) 
T(A) m(A)r(A) 
m(A)+7(A) — m4(A) +70) 


Next it is shown that the Weyl function M shows up in the integral represen- 
tation of the compressed resolvent R(A) = Ps(A—A)~!u5 of A. The next result 
and its proof are similar to Proposition 6.5.4 and its proof. 


Proposition 6.6.3. For A € C\R the compressed resolvent of the self-adjoint ex- 
tension A in (6.6.3) is an integral operator of the form 


b 
(RO)9+)(t) = f G(t, S, A)g+(s)r(s) ds, g+ & L?(c, b), (6.6.6) 
where the Green function G(t, s, A) is given by 


aa A) + m4(A)ua(t, A)) (u1 (5, A) — T(A)ua(s,A)), c<s<t, 
mo ro (lt, A) — T(A)ua(t, A) (ur (s, A) + m4+(A)u2(5s,à)), t<s <b. 


In particular, if g} € L?(c,b) has compact support, then 


f? uils, 


(R(A)g+)(t) = (u(t, A) u(t, A)) MA) ( 


b 
— u(t, xf u2(s,A)g+(s)r(s) ds — ua(t,A) | uils, A)g4(s)r(s) ds, 


where the 2 x 2 matrix M(A) is given by (6.6.5). 
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Proof. Observe that for g} € L?(c,b) and \ € C \ R the function f;(-, A) given by 
= (m4 (A) + T(A)) f(t, A) 
= (u(t, A) + m4 (A)Ju2(t, A)) I (ui(s, A) — T(A)ua(s, A)) g+ (5)r (5s) ds 


b 
+ (u(t, A) — T(A)ua(t, A)) f (u1(s, A) + m4 (A)Ju2(s, A))g4(s)r(s) ds 


is well defined. Moreover, it satisfies (L—A) f+ = g+ and it has the following initial 
values at c: 
T(A) (94, 74(A)) 22 (6,0) 

m4 (A) +70) 


(g+, Y+ (A)) r2 (cb) 


PON = EAA 


and (pf})(c, A) = 


Now consider the function hy = R(A)g4 = P(A — \)~ 11594, which is given by 
the Krein formula in (6.6.4). This leads to the equality 


may Er Na J+A): 


Since (L — A)(Af — A)~ Hs = g, and (L — A)y4+ (à) = 0, one has (L — A)h4 = gy. 
From 74 (c, A) = 1 and ((Af — A)~1g+)(c) = 0 one concludes that 


ha(-,d) = (Ag — )~*g4 - 


(g+, V+ (A))12(c,0) 
m4(A) + 7(A) 


Furthermore, since (py4 )(c, A) = m+ (A) and 
(p((Ao = d)~*94.)') (0) = T1(Ag = A) Ttg = V4 (A)*94 = (94,74 (A)) 22(¢, b)> 


it also follows that 


h4 (c, à) = 


m4 (A)(g+, V+ (A) )L2(c,b) 
m4(à) +7(A) 


(ph!,)(c, A) = (g+, 7+ (A)) 22(c,0) 


T(A)(g+, 74 (A)) 22(c,0) 
m4(A) + 7(A) 


Therefore, f;(-,A) and hy(-,A) = (R(A)g+)(-) satisfy the same differential equa- 
tion and the same initial conditions. Consequently, f+ = R(A)g+, which yields 
(6.6.6). 

Now assume that g € L?(c,b) has compact support. Then writing out all 
the products in the Green function is allowed, as each individual integral is well 
defined. This rewriting of the terms of the function f(-, A) gives eight terms, which 
after adding and substracting of the terms 


b 
rajata f uals, A)g(s)r(s) ds 
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and 
rajata | uils, A)g(s)r(s) ds 


and regrouping leads to the desired result. 


Returning to the boundary value problem (6.6.2) and taking into account 
Theorem 2.7.3 it is clear that for A € C \ Rand g4 € L2(c,b) the unique solution of 


(L-A) f+ =g, (p+ fide) = =T) f+ (6), (6.6.7) 


is given by R(A)g+ in Proposition 6.6.3. The last condition in (6.6.7) is an example 
of A-dependent boundary conditions. If T is the Weyl function corresponding to a 
Sturm-Liouville operator on (a,c) such that the endpoint a is in the limit-point 
case and c is regular, then the exit space extension A coincides with the maximal 
operator Sturm-Liouville on (a,b); this is the situation discussed in Section 6.5. 
For the special case where 7 is a linear or rational Nevanlinna function the model 
space and hence the corresponding exit space extension A can be constructed 
explicitly; cf. Example 4.3.3. 


6.7 Weyl functions and subordinate solutions 


Consider the Sturm—Liouville equation on the interval (a,b) and assume that the 
endpoint a is regular and that the endpoint b is in the limit-point case (when 
replacing derivatives by quasi-derivatives the following discussion extends in a 
natural fashion to the situation where a is in the limit-circle case). Let {C, ro, Ti} 
be the boundary triplet for Tmax in Proposition 6.4.1. The spectrum of the self- 
adjoint extension Ag with dom Ap = ker To will be studied by means of subordinate 
solutions of the equation (L — A)y = 0. 


Note that for each x > a one can define the Hilbert space L?(a,x) with the 
inner product 


Caen 1 Jerdi, f,g € Rew. 


For fixed f,g € L?(a,c), a < c < b, the function x 4 (f, g)z is absolutely contin- 
uous and E 

Ti 9) L2(a,2) = f(x)g(x)r(a) 
almost everywhere on (a,c). The norm corresponding to (-, -),2(a,2) will be denoted 
by ||- ||z2(a,2); it will play an important role in the estimates in this section. 


Definition 6.7.1. Let € € R. A solution v(-,€) of (L — €)y = 0 is said to be 
subordinate at b if 


lv(-, 6) llz2(a,2) -0 
>b |lu(-, €)||2(a,2) 
for every solution u(-,€) of (L — €)y = 0 which is not a scalar multiple of v(-, €). 
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The spectrum of Ap will be studied in terms of solutions of the differential 
equation (L — €)y = 0 which do not necessarily belong to L?(a, b). In fact, the in- 
terest will be in subordinate solutions which satisfy or do not satisfy the boundary 
condition f(a) = 0 which characterizes dom Ag. Observe that if a solution v(-,§) 
of (L — €)y = 0 belongs to L2(a,b), then it is subordinate at b since b is in the 
limit-point case and hence any other solution which is not a scalar multiple of 
v(-,€) does not belong to L?(a, b). 


Before the main result can be stated some preliminary considerations are 
necessary. Recall first the transformation of the boundary triplet in (6.4.7), where 
T E€ RU {ov}. This results in a boundary triplet {C, 19,17}, where 


T i T 1 t 

To _ Vari O E =e )(a), 
T= l a) 4 d (a 
ri =) = ) ! jean )( ); 


for f € dom Tmax, With corresponding y-field and Weyl function given by 


y7(A) = (A) Vr?+1 and iy AEC\R. (6.7.1) 


7 — M() T- MQ)’ 
It follows from Proposition 2.3.6 (iii) that 
M- (à) — M, (u)* : 
Me) Mey” _ (uy), AEC (6.7.2) 


A— fi 


The fundamental system (v1(-, A); v2(-,A)), A € C, in Lemma 6.4.5 given by 


v1(-,A) _ 1 ie co uil, A) 
va(sd)) © ATTU r) Nuta) 
satisfies the initial conditions 
( vı (a, A) v2(a, A) ) o 1 ( a 
(pvi)(a, à) (pv2)(a, A) +I Tj? 
In terms of this fundamental system the q-field y- (A) can then be expressed as 
rh, A) = v1, A) + M (A)v2(-, A); (6.7.3) 


cf. Lemma 6.4.5. Note that the formal solution 


1 
v2(-,A) = Fr ne) + Tu2(-,)) (6.7.4) 


satisfies the boundary condition (pf’)(a) = 7 f(a) for the functions in the domain 
ker (Tı — TTo) of the self-adjoint realization A+, 7 € RU {oo}. 
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Using the fundamental system (v1(-, A); v2(-,A)), define for any A € C and 
he L?(a,£),a < x£ < b, 


(H(A)A)(t) = vi (t, » | v2(s, A)R(s)r(s) ds 
— volt, » f vı(s, A)h(s)r(s)ds, tE (a,x), AEC. 


Then H(A) is a well-defined integral operator and one sees that for fixed \ € C 
the function f(t, A) = (H(A)h)(t) is absolutely continuous and satisfies 


(L—A)f=h, f(a) =0, (pf’)(a) =0. (6.7.5) 
In particular, H(A) maps L2(a, x) into itself. It follows directly that 


since the left-hand side and the right-hand side satisfy the same differential equa- 
tion and the same initial conditions at a; cf. (6.7.5). 


Lemma 6.7.2. Let a <a <b and let h € L2(a,x). Then 
H(A) AI 2(4,0) < 2llvr Cs AVIZ2(a,0y 2 AVIZ2¢a,0) WllZ2(a,2)- 


Proof. For h € L?(a,x) define the functions g;(-,), i = 1,2, by 


t 
gilt, A) =f vils, A)R(s)r(s) ds. 
The Cauchy—Schwarz inequality then gives 
lgi(t, NP < lle Alanhan i= 1,2. 
Hence, with f(t, A) = (H(A)h)(t), it follows from the definition of H(A) that 


|F(t, A)? < 2 (v1 (t, A)? lga(t, AY? + |v2(t, AP lg (t, A)I?) 
< 2( [v1 (t, A)? loa, MIZ2¢aay All Z2ca.t) 
+ |va(t, AYP lor, A lzan lelia) 


Integration of this inequality yields 
Ifs Allie (a,x) 


<2 f (ENP N rohan 


+ [v2(t, AJP llv AD lZ2(a.llAllzz(a.n) rE) at 


“fd 
= af (5 (Ilex AV FFgcalleals 29125000) WPlZ2¢a,2 dt, 
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since for 7 = 1,2, 


d a T 
Fl IB = f wlr) ds = [tt VrO. 


Therefore, 


zod 
If A) zca) S altace) f T (lle Alza gloz Alza) dt, 


which implies the assertion. 


Lemma 6.7.3. Let € € R be a fixed number. The function «++ e,(x, €) given by 
V2er(z, £)llvr C, Elizza) llv20 Eleza) = 1, a<z x< b, 

is well defined, continuous, nonincreasing, and satisfies 

lim ¢-(x,€) =0. 

x—b 
Proof. For any a < x < b the two functions 

z llur Ellas) and æ |lv2(, )llE2a,z) 

have positive values, so clearly €+(x,€) > 0 is well defined. Note that the map- 
ping z + |lur(-, Eleza) llv2(, E)||L2(a,z) is continuous and nondecreasing. The 


assumption that b is in the limit-point case implies that not both v,(-,€) and 
vo(-,€) belong to L2(a,b). Thus, the limit result follows. 


The function xz > €,(x,€) appears in the estimate in the following theorem. 


Theorem 6.7.4. Let M, be the Weyl function in (6.7.1) corresponding to the bound- 
ary triplet {C, T9, TI}. Assume that £ € R and let ¢,(x,€) be as in Lemma 6.7.3. 
Then fora < x < b 


1 Ilv2(-, €) || 22 (a,x) 
do ~ |lvi( €)l|z2(a,2) 


where do = 1 +2(v2 + V2+ v2). 
Proof. Assume that € € R and let £ > 0. Define the function w(-,&,¢) by 


|M; (E + ie (x, €))| < do, 


Yl, E, E) = v(a E) + M, (E + ie)va(, €). (6.7.7) 


Then for a < x < b, 


| Ilv2(-, €) Ilz2(a,2) | M,(& Eg ie)| ~~ Ilva (-, €) 22 (a,x) | < yC, E ©) ll z2(a,2) 
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or, equivalently, 


Ilvo(-, €) || 22 (a,x) |M, (£ ; ie)| ile WC Ss hzaae) 
lvi (a €) 22 (a,2) llva(-; €) Il z2(a,2) 


(6.7.8) 


The term on the right-hand side of (6.7.8) will now be estimated in a suitable way. 
In the definition (6.7.7) rewrite the right-hand side using the identity in (6.7.6) 
with A = € and u = € + ie. Together with (6.7.3) this shows the identity 


Yh éE) = Yh, £ + ie) ~~ teH(E)y-(-, 4 F ie), 


expressing the function 4(-,€,¢) directly in terms of the y-field. It follows from 
Lemma 6.7.2 that 


YC, E €) Il z2(a,0) 
< (14 V2 |o (, Olzz(a.2)llve(-, Elirza a) lyr E + 4) llz2(a.2): 

Therefore, the right-hand side of (6.7.8) is estimated by 
(1 T V2e lvi (C, €) 22 (a,2)llv2(-, €)llz2(a,2)) RAGI + 1€) || 22 (a,x) 

lvi (C, €)llz2(a,2) 
L 

= l vV2e lvi (C, €) 22 (a,2)llv2(-, Elaz) lva; Sll zca x) ly 
(lurt, ll z2¢a,0)lv2(-s llc2¢ae))? 


T (-,€ +4) ||r2(a,2)- 
lors OI E2 (a,x) 


Now observe that: ||yr(-,€ + #€)||n2(a,2) < lyr, € + i£)l|z2(a,b) and it follows from 
(6.7.2) that 


Im M,(€ + ie) — ij ake + ie)| 
E T E f 


ly-(, E + 4€)||z2(0,8) < y 


Thus, for any € > 0, 


Ilv2(-, Ell z2(a,2) M o I| 
[oC Ollzaceey |M; (£ + ie)| 


r 1+ V2ellvr t, 6)llz2(a,2)llve(-s €)ll22(a,2) (eles ME i)! 5 
(e llvi (s Q)llz2(a,c)llv2(-, €)llz2(a,2)) lor, Ell L2 (a,x) 


1 
2 


Now for € € R choose ¢ = €,(z, €) in this estimate. This choice minimizes the first 
factor on the right-hand side to 25/4, Hence, the nonnegative quantity 
KASIA 


e a,x) M. : ` 
Q ba inea. (E + ie (z, €))| 


satisfies the inequality i 

IQ - 1| < 2°/4Q2 
or, equivalently, Q?—2Q +1 < 4\/2Q. Therefore, 1/do < Q < do, which completes 
the proof. 
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The following result is now a direct consequence of Theorem 6.7.4. 


Theorem 6.7.5. Let M be the Weyl function corresponding to the boundary triplet 
{C, To, Pi} and let € € R. Then the following statements hold: 


(i) [ft €R, then the solution uy(-,€)+7u2(-,€) of (L—&)y = 0, (py’)(a) = ty(a) 
(which is unique up to scalar multiples) is subordinate if and only if 


lim M ie) =T. 
lim (€+%e) =7 


(ii) If rT = œ, then the solution uo(-,&) of (L—¿)y = 0, y(a) = 0 (which is unique 
up to scalar multiples) is subordinate if and only if 


lim |M (E + ie)| = 00. 
lim |M (E + i£)| = co 


Proof. Since x ++ €,(x,€) is continuous, nonincreasing, and with limit 0 as x > b, 
one has the identity 


lim M, (£ + ie) = lim M, (£ + ie- (x, €)). 
elO xa—>b 


(i) Assume that 7 € R. It suffices to show that |M, (E + t¢)| > oo for e | 0 if and 
only if the solution 


1 
v2, €) = ~= (Uil, E) + Tul, 
v8) = as (tn l.6) + rule) 

in (6.7.4) is subordinate. For this, assume first that |M,(€ + ie)| > oo. Then, by 
Theorem 6.7.4, 

Ilv2(-, €) ll 22(a,2) 

a 0. (6.7.9) 

z—>b lvi (C, €) Iln2(a,2) 


Hence, for any c1,c2 € R, cı Æ 0, one obtains from (6.7.9) that 


lim Ilv2(-, €) Ilz2(a,2) A 0, (6.7.10) 


ab llerur(-, g) + c2v2(-, €)||z2(a,2) 


and therefore the solution v2(-,€) is subordinate. Conversely, assume that v2(-, €) 
is subordinate, so that (6.7.10) holds for all c1,c2 € R, cı Æ 0. Then clearly (6.7.9) 
holds, and from Theorem 6.7.4 it follows that |M, (€ + ig)| — oo. 

It is a consequence of (6.7.1) that for £ | 0 one has 


|M, (+i) 00 & M(E+ie) >r. 


This establishes the assertion for 7 € R. 


(ii) The case T = oo can be treated in the same way as (i). 
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Let {C, To, r1} be the boundary triplet for Tmax in Proposition 6.4.1 and 
recall that Ao corresponds to the Dirichlet boundary condition 


f(a) =0. (6.7.11) 
Let M be the Weyl function of {C,T o, I1} with the integral representation 


MA)=a4 LS 4) dr(t), (6.7.12) 


where a € R and the measure 7 satisfies 


1 
> dr(t F 
Lea T(t) < co; 


cf. Theorem A.2.5. On the basis of Theorem 6.7.5 the following sets will be intro- 
duced. 


Definition 6.7.6. With the Sturm—Liouville equation (L — €)y = 0, € € R, the 
following subsets of R are associated: 


(i) M is the complement of the set of all € € R for which a subordinate solution 
exists that does not satisfy (6.7.11); 


(ii) Mac is the set of all € € R for which no subordinate solution exists; 


(iii) M;s is the set of all € € R for which a subordinate solution exists that satisfies 
(6.7.11); 


(iv) Msc is the set of all € € R for which a subordinate solution exists that satisfies 
(6.7.11) and does not belong to L?(a, b); 


(v) M, is the set of all € € R for which a (subordinate) solution exists that 
satisfies (6.7.11) and belongs to L?(a, b). 


It is a direct consequence of Definition 6.7.6 that 
R=MUM,UM;,, M= Mac U Ms, and Ms = Ms OU Mp 


hold, where U stands for the disjoint union. 

The following proposition is based on Corollary 3.1.8, where minimal sup- 
ports for the various parts of the measure 7 in the integral representation (6.7.12) 
of M are described in terms of the boundary behavior of the Nevanlinna func- 
tion M. 


Proposition 6.7.7. Let M be the Weyl function associated with the boundary triplet 
{C, To, T1} and let r be the corresponding measure in (6.7.12). Then the sets 


M, Mac, Ms, Msc, Mp, 
are minimal supports for the measures 
T, Tacs Ts; Tsc; Tp; 


respectively. 
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Proof. Step 1. It will be shown that the set Mac is a minimal support for the 
measure Tac. According to Theorem 6.7.5, Mac coincides with the set of all € € R 
for which both conditions 


lim M(€+ie)ER and lim|M(E + ie)| = 00 
el0 e40 
are not satisfied. Hence, € Mac if and only if 


lim M(E+ice)ER or lim|M(E+ie)| = o. 
elo e10 


Recall that the set M’ 


ac? 


defined by 


Mi. ={€ER:0< lim Im M(€ + ie) < oo}, (6.7.13) 
E 


is a minimal support for Tac; see Corollary 3.1.8. The following identity and inclu- 
sion are straightforward consequences of the definitions 


Mac \ Mac = {E € Mac + lim [M(E + ie)| = o0}, 
E 


Mac \ Mhe C {EER: lim M(E + ie) does not exist in C U {oo} }. 
€ 
Hence, it follows from Corollary 3.1.7 that 
m(M,. \ Mac) =0 and m(Mac \ Mie) =0, (6.7.14) 


where m denotes the Lebesgue measure. However, since Tac is absolutely continuous 
with respect to m, it also follows that Ta-(M), \ Mac) = 0. Therefore, Mac is a 
minimal support for Tac; cf. Lemma 3.1.1. 


Step 2. It will be shown that the set Ms is a minimal support for the measure Ts. 
According to Theorem 6.7.5, Ms admits the following description 


M,={€ER: lim |M (+ ie)| = co}. 
Observe that the set 
M,={€ER: lim Im M (€ + ie) = oo} 
is a minimal support for the measure Ts by Corollary 3.1.8. Note that M! C Ms 


and that 
m(M, \ ML) < m(M,) = 0, 


where the last identity follows from Corollary 3.1.7 Therefore, Ms is a minimal 
support for Ts by Lemma 3.1.1. 
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Step 3. Here the remaining assertions will be proved. Since M is a Nevanlinna 
function, the limit value lim. | o € Im M(€ + ie) exists, is finite, and is nonnegative; 
cf. (3.1.27) and (3.1.12). This allows to divide the minimal support Ms of Ts into 
two disjoint subsets, 


Msc = M; : li Im MW iE) = 0 
{ée ume mM (€ + ie) } 
and 
Mp = {E E M, : lim £ Im M (€ + ie) >0}. 
E€ 
By Corollary 3.1.8 the set 
M’. = M : li Im M 1c) = 0 
lo = {E € MG linn eln (€ + ie) } 


is a minimal support for Tse. Since ML, C Mg. and 
m(Mse \ Me) < m(Msc) < MMs) = 0 


by Corollary 3.1.7, also Msc is a minimal support for Tse- 
On the other hand, clearly Mp C M and hence 


Mp = {E E€ M: lim e Im M (£ + ie) > 0}, 
E€ 
which is a minimal support of 7, by Corollary 3.1.8. 


Finally, the assertion concerning the set M is a consequence of the other 
proved statements. 


The minimal supports in Proposition 6.7.7 are intimately connected with the 
spectrum of Ag. For the absolutely continuous spectrum one obtains the following 
result, where the notion of the absolutely continuous closure of a Borel set from 
Definition 3.2.4 is used. Similar statements (with an inclusion) can be formulated 
for the singular parts of the spectrum; cf. Section 3.6. 


Theorem 6.7.8. Let Ao be the self-adjoint realization of L corresponding to the 
Dirichlet boundary condition at the regular endpoint a and let Mac be as in Defi- 
nition 6.7.6. Then 

Tacl Ao) = cloSac (Mac). 


Proof. Since the minimal operator Tmin is simple by Proposition 6.4.4, one can 
apply Theorem 3.6.5 with A = R, which yields 


Tac( Ao) = closac {E ER: 0 < lim Im M(€ + ie) < 00} = cloSac (Mhe); 
E 
cf. (6.7.13). Since m(M}e \ Mac) = 0 and Mm(Mac \ Mhe) = 0 by (6.7.14), it follows 
from Lemma 3.2.5 that 
cloSac (Mhe) = closSac (Mie N Mac) = cloSac (Mac). 


This leads to the result. 
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6.8 Semibounded Sturm-—Liouville expressions 
in the regular case 


Let L be the Sturm-—Liouville differential expression in (6.1.1), 
1 
L= -|-DpD +q], D=d/dz, 
r 


and assume that the endpoints a and b are regular, that is, [a,b] is a compact 
interval and the coefficient functions are real and satisfy 


(6.8.1) 


p(x) £0, r(x) > 0, for almost all x € (a,b), 
1/p,q,7 € L! (a,b). 


Recall from Proposition 6.3.1 that {C?, To, T1}, where 


tof= (45) jnd E f € dom Thar, (6.8.2) 


is a boundary triplet for Tmax . In the present section it will be assumed, in addition 
to (6.8.1), that the sign condition 


p(x)>0 for almost all x € (a,b) (6.8.3) 


holds; cf. (6.1.26). This assumption will imply that the minimal operator and all 
self-adjoint realizations of L in L2(a,b) are semibounded from below. The main 
objective of this section is to provide a characterization of the closed semibounded 
forms and the corresponding semibounded self-adjoint realizations of L by using 
the abstract techniques developed in Section 5.6. 

In order to apply the results from Section 5.6 a boundary pair will be con- 
structed which is compatible with the boundary triplet in (6.8.2). As a first step, as- 
sociate with the coefficient functions which satisfy (6.8.1) and (6.8.3) the quadratic 
form defined by 


b m == 
teal = | (PANOA O) (684) 
for f,g € domt = D, where 
D = {f € L?(a,b) : f € AC(a,b), Ypf’ € L*(a,b)}. (6.8.5) 


It turns out that t is densely defined, closed, and semibounded. Hence, there exists 
a semibounded self-adjoint operator Sı which corresponds to t and it will be shown 
that Sı extends Tmin and that Sı and the Friedrichs extension Sp are transversal. 
The next step is to define the mapping 


._ (Fla) na 
Af = ee , feD=domt. (6.8.6) 
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In Lemma 6.8.4 it will be proved that {C?, A} is a well-defined boundary pair 
for Tmin On D corresponding to Sı that is compatible with the boundary triplet 
{C?, To, T1} in (6.8.2). In other words, the mapping A is an extension of To and 
the self-adjoint operator Sı corresponding to the form t on D coincides with the 
operator A; corresponding to l1. Therefore, Theorem 5.6.13 and Corollary 5.6.14 
can be applied, which leads to Theorem 6.8.5, the main result of this section. 


Observe that the definition of the linear space D in (6.8.5) does not involve 
the potential q in the differential expression L. Some properties concerning D are 
collected in the following lemma. 


Lemma 6.8.1. Let [a,b] be a compact interval and let the conditions (6.8.1) and 
(6.8.3) be satisfied. Then 


dom Tmax C {f € AC[a,b] : pf’ € AC{a,b]} CD C AC{a, b]. (6.8.7) 
In particular, D is dense in L2(a,b) and for f € D both limits 


f(a) = lim f(x) and f(b) = lim f(x) (6.8.8) 


wa 


exist. 


Proof. The first inclusion in (6.8.7) is clear; cf. (6.2.1) and the beginning of Sec- 
tion 6.3. To see the second inclusion in (6.8.7), let f € AC[a, b] and pf’ € AC{a, b]. 
In particular, f is bounded so that f € L?(a,b); and pf’ is bounded so that 
| /pf'| < C1/,\/p for some positive C. It follows that pf’ € L?(a,b) and thus 
fed. 

To see the third inclusion in (6.8.7), it suffices to show that f € D implies 
f! € L! (a,b). In fact, for f € D one has 


b b 1 
"(x)| dx = — a) f (x)| dx 
firi )I f zg Oro 


b 1 b 
<j Keyl p(x)|F"(2)|2 de < œ 


by the Cauchy—Schwarz inequality. 

It follows from (6.8.7) that D is a dense subspace of L?(a,b), since dom Timax 
is dense in L?(a,b); cf. Theorem 6.2.1. Furthermore, the limits in (6.8.8) exist for 
f €D since f € AC{a, b] by (6.8.7). 


To study the properties of the form t in (6.8.4) one uses the decomposition 
t= t +q, where the forms t and q are defined by 


b 
TAE | (VBP) b de, fg €D, (6.8.9) 
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and 


b 
alf,al = f de\f@g@de, fo €D, (6.8.10) 


respectively. It follows directly from (6.8.5) that the form t is well defined. To see 
that the form q is well defined, note that qfg € L! (a,b) since f,g € D C AC{a, b] 
are bounded. Hence, D is a natural domain of definition for the form t in (6.8.4) 
for any real potential q € L'(a,6). It will be shown that the form q is a small 
perturbation of the form rt; cf. Theorem 5.1.16. The properties of the unperturbed 
form t will be studied first. 


Associated with the function p is the first-order differential expression N 
on the interval (a,b) by Nf = \/pf’, which is meaningful for f € AC[a,b]. The 
differential expression N generates a linear operator R from L?(a,b) to L?(a,b) by 


Rf := Nf, dom R= 9: (6.8.11) 
It is clear that the form t in (6.8.9) and the operator R in (6.8.11) are connected by 
t[f, g] = (Rf, Rg)r2(a b); domt = 9, (6.8.12) 


so that the form t is closed if and only if R is closed as an operator from L2(a, b) 
to L?(a,b); cf. Lemma 5.1.21. 


Lemma 6.8.2. Let [a,b] be a compact interval and assume that the conditions 
(6.8.1) and (6.8.3) are satisfied. Then t in (6.8.9) is a densely defined closed non- 
negative form in L?(a,b). Moreover, for e > 0 there exists Ce > 0 such that 


f(a)? < Celf lica) +erlf], x € [a,b], (6.8.13) 
holds for all f € Ð. 


Proof. It is clear from (6.8.12) that the form t is nonnegative and densely defined; 
cf. Lemma 6.8.1. To show (6.8.13), observe that for f € D and x, y € [a,b] one has 


KORA (IF) + [F(@) — FI)? 
< 2AU(F(YI? + 1F( = fey) 
< (ine +| f" t) dt i (6.8.14) 


< 2( isu)? Ts OrORa f Sat), 


where the Cauchy—Schwarz inequality and integrability of 1 /p were used. Let £ > 0. 
Due to the absolute continuity of x + f7 1/(p(t)) dt on [a,b], there exist 5 > 0 
and cs > 0 such that for all x € [a,b] and J(x,6) = (x — ô, x + ô) N [a,b] one has 


1 
(J —— at) < E and i, r(y) dy > cs. (6.8.15) 
(a6) P(t) 2 J(a,5) 
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For x € [a,b] and the corresponding interval J(x,6) one observes from (6.8.14) 
that 


IF (2)| f an OA f eg OPO 


<2 f eg POPO (6.8.16) 


+2 f os (forora f zza) o 


The first term on the right-hand side can be estimated by IF llZ2(0 b»): For the 
second term on the right-hand side note that 


af a (forora f zza) 
<2(f m a) f A (fois oat Jroa 
< e( | “Le OR at ) | ag 


Use this with the estimate in (6.8.16), divide by Sis) r(y)dy, and use (6.8.15) 
to conclude (6.8.13) with Ce = 2c;' for x € [a,b]. 

To verify that the form t is closed, it suffices by (6.8.12) to prove that the 
operator R in (6.8.11) is closed; cf. Lemma 5.1.21. Let fh € dom R = D and assume 
that fa + f in L?(a,b) for some in f € L?(a,b) and that Rf, = pf), > g in 
L? (a,b) for some g € L? (a,b). It will be shown that f € D and g = Rf. In fact, 
the sequence f,,(a) converges by (6.8.13) to some a € C. Next define the function 
h on [a,b] by 


Since 1/p is integrable, the Cauchy—Schwarz inequality shows that 


—1)1/2 
llg/VPll(a.) < le Mea llgllz2(a.2): 


Thus, it follows that h is well defined and absolutely continuous on [a,b] and that 
ph’ = g almost everywhere on [a,b]. Furthermore, for a < x < b one obtains 


[ronf 


<|fa(a) -al+ f : gg VORO - g(t)|dt 


|fn(x) — h(x)| < | fala) — al + 
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(Cnota) (Sz) 


<|fn(a) — al + |R fn — gllz2(a,b) lp eae 70 


< | fn (a) a 


as n — oo. Thus, fh —> h uniformly on [a,b]. On the other hand, fn > f in 
L?(a,b). Therefore, f = h on [a,b] and 


v plz) f (z) = Vp(a)h'(x) = g(x), € [a,b]. 


Hence, one concludes f € D and Rf = g. 


For another appearance of the above lemma in a slightly more general setting, 
see Lemma 6.9.1. Now the main result about the perturbed form t will be given. 


Lemma 6.8.3. Let [a,b] be a compact interval and assume that the conditions 
(6.8.1) and (6.8.3) are satisfied. Then t in (6.8.4) is a densely defined closed semi- 
bounded form in L?(a,b) and the corresponding semibounded self-adjoint operator 
Sı is an extension of Tmin. Moreover, for e > 0 there exists Cs > 0 such that 


f(z)? < Celf lizan tet] x € [a,b], (6.8.17) 
holds for all f € D. 


Proof. Recall the decomposition t = t + q where t and q are defined in (6.8.9) 
and (6.8.10). According to Lemma 6.8.2, the form t is nonnegative and closed in 
L?(a,b). Moreover, the form q is a small perturbation of r. Indeed, f € D implies 
that f € AC[a, b], and hence 


b 
lall] = / qla) f(a)? dex 


< sw Ise ef la(2)| de. 


x€[a,b 


Therefore, with € > 0 and C; > 0 as in Lemma 6.8.2, one concludes that 
laLfll < Cellaliz: caw llf Ilta) + Elala tlf], 


and it follows that q is form-bounded with respect to t and the form bound is 
arbitrarily small. Now Theorem 5.1.16 implies that t = t + q is a semibounded 
closed form in L2 (a,b). Since Tmin is equal to ker To N ker T1, integration by parts 
shows that 


(Trin f, 9) L2(a,b) = tf, gl: f ‘= dom Tmin, g € D, 


and now the first representation theorem implies that Tmin C S1. In particular, 
Tmin is semibounded from below. 
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In order to show (6.8.17), decompose q as q = q+} — q- into its positive part 
q+ = max {q,0} and its negative part q- = max {—q,0}. Observe that for f € D 


b b 
qif] = f a(e)| f(a) de > — i a-(e)| f(a) |? dx (6.8.18) 
and also that 
b b 
f oea < sup IF f q-a) de. (6.8.19) 
a x€[a,b a 


By Lemma 6.8.2 one sees that for every 6 > 0 there exists Cs such that 


b 
f q-(2)|f (2)? dx < Csllg-llr ca llf lEz) + lla- ller (antl: 
Hence, it follows from (6.8.18), (6.8.19), and t = t + q that 


UA > (1 — ôllg-llz1(a,2)) elf] — Colla- llera vll Fleca b) 


If 6 > 0 is sufficiently small this means that there exist constants a, > 0 such 
that 


t[f] < at[f] + Bil flliZ2e.0)- 
A further application of Lemma 6.8.2 yields the desired result. 


Now the theory developed in Chapter 5 concerning boundary pairs will be 
applied to the semibounded minimal operator Tmin. Recall the definition of the 
mapping in (6.8.6). A preparation for the main result is Lemma 6.8.4 below, which 
is based on Lemma 5.6.5. 


Lemma 6.8.4. Let [a,b] be a compact interval, assume that the conditions (6.8.1) 
and (6.8.3) are satisfied, and let {C”, To, T1} be the boundary triplet in (6.8.2). 
Then {C?, A} in (6.8.6) is a boundary pair for Tmin corresponding to Sı which is 
compatible with the boundary triplet {C?°, To, T1}. Moreover, one has 


(Tmax F, 9)L2(a,b) = (Tif, Ag) +t gl, f € dom Timax, ge D. (6.8.20) 


Proof. Consider the form t in (6.8.4) defined on domt = D and let Sı be the 
corresponding semibounded self-adjoint operator in L2(a,b). By Lemma 6.8.1, 
dom Tmax C Ð and hence A in (6.8.6) is an extension of the boundary mapping 
To in (6.8.2). Integration by parts shows that 


b ——— 


(Tmax f, 9)12(a,b) =f (—(@F(@) + aa) F(a) 9(@) dx (6.8.21) 


= (pf')(a)g(@) — (pF) Œg (b) + UF, g] 
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for f € dom Tmax C D and g € D. This yields (6.8.20). It also follows from (6.8.21) 
that 


(Aif, 9)L2(a b) = tf, g] 
for f € dom A; = kerT; and g € 9, and the first representation theorem implies 


that A; = Sı. Let € > 0 and C; > 0 be as in Lemma 6.8.3. It follows from the 
estimate (6.8.17) that for p < m(S1) there exists Cp, > 0 such that 


Af lee = IF)? + IFO? < 2Cell fll za (aa) + 2etlf] S Coll fllt,, -p 


for all f € D. Therefore, A € BGs. pC); recall that the Hilbert space Hts, —p 
was defined above Lemma 5.1.3. Now Lemma 5.6.5 implies that {C?, A} is a bound- 
ary pair for Tmin and since A; = Sı one also sees that {C?,A} and {C?, To, r1} 
are compatible. 


Recall that by means of the boundary triplet in (6.8.2) all the self-adjoint 
extensions of Tmin are in a one-to-one correspondence to the self-adjoint relations 
© in C? via 

dom Ae = { f € dom Tmax : {Tof, Tif} € O}. (6.8.22) 
The next result, which is an immediate consequence of Theorem 5.6.13 and Corol- 
lary 5.6.14, makes use of the compatible boundary pair in Lemma 6.8.4 and pro- 


vides a characterization of all closed semibounded forms associated with the semi- 
bounded self-adjoint extensions Ao. 


Theorem 6.8.5. Let {C?, To, T1} be the boundary triplet in (6.8.2), let © be a self- 
adjoint relation in C?, and let Ao be the corresponding self-adjoint restriction 
of Tmax in (6.8.22). Then Ao is semibounded from below and the corresponding 
densely defined closed semibounded form te in L?(a,b) such that 


(Aof,g9)12(a,v) = telf,g], f €domAe, g € domte, 
is given as follows: 


(i) If O is a symmetric 2 x 2-matriz, then 


elid = td (0 (413}).(10})). domt =2. 


(ii) If © = Oop 8 Omu with respect to the decomposition C? = dom Oop ® mul O 
and dim dom Oop = 1, then 


tolf, g9] = t[f, g] + Oop (f(a)gla) + F(b)g(0) ), 


dom te = fa cD: ES) € dom Oop 
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(iii) If © = {0} x C?, then Ao = Ao coincides with the Friedrichs extension Sp 
and 


tolf, g] =tf,g], domte = {h € D: h(a) = h(b) = 0}. 


Theorem 6.8.5 has an immediate corollary for the form te, which is the analog 
of Lemma 6.8.3 for the form t. 


Corollary 6.8.6. Let [a,b] be a compact interval and let the conditions (6.8.1) and 
(6.8.3) be satisfied. Let © be a self-adjoint relation in C? and let the form te be as 
in Theorem 6.8.5. Then for £ > 0 there exists C. > 0 such that 


|F(x)I? < Cell flia) + etelf], LE [a, b], 
holds for all f € dom te. 


Proof. Let te be given as in Theorem 6.8.5 (i); the case in Theorem 6.8.5 (ii) is 
treated in the same way and for to in Theorem 6.8.5 (iii) the result is clear from 
Lemma 6.8.3. Let u(O) be the smallest eigenvalue of the symmetric 2 x 2 matrix 


© and define u € R by 
l 0, TORA 
H = 


la(©)|;,  a(©) <0. 


Then (OAf,Af)c2 > —u(|f(a)|? + |f(b)|?) for all f € D = domte and using 


Lemma 6.8.3 one concludes that for 0 < e’ < 1 there exists Cz, > 0 such that 


(OAS, Af )c2 = —Cellfllizian —etlf], FED. 


The inequality 


tolf] = t[f] + (OAF, Acs = (1—e')tLf] Cellia) 


shows that 
Ce 


1 
tf] < To allfllze cay + Toa tel/l, fed, 


and another application of Lemma 6.8.3 completes the proof. 


Finally, the Krein type extensions Sk,» from Definition 5.4.2 are provided for 
x < m(Sp). Recall from Proposition 6.3.1 that 


_ 1 —uy(b, x) 1 
Me) = as ( 1 eee)! 


Hence, it follows from Theorem 5.5.1 that 


dom Skz = f; € dom Tmax : M(2) ey = ( (pf")(a) )} 
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Note that the semibounded self-adjoint extensions of Tmin in L?(a,b) with lower 
bound x < m(Sp) are precisely those self-adjoint extensions Ao that satisfy the 
inequalities SK. < Ao < Sp. These extensions and the corresponding closed semi- 
bounded forms can now be described explicitly using the results in Section 5.6. In 
particular, if m(Sp) > 0, then the Krein—von Neumann extension Sx o is defined on 


tom Sio = {dam Tae 10) (FO) = (22010) 


and Corollary 5.6.18 provides a one-to-one correspondence between all closed non- 
negative forms corresponding to nonnegative self-adjoint extension Ao of Tmin and 
all closed nonnegative forms corresponding to nonnegative self-adjoint relations © 
in C?. 


6.9 Closed semibounded forms for 
Sturm—Liouville equations 


Let L be the Sturm—Liouville differential expression given by (6.1.1) on the interval 
(a,b). It will be assumed that the coefficient functions satisfy the conditions in 
(6.1.2) and, in addition, that 


p(x) > 0 for almost all x € (a,b). (6.9.1) 


In Section 6.8 it was assumed that L is regular at the endpoints, in which case the 
minimal operator Tmin is semibounded from below and the form in (6.8.4) and 
the mapping in (6.8.6) give a boundary pair compatible with the boundary triplet 
in (6.8.2). The interest is now in the construction of a corresponding form when 
L is not necessarily regular at the endpoints, which implies that (6.8.4) is not 
adequate anymore. The key to defining an appropriate form in the general case is 
the condition (6.9.1) together with the assumption that there are nonoscillatory 
solutions of the Sturm—Liouville equation (L—Apo)y = 0 for some Xo € R. It will be 
shown that these assumptions imply that Tmin is semibounded from below. The 
main result in this section is Theorem 6.9.6. In Section 6.10 the properties of the 
nonoscillatory solutions will be further investigated. 


The differential equation (L — A9)y = 0 with Ap € R is said to be nonoscilla- 
tory at an endpoint a or b, if it has a real solution u whose zeros do not accumulate 
at a or b, respectively. Otherwise, the equation (L — Ag)y = 0 is called oscillatory. 
If this is the case, then the zeros of any nontrivial real solution do not accumulate 
at that endpoint; cf. Lemma 6.1.8. Furthermore, Lemma 6.1.8 also implies that in 
this case the equation (L— Ag)y = 0 with Aj < Ao is nonoscillatory. If the equation 
(L — Xo)y = 0 is nonoscillatory at both endpoints, then there exist real solutions 
of this equation which do not vanish in neighborhoods of a and b, respectively. 
As a preparation for the general case there is first a closer look at the situation 
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where the equation (L — ào)y = 0 has a real solution which does not vanish on a 
subinterval. 


Assume that ¢ is a real solution of (L — Ao)y = 0 with Ao € R which does 
not vanish on the subinterval (a, 8) C (a,b). Use ¢ to introduce the first-order 
differential expression Ng 


Nef = P$ | (6.9.2) 


for all functions f € AC (a, 8). The differential expression Ny in (6.9.2) generates 
an operator Rọ from L?(a, 8) to L? (a, 8) defined on the linear subspace 


Do = {f € L?(a, p): f € AC(a, B), Nof € L?(a, )} 


by 
Rof = Nof, dom Ry = Dy: (6.9.3) 


In the special case q = 0, Ao = 0, and @ = 1, the corresponding differential 
expression in (6.9.2) reduces to Ng f = ,/pf’, which played an important role in 
the proof of Lemma 6.8.2. The next lemma is an analog of Lemma 6.8.2. The 
interval (a, 8) below is a possibly unbounded subinterval of (a,b) for which a = a 
or 8 = b is allowed. 


Lemma 6.9.1. Let ¢ be a real solution of (L — o)y = 0 with Ao € R, which does 
not vanish on a subinterval (a, B) C (a,b). Then the operator Ry from L?(a, B) to 
L?(a, B) defined in (6.9.3) is closed. The associated form tg in L?(a, B) defined by 


tolf; g] = (Ref, Reg) 12(0,8), fig E domty = dom Rọ = Dg, 
is nonnegative and closed. 


Proof. The proof will be given in three steps. Observe that the functions rọ? and 
pd” satisfy the integrability conditions 


1 
re € Lic (a, B), po? € Dive (a, B), (6.9.4) 


while rọ? and pọ? are positive almost everywhere on (a, 8). 


Step 1. First take q = 0, Ao = 0, and ¢ = 1, in which case Ngf = pf’. Then 
the associated operator Rg from L?(a,8) to L?(a,) is closed. To see this, let 
fn E De be such that fa > f in L?(a, 8) and Rg fn > g in L?(a, B). Then clearly 
for every compact subinterval [a’, 8’) C (a, 8) one has that fa > f in L2(a’, 8") 
and Rgfn > g in L?(a’, 8’). By Lemma 6.8.2, this implies that on [a’, 8’) one 
has f € AC{a’, 8") and g = ypf'. Since [a’, 8’) is arbitrary, one concludes that 
f € AC(a, 8) and g = ypf' € L*(a, 8). In other words, f € Dy and g = Ref. 


Step 2. Introduce the Hilbert space L? ye (a, 8) and the linear space D’ by 


r 


D'={fe L? 42 (a, B) : f € AC(a, B), /pof! € L?(a, B)}. 
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Note that 


and 


fEDs e Fem 


Step 3. The operator Rọ from L2(a, 8) to L?(a, B) is closed. Indeed, let fn € Dg 
be such that fn —> f in L?(a, 8) and Rg fn > g in L?(a, p). Then it is clear that 


Ín i E = 
$ D 5 ea in Lp(a, B), 


while also 
vpo (2) +g in L? (a,b). 


Then Step 1, applied with p replaced by pọ? and r replaced by rọ? (and taking 
into account the integrability conditions (6.9.4)) shows that 


f ED’ and ypo (5) = 4g. 

$ $ 

Thus, by Step 2 one obtains f € Dg and g = Ryf. Therefore, the operator Rg is 
closed, as claimed. As a consequence, the associated nonnegative form ty is closed; 
cf. Lemma 5.1.21. 


The differential expression Nọ appears naturally when one considers the fol- 
lowing form of the first Green identity for the differential expression L. 


Lemma 6.9.2. Let ¢ be a real solution of (L—Ao)y = 0 with ào € R, which does not 
vanish on a subinterval (a, 8) C (a,b). Assume that f,pf',g E€ AC(a, 8). Then 
for any compact subinterval [a’, B"| C (a, B) one has 

B —_ J Bp 

[ENO = wyo (2) o) 


B B — 
+f NAON | Fle): 


a’ 


(6.9.5) 


Proof. Since f,pf’ € AC(a,), it follows from the definition of the Wronskian 
that 


(L = M0) f) (E)r (2) = Wolf. 9): 
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cf. (6.1.9). Multiply this identity by g()/¢(a); then integration by parts gives for 
any compact subinterval [a’, 8'] C (a, 8) that 


p n 
f (E-W re) ae 


= [ratte Sa 


2 B p 
g d_( g(x) 
-mea (2) wo) -S weoi (2})ae 
soo- S, welt oae (Sa 
Now observe that the Wronskian W,(f,@) can be written in terms of the differ- 
ential expressions Ny f in (6.9.2) as 


Welf, 0) = -p0 (4) = -BoNo f), 


and so 


-f weoi (2) a= [enero ar 


Hence, the result in (6.9.5) follows. 


In the first Green formula (6.9.5) there is an interplay between the out- 
integrated parts and the integrals involving the differential expression Nọ. In fact, 
assume, in addition, that f, Lf € L?(a,8) and g = f in (6.9.5), then the limits 

’ f ) : ; (5) 
lim Wz(f, =] (x) or lim W,(f, = | (x), 6.9.6 
tim wo (4) (@) or mma o 6 
exist in C if and only if Ng f € L? (a,c) or Ng f € L?(c, 8), respectively, since the 
corresponding limit on the left-hand side and the limit of the third term on the 
right-hand side in (6.9.5) exist. 


Note that the integral terms on the right-hand side of (6.9.5) make sense for 
f.g € AC(a, 8). In the next lemma these terms are rewritten using the form in 
(6.8.4). 


Lemma 6.9.3. Let @ be a real solution of (L — ào)y = 0 with Ao € R, which does 
not vanish on a subinterval (a, 6) C (a,b). Assume that f,g E€ AC (a, B). Then for 
any compact subinterval [a’, B"| C (a, 8) one has 


B’ B’ 
| (No f)() (Nga ye) de + Ao I f(a)g(@)r (a) dz 


j , 


BY a p= Saar ——= 
= 1 ((Vpf’)(2)(\/p9')(x) + glx) f (x) g(a) )dx (6.9.7) 


z (p9")(6") 1 7 (p9")(a"’) aiala 
ENED sgg + POM parler 
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Proof. Let f,g € AC(a, 8). Then 


p o o! 2 
NofNog = pra- U0” -fap ( =) | (6.9.8) 


Observe that 


- F aroe ae = foe (72) Oa 


' p(z) ' $ 
_ (P¢')(B) 1 7 (po') (a) a Valo! 
PEND sang + PMD agla, 


and that 


po \' (AN oy š 
eJ Pig] Z g TU or 


Now integration of (6.9.8) leads to the desired result. 


After this excursion to the case of a nonvanishing solution of the equation 
(L— ào)y = 0 on an arbitrary open subinterval (a, 8) C (a,b), one returns to the 
general situation. Let L be the Sturm-Liouville expression (6.1.1) on the interval 
(a,b) and let the coefficient functions satisfy the conditions (6.1.2) and (6.9.1). 
Assume that there exist A4 € R and Ab € R for which the equations (L — \g)y = 0 
and (L — àb)y = 0 are nonoscillatory at a and b, respectively. Then Lemma 6.1.8 
implies that for Ao < min {A3, Ab} the equation (L — Ao)y = 0 is nonoscillatory at 
a and b. Thus, this equation has real solutions ¢, and ¢» which do not vanish on 
(a, ao) and on (bo, b), respectively. Denote the corresponding first-order differential 
expressions by Nọ, and Ng,; cf. (6.9.2). To define a form associated with the 
differential expression L by means of Ny, and Ng,, let [c,d] C (a,b) be a compact 
interval such that 

a<c<ag<b<d<b. (6.9.9) 


Define the linear subspace D C L?(a,b) by 
D = {f €L2(a,b): f € AC(a,b), Ypf € L? (c,d), 


i : (6.9.10) 
Nga f EL (a,c), No, f EL (d, b)}, 
and define the form t by 
c b 
df.) = f (No, f)(ce)(Np..0)(e) dë + | (No, E)N aye) ae 
c b 
F / f(a)g(@)r() dr + Ao | fla)g(eyr(a) de 
‘i d (6.9.11) 


d 
-f ((VPFNE)(Vpg) (2) + a(x) f(x) g(a) ) dx 


(PENG) pe a AOE) op Ane 
Tr dale) 1692) = y(d) f(d)g(d), 
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where f,g € D. Observe that here 


(PON) ce ang (POA) 
a a 


The basic properties of t and its domain ® in (6.9.10) and (6.9.11) will be shown 
in the following lemma. It is clear that t and D depend on the choice of the 
nonoscillatory solutions ¢, and @». However, they do not depend on the particular 
choice of the points c and d in (6.9.9). 


(6.9.12) 


Lemma 6.9.4. Assume that ġa and œ, are real nonoscillatory solutions of the equa- 
tion (L—Ao)y = 0 which do not vanish on (a, ao) and on (bo, b), respectively. Then 
the form t and its domain D in (6.9.10) and (6.9.11) do not depend on the par- 
ticular choice of the points c < d in (6.9.9). Moreover, the form t is closed and 
bounded from below in L?(a, b). 


Proof. Step 1. First one shows that t and Ð do not depend on the particular choice 
of the points c < d in (a,b). Here only the case where the point d is replaced by 
some point d’ with bọ < d’ < b is considered. For the sake of definiteness assume 
that d < d’ < b. 

To see that in the definition (6.9.10) of D the point d may be replaced by 
the point d’ observe that for f € AC (a,b) one has on (d, b): 


1 
Not = vb (2) = var- = (1) (6.9.13) 
' bb VP ob 

Consider the compact interval K = [d, d'] and recall that the nonoscillatory solu- 
tion ¢» does not vanish on K. Then the last term on the right-hand side of (6.9.13) 
belongs to L?(K) because 1/,/p € L*(K), while the remaining factor is bounded 
because f € AC(a,b), pd}, € AC(a,b), and p E€ AC(a,b). Hence, Ny, f € L?(K) 
if and only if \/pf’ € L?(K). From this observation it follows directly that D does 

not depend on the particular choice of the point d. 
Next consider the right-hand side of (6.9.11) with the point d, subtract from 
it the right-hand side of (6.9.11) with d replaced by the point d’, and observe that 


d’ d' PS 
S MaDe) de | Heerle) de 
d d 
a 
he (PTE + ONENE 
which follows from (6.9.7) in Lemma 6.9.3 with the nonvanishing solution ¢, on 


the interval [d, d']. This shows that t in (6.9.11) does not depend on the choice of 
the point d € (bo, b). 
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Step 2. Next as a preparation for the rest of the proof one defines forms on each 
of the disjoint intervals (a,c), (c,d), and (d,b). The properties of these forms are 


given in Theorem 6.8.5 and Lemma 6.9.1. In the next steps it will be shown how 
the information about each of the separate intervals can be pieced together for the 
form t. For the interval (a,c) define the form t(q,-) by 


toothal= [NaN Ne) de +ro f FOTE) de, 
on the domain 
Die) = {f € L(a,0): f € AC(a,0), Nga f € L%(a,0)}, 
and, likewise, for the interval (d, b) define the form ta») by 


b b 
wokal f (Na, f)(22)(No,9) (2) de + Yo i f(x)g@)r(«) de, 
on the domain 
Dias) = {f € L2(d,b) : f € AC(d, b), Ny, f € 1(d,d)}. 


The forms t(a,-) and t.,q) are clearly bounded from below: 


eal / If(@)Pr(e)de, fE Dia, 
and ‘ 
walie f fæ)? r(x) de, f € Das). 


It is a consequence of Lemma 6.9.1 that the forms tac) and tab) are closed. For 
the interval (c,d) define the form t(.,a) by 


d 
tarde / ((Vet")(a0) Joa" Ve) + ale) f(ae)g(@) ) de 


WOE) gm 
+ gate) 1699) —~—— f(d)g(d), 


on the domain 


Dea) = {f € L?(c,d) : f € AC(c,d), Ypf’ € L*(c,d)}. 


It is a consequence of (6.9.12) and Theorem 6.8.5 with 


ZAG 0 
= Gale) f 
0 = (poy ) (d) 7 


$v (d) 
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that in L?(c,d) the form tea) is closed and bounded from below: 
2 
toalf Cea | U@Pra@)de, FE Dea) 


Step 3. It will be shown that the form t is bounded from below in L?(a,6). Let 
f €D. Then the restrictions of f to the intervals (a,c), (c,d), and (d,b) belong to 
D(a,c); D(c,a), and Dian), respectively, and 


t{f] = trae) Lf] + telf] + tay lf]. 


This decomposition shows that 


Lf] > ro ( f p f ) IP(a)[? r(x) dz + Cica | “(Flo rte) de 


Hence, it follows that 


b 
tf] > vf |f(a)/? r(x)dz, M = min {A0, Cea) }, 


for all f € D. Thus, the form t is bounded from below in L2(a, b). 


Step 4. It will be shown that the form t is closed in L2 (a,b). For this, let fn € D 
be a sequence such that fa —> f in L?(a,b) and t[fn — fm] + 0. One needs to 
establish that f € D = domt and t[fn — f] — 0. It is clear from the assumption 
that the restrictions to the intervals (a,c), (c,d), and (d, b) satisfy 


Ín Ei f in Ta, c) and t(a,c) [fn z fm] eg 0, 
fn > f in Li(e,d) and teal[fn— fm] > 0, 
fa> f in Le(d,b) and tapy[fn— fm] > 9, 
respectively. It follows from Lemma 6.9.1 for the intervals (a,c) and (d,b), and 
from Theorem 6.8.5 for the interval (c, d), that 
f € AC(a,c), Nga f € L?(a, 0), Nga fn > Nga f, 
f E€ AC(c,d), VpfeL(cd), tiealfn— f] — 0, 
f € AC(d, b), No, f € L’ (d, b), Nos fn > Nos f, 
respectively. It remains to show that f € AC (a,b). 
Recall from Step 1 that the definition of t is independent of the choice of 
interval (c,d). By enlarging (c,d) to (c',d’) with c' < c and d < d’ one concludes 
that also f € AC(c',d'). Hence, there is absolute continuity across the points c 


and d. Thus, f € AC (a,b) and consequently f € domt while t[f,, — f] > 0. One 
concludes that the form t is closed in L?(a, b). 
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The Green formula in the following lemma will give the connection between 
the differential expression L and the form t defined in (6.9.10) and (6.9.11). 
Lemma 6.9.5. Assume that dq and ¢y are real nonoscillatory solutions of the equa- 
tion (L — Ao)y = 0 which do not vanish on (a,ao) and on (bo, 0), respectively. Let 
[c,d] be as in (6.9.9) and assume that f,pf’,g E€ AC(a,b). Then for any choice of 
a’ and b witha <a’ <c andd< b <b one has 


i 
J. ENEE) 


=W o (2) O- we (2) (a) 


b! 


$ [ "(Nga f)(a)(No.9) (a) de + ye? (Nox f)(2)(No,g) (a) dx 


+a | SOG) irae tro f f(z (x) dx 


+f ((Vef")(2)(/p9')(2) + a(x) F(@)g(@) dz 


je BPMN) gp a - (POLE) gi nm 
dale) a 22914). 


Proof. Split the integral on the left-hand side of (6.9.14) into three integrals over 
the subintervals (a’,c), [c,d], and (d,b’), and evaluate each integral by partial 
integration. Recall that the integral over the compact interval [c, d] gives the usual 
formula 


(6.9.14) 


d 


d 
J ENOTE ae = -oN 


d P 
+ [ VBV) + 10) dz: 
As suggested by Lemma 6.9.2, the integral over the interval (a’,c) can be written 
[enceateir(a) ae = wett.00) (4) co] 
+ [eNO Ne) de + dof OEE) ae 


a’ 


Led 


and the integral over the interval (d, b’) can be written as 


[ene aa} (a) de = Wel f, wiol ) 
a 


b' ey ———— 
i n (No, F(E) Na IIE) + Ao | f(a)g@)r(a) de. 


b 
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Combining the out-integrated parts one obtains 


Watson) (2) co) -o ai vn (2) @} 


+W, 
=Wethen (2) = Wa (fs da) (Zi) @ 
j, 


q Palo) (old) p ROTC 
Gale) hold) 


which yields the identity (6.9.14). 


T 
B 


=A fee) = 


A combination of Lemma 6.9.4 and Lemma 6.9.5 leads to the following the- 
orem, which describes the interplay between Tmax and the form t. 


Theorem 6.9.6. Assume the conditions in (6.1.2) and (6.9.1). Let da and oy be real 
nonoscillatory solutions of (L — oly = 0 for some `o E€ R which do not vanish 
on (a,ao) and on (bo,b), respectively, and let [c,d] be as in (6.9.9). Let t and 
D = dom t be defined as in (6.9.10) and (6.9.11), so that t is a closed semibounded 
form. Assume that f € dom Tax ND and gE D. Then 


(Tans f Dizen = o+ im, Welt (2) 0) 
(6.9.15) 


= im War Hide) (Z) 0 


where each of the limits exists in C. Furthermore, the form t is densely defined 
and Tmin C S1, where Sı is the semibounded self-adjoint operator corresponding 
to t and, in fact, 


(Taimi, 9) L2(a,b) = tf, gl, f € dom Tmin C D, ge D. (6.9.16) 


In particular, Tmin is bounded from below and the form ts, corresponding to the 
Friedrichs extension Sp of Tmin satisfies 


ie, Ct (6.9.17) 
Proof. The assumptions f € dom Tmax N D and g € D show that in (6.9.14) the 


term on the left-hand side and the integrals on the right-hand side which involve 
a’ and 0’ have limits when a’ — a or b’ > b. Therefore, the limits of 


Wed (2) (al) and writen) (2) 0%) 


exist when a’ > a or b’ — b. The definitions in (6.9.10) and (6.9.11) then lead to 
the identity (6.9.15). 
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To show that dom Tinin C D and (6.9.16) holds, take first f € dom Tmin with 
compact support. In other words, f € dom Th, where To denotes the preminimal 
operator. Then f,pf’ € AC(a,b) and hence ,/pf’ € L?(c, d) is clear. It is claimed 
that Ny, f € L?” (a,c) and Ng, f € L?(d,b). Only the last inclusion will be shown. 
Consider the identity 


7 i ae eee i 
No, f = VPO (ż) "ede ps Por a ; 


and note that the functions f, pf’ € AC (a,b) have compact support, d, € AC (a,b) 
does not vanish on [d,b), and pø, € AC (a,b). Hence, pf’ — po; (f/¢,) vanishes 
in a neighborhood of b and is bounded on [d,b). Since 1/p € Li. (a,b) by the 
assumption (6.1.2) it follows that Ng, f € L?(d, b). Therefore, 


dom To CD 


and, in particular, t is densely defined; cf. Theorem 6.2.1. For f € dom Tọ and 
g € Ð the identity 
(Tof, 9) 12 (av) = tf, 9] (6.9.18) 


follows immediately from (6.9.15). By Lemma 6.9.4, the form t is closed and 
bounded from below. Hence, by the first representation theorem, there exists a 
self-adjoint operator Sı in L?(a,b) which is bounded from below such that 


(Sif, 9) L2(a,b) = tf, g] 


holds for all f € domT C Ð and g € D. It follows from (6.9.18) and Theo- 
rem 5.1.18 that Ty C Sı, and hence also To = Tmin C S1. In particular, Timin is 
bounded from below, one has dom Tmin C ®, and (6.9.16) holds. 

In order to verify (6.9.17) consider the form to[f, g] = (Tof, g9)L2(a,») defined 
on dom Tọ. Then one has tọ C t by (6.9.16). Since t is closed, the closure of to, 
which coincides with the form tg, corresponding to the Friedrichs extension Sp in 
Definition 5.3.2, is contained in t. This leads to (6.9.17). 


Note that the existence of nonoscillatory solutions implies the semibounded- 
ness of Tmin - The following result will lead to a converse statement. 


Lemma 6.9.7. Assume the conditions in (6.1.2) and (6.9.1) and assume that Tmin 
is bounded from below. Let u be a real solution of the equation (ZL — Ao)y = 0 with 
Ao E R and assume that u has at least two zeros in (a,b). Then Ao > m(Tmin )- 
Consequently, for Xo < m(Tmin ) any real solution of (L — ào)y = 0 has at most 
one zero on (a,b). 


Proof. Let Ao € R and assume that u is a real solution of the equation (Z—A)y = 0 
which has two zeros a < 8. Denote the maximal and minimal Sturm—Liouville 
operator in L?(a,8) by Tmax (a, 8) and Tmin (a, 8). Likewise, the preminimal 
operator in L?(a, 8) is denoted by Tp(a, 8). Denote the Friedrichs extension of 
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Tmin (a, 8) by Sp(a, 8). By Theorem 6.8.5 (iii), it is clear that the restriction 
of u to |a, 8] is an eigenelement of Sp(a, 8) with eigenvalue Ao, and therefore 
Ao > m(Spr(a, 8)). Now recall from Lemma 5.3.1 and Definition 5.3.2 that 


m(Sr (a, B)) = m(Tmin (a, 8)) = m(To(a, 8), 


and obviously 


m(To(a, 8)) > m(To) = m(Tmin )- 


Therefore, Ao > M(Tmin )- 


Theorem 6.9.8. Assume the conditions in (6.1.2) and (6.9.1). Then the operator 
Tmin 18 bounded from below if and only if there exist Aa E R and Ay E R such that 
(L— a)y = 0 and (L — `p)y = 0 are nonoscillatory at a and b, respectively. 


Proof. By Theorem 6.9.6, the existence of nonoscillatory solutions of (L— Ao)y = 0 
for some Ag € R implies that Tyin is bounded from below. Conversely, if Tinin is 
bounded from below, then according to Lemma 6.9.7 the equation (L — Ao)y = 0 
is nonoscillatory at both endpoints for any Ag < m(Tmin )- 


Remark 6.9.9. If one of the endpoints is regular, then the appearance of the form 
t in (6.9.10) and (6.9.11) becomes somewhat simpler. Assume for instance that the 
endpoint a is regular and that œ is a real nonoscillatory solution of (L —9)y = 0 
that does not vanish on an open interval (bo, b). Let bo < d < b and define the 
linear space D by 


D= {f € L?(a,b): f € AC(a,b), Ypf’ € L’(a,d), No, f € L?(d,b)}, (6.9.19) 


and the form t by 


b b 
id= f (Na PE) (Nona) de + Ao f f(x)gla)r(a) de 


d 
+f ((VPEN (2) (Vog (x) + a(x) f(x) g(a) ) dx (6.9.20) 


_ PHD pray 7 
me NO, 


where f,g € D. The form t and its domain DÐ in (6.9.19) and (6.9.20) do not 
depend on the particular choice of the point d in (bo, b). For the corresponding 
Green formula, assume that f,pf’,g € AC(a,b) and that f, Lf € L?(a,b). Then 
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for any choice of b’ with a < d < b’ < b one has 
v E 
J CNAE) 
= Wi (fon) (2) 0) + oN 
v ———— ‘ a 
+f (Nos f)()(No,g) (x) dx + ro f f(x) g(x)r(a) dx 
d d 


d 
+ | (ver evra Ve) + ale) s@)9l@)) de 


(Pld) 0 TH 
— ——— F(a) g(d). 
Let t and D be as in (6.9.19) and (6.9.20), and assume that f € dom Tmax N D 
and g € D. Then the formula (6.9.15) becomes 


(Tans f9) = Af] + PINOT + fim, Wea (2), (6920 


where the limit exists in C. 


6.10 Principal and nonprincipal solutions of 
Sturm—Liouville equations 


This section contains a further treatment of the nonoscillatory solutions of a 
Sturm-—Liouville equation. The forms in Section 6.9 were defined by means of so- 
lutions of (L — Ag)y = 0 which are nonoscillatory near an endpoint. The nonoscil- 
latory solutions ¢@ will now be further classified as nonprincipal and principal, 
depending on the square-integrability of (p¢?)~! near an endpoint. The main re- 
sult in this section is Theorem 6.10.9 which concerns the square-integrability of 
Nof near an endpoint when f is absolutely continuous, and it will be obtained by 
means of Lemma 6.10.1 and Theorem 6.10.4 below. In the following Section 6.11 
and Section 6.12 there is a detailed treatment of the cases where the endpoint a 
and the endpoint b are either in the limit-circle case or in the limit-point case, 
respectively, and where the corresponding form in (6.9.10) and (6.9.11) will be 
defined in terms of nonprincipal and principal solutions. 


The following auxiliary results concern a measurable function P : (a,b) > R 
which satisfies 


1/P € Lj,.(a,b) and P(x) >0 for almost all x € (a,b). (6.10.1) 


They are stated with respect to the endpoint a of the interval (a,b); the corre- 
sponding results for the other endpoint are clear. 
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Lemma 6.10.1. Let the function P satisfy (6.10.1) and leta < a < b. Assume that 
y€AC(a,a) and VPy' € L?(a,a). 


Then the following statements hold: 
(i) One has 


(ii) Assume that [° a dt < co. Then limpa p(x) exists in C and one has 


P(t) 
a t 2 
lim y(x) =0 => lel dt < oo. 
Ta a POS, PG) ds 
Moreover, 
2 ap )2 
lim y(r) =0 = lim ue) =0 & lim aia 
r>a r>a l% Pip tt La S; HOR 


Proof. In the following proof it will be assumed without loss of generality that the 
function ¢ is real. 


(i) As abbreviation use the notation H(t) = ff PO ds, a < t < a. Then the 


identities 


1.2 2 1 2 
p ,,1 9 no, PY 1g 

PH( | = = 22h) =P = 
(5) ) (v +57) Oe a) TPR 


and 


yield 


pu((4)) =Po F (6.10.2) 


In particular, one sees that 
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Integrate this last inequality over [x,a] with a < x <a’ <a. Then 


1 


i oon 1f% vt)? — y? _ 1ga)? 
1 P(t) (t) dt > il P(t) H(t)? dt + A(x ) 2 H(a’) 
1 a’ y(t)? pla Y 
2 if OTOL He ae 


Since V Py’ is square-integrable, taking the limit x — a shows the integrability 
result in (i). Hence, both terms on the right-hand side of the estimate 


Y ry 2 1 e 2 1 p? 
PH| | —— a =—_} <2P(y’)?+= 
((z) ) G EH) SON T 2PH? 
are integrable on (a,a’). Therefore, in view of (6.10.2), one sees that the limit 


2 
littiy +4 at = exists in C. Thus, the first two statements in (i) have been proved. 


In order to prove the last statement in (i) assume that f% PE z dt = co. Then 
= i S14 
—— dt = lim / yr ar) 
| P(t) H(t) Jn ( x P(t)H(t) (6.10.3) 
= lim (log H (x) — log H(a’)) = œ; 
ma 


note that (log HY = —1/PH. In view of 


a ee an Os 
J POHE H(t) a= f PHO? < 


it follows from (6.10.3) that actually limz—a go = 0, which is the limit result in 


assertion (i). 


(ii) Assume that fe PO y dt < oo. First observe that fora < y <a <a the identity 


g 1 
o(e)- ew) = | VOLO t 
y P(t) 
together with the Cauchy—Schwarz inequality gives 
W-os peal [ POO a 
T |Jy P(t) j f 


Due to the assumptions it is now clear that limy_,, p(y) exists in C. Moreover, if, 
in particular, lima y(y) = 0, then the above inequality shows that 


ly(z)|? < [a [ Poroa. 
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Hence, the implications 


2 2 
lim (x) =0 lim ge) 0 lim els) Ec 
2a ra Ja PO dt ra Ja PO dt 


EC > limọ(z)=0. 


r>a [F 1 dt r>a 


This proves the equivalences in the last statement of (ii). 
For the rest of the proof of (ii) use as abbreviation the notation 


t 
1 


Note that the integral is well defined due to the assumption f“ PU dt < oo. Then 
the identities 


y \'\? iggy yy 1 ¢ 
2 = Wena, St — N2 = 
Pa) a PUP are 


and 


lead to 


Y jx 2 1 g? 1 p? 1 
PG| | — = P(g’ 
(a) ) =e- 
In particular, one sees that 
1 g? 1 /¢? : 
Plo 2 2 af hs 
(ey 2 fe t3(S 
Integrate this last inequality over [x,a] with a < x <a. Then 


aeaa 1 f° 208 a4 vlal? _ 1yle) 
| P(t) (t) dt > if P(t)G(t)? dt + 9 G(a) 2 G(x) ` 


Recall that limz-+a p(x) = 0 is equivalent to limz-+a p(x)? /G(x) exists in C. Since 
VP is square-integrable, the integrability result in (ii) follows. 


Corollary 6.10.2. Let the function P satisfy (6.10.1) and leta < a < b. Assume 
that 


y,~€AC(a,a) and VPy',VPy' € L(a,a). 
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Then 
lim inf| P(x) y' (x )w(a)| = 0; (6.10.4) 


wa 


[ ape 


a i i 
| rats» and lim w(x) =0 


mwa 


when either 


or 


Proof. According to Lemma 6.10.1 (i) applied to % one has with H(t) = JE PG ds, 
a < t< a, that 


Y 
VPH 


for any a <a! <a. The assumption f“ POH dt = oo implies that 


€ L?(a,a’) 


= 1 
f POHO dt = co; (6.10.5) 


cf. (6.10.3). However, with VP’ € L?(a, a) one also sees via the Cauchy—Schwarz 
inequality that 


Therefore, it follows from (6.10.5) that (6.10.4) holds. 
Next assume that 
a i . 
f Po” <oo and lim w(x) =0. 
Then with G(t = fý PO z ds, a < t < q, the assumption I PE dt < oo implies 
that 
a 1 a 1 
———- dt = li —— dt 
i PAGH aJa POGW 
= tim (log G(a) — log G(x)) = œ; 


note that one has (log G)! = 1/PG. Thanks to the assumption limga (x) = 0, 
Lemma 6.10.1 (ii) applied to w, shows that 
a € L?(a,a). 


VPG 


Combining this with the fact that VPy’ € L?(a,a) one sees in a similar way as 
above that (6.10.4) holds. 
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Now return to the Sturm—Liouville differential expression L given by (6.1.1) 
on the interval (a,b). In addition to the conditions in (6.1.2), it will be assumed 
that 

p(z) > 0 for almost all x € (a,b). 


If the equation (L — Ao)y = 0, Ao E€ R, is nonoscillatory at the endpoint a, then 
its real solutions may be distinguished by the following properties. 


Definition 6.10.3. Let (L—Ao)y = 0 with ào € R be nonoscillatory at the endpoint 
a and let u and v be real solutions of (L — A0)y = 0. Then u is said to be principal 
at a if 1/(pu?) is not integrable at a and v is said to be nonprincipal at a if 1/(pv?) 
is integrable at a. 


It is clear that a real solution of (L—Ao)y = 0 with Ao € R is either principal 
or nonprincipal at a. In Theorem 6.10.4 and Corollary 6.10.5 below it turns out 
that a principal solution exists and is uniquely determined up to real multiples. 
Hence, every linearly independent solution is nonprincipal. 


Theorem 6.10.4. Let (L — ào)y = 0 with ro E R be nonoscillatory at the endpoint 
a. Then the following statements hold: 


(i) Let u be a solution of (L — Ao)y = 0 which is principal at a. Assume that u 
does not vanish on (a,a9) and let a € (a,ao). Then v is a real solution of 
(L —Ao)y = 0 with W (u,v) = 1 if and only if there exists y E€ R such that 


v(x) = —u(z) (1 + [ ane , <ra: (6.10.6) 


For each y € R the solution v is nonprincipal at a and 


7 dt 1 
J -= zy > <T <, (6.10.7) 
a P(t)v(t) yt f MOMOR 


when v does not vanish on (a, day). 


(ii) Let v be a solution of (L — Ao)y = 0 which is nonprincipal at a. Assume that 
v does not vanish on (a,ao) and let a € (a,ao). Then w is a real solution of 
(L — Xo)y = 0 with W(v, w) = 1 if and only if there exists y E R such that 


= ds 
wa) =v) (4+ f anor): a<xu<a. (6.10.8 
A Aono: 
The solution w is principal at a if y = 0 and nonprincipal at a if y # 0, in 
which case 
‘i dt 1 1 
l z= z 5 a<@r<dy, (6.10.9) 
a DHW? oy y+ Sr saya as 


when w does not vanish on (a, aw). 
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Proof. (i) If v is given by (6.10.6), then it follows from the definition that 


and 


(pv’)' (x) = —(pu’)' (a) (1 T ie wae) l 


Hence, v is a solution of (L — Ao)y = 0 and W (u,v) = 1. Conversely, if v is a 
solution with W (u, v) = 1, then it follows from (6.1.28) that 


“ ds _ v(aœ) v(x) eee 2 
| cane ua) ua)’ S75 


which leads to (6.10.6). Observe that 


d ( 1 ) 7 1 1 E 1 
dt\y+ Se aor PCE)? (y+ SE sate)? POA 


and consequently, for a < y < £ < Gy: 


T dt 1 1 
y PO tS ar It aer tS 


Since u is principal at a, the last term on the right-hand side goes to 0 as y > a, 
so that v is nonprincipal at a, and (6.10.7) follows. 


(ii) One verifies in the same way as in the proof of (i) that w is a real solution of 
(L— ào)y = 0 with W (v, w) = 1 if and only if there exists y € R such that (6.10.8) 
holds. In a similar way as above observe that 


d ( 1 ) _. j 1 7 1 
— 2 t d 2 2? 
dt y+ Sox p Onon p(t)o(t) (7 F f TOTOR. plt}w(t) 


and one obtains for a < y < £ < Gy: 


a dt E 1 1 
y p(t)w(t)? I+ Se mew? 4s + Se seer iS 


Since v is nonprincipal at a, one sees for y Æ 0 that w is nonprincipal at a, and 
(6.10.9) follows. For y = 0 it follows that w is principal at a. 


Theorem 6.10.4 allows some flexibility. It is clear from the proof of Theo- 
rem 6.10.4 that one can choose a = ao in (6.10.6) if u does not vanish on (a, ao 
and one can choose a = ao in (6.10.8) if v does not vanish on (a,ao]. As to the 
nonoscillatory behavior of the solutions, observe that in (6.10.6) the factor 


% ds 
Hale) =7+ [ p(sju(s)2’ ax<z< ao, 
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is a decreasing function with limga Ha(x) = 00, while lim,-,4, Hq(2) is finite or 
—oo, depending on whether u is nonprincipal or principal at ao. In any case, Ha 
has at most one zero on (a,a9). Note that Ha(a) = y, so that Ha(x) > y when 
a<a“2<a. 

If u and v are solutions which are principal and nonprincipal at a, respectively, 
and which are nonvanishing on (a,ao), then, without loss of generality, one may 
assume that W (u, v) = 1. By choosing a < a < ao it follows from Theorem 6.10.4 
that v is of the form (6.10.6) for a unique y € R. Moreover, by construction one 
sees that y > 0. A similar observation can be made about (6.10.8). 


Corollary 6.10.5. Let (L— ào)y = 0 with Ao E R be nonoscillatory at the endpoint 
a. Then there exists a nontrivial solution of (L — Ao)y = 0 which is principal at a. 
This solution is unique up to real nonzero multiples. In fact, a nontrivial solution 
u is principal at a if and only if 

lim ue) 
ra v(x) 


=0 (6.10.10) 


for all solutions v of (L — A9)y = 0 which are linearly independent of u. 


Proof. A solution of (L — ào)y = 0 is either principal or nonprincipal at a, and 
by Theorem 6.10.4 any solution of (L — A9)y = 0 which is nonprincipal at a 
generates a solution which is principal at a. Thus, there exists a nontrivial solution 
of (L — Ao)y = 0 which is principal at a. It also follows from Theorem 6.10.4 that 
a principal solution is unique up to real nonzero multiples. 

If u is a solution of (L—Ao)y = 0 which is principal at a, then it follows from 
Theorem 6.10.4 (i) that for every solution v of (L — Ao)y = 0 with W (u,v) = 1 
one has u(x) /u(x) > 0 as x > a, that is, (6.10.10) holds. 

If u is a solution of (L — Ao)y = 0 which is nonprincipal at a, then (6.10.10) 
does not hold. Indeed, Theorem 6.10.4 (ii) (with v replaced by u and w replaced 
by v) shows that for every solution v of (L — ào)y = 0 with W(u,v) = 1 there 
exists y € R such that 

u(x) 1 


v(x) yt ft TOTON 


for x € (a,a,) C (a,ao), where (a, ax) is an interval on which v does not vanish. 
Hence, u(x)/v(x) > 1/y as x + a when y # 0 and u(x)/v(x) > œ as z > a 
when y = 0. Therefore, (6.10.10) does not hold. 


Let a be regular, which means that a € R and that f° TO dt < oo. For any 
real solution v of (L — Ao)y = 0 with v(a) 4 0 it follows that 


ao 1 
i m S 


Hence, the principal solution u corresponds to u(a) = 0 (and (pu’)(a) # 0 as 
otherwise u would be trivial). 
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There is a refinement of the defining property of a principal solution when 
the endpoint a is in the limit-circle case. 


Corollary 6.10.6. Let (L — Ao)y = 0 with Ao E€ R be nonoscillatory at a and 
assume that a is in the limit-circle case. Let u be a principal solution and let v 
be a nonprincipal solution which do not vanish on the interval (a,aq), and let 
a € (a,ao). Then 


a<au<a. (6.10.11) 


Proof. By assumption, u is principal and v is nonprincipal. Hence, according to 
Theorem 6.10.4 (i) v may be written as (6.10.6). Since a is in the limit-circle case, 
u,v € L?(a,ao). It follows from (6.10.6) that for a < z < a 


COJ [wore dt = (+f ae) [oa (6.10.12) 


Moreover, since u and v do not vanish (6.10.6) also implies that 


0<74 [ Sones sv [ aT 


for a < t < x. Therefore, the right-hand side of (6.10.12) can be estimated by 


[ u(t)? (> + [ "m r(t)dt = a v(t)}r(t) dt, 


and the assertion follows. 


Returning to the general case of an endpoint, observe that the connections 
between the solutions in Theorem 6.10.4 give also the following connections be- 
tween the associated Wronskians. 


Corollary 6.10.7. Let (L— ào)y = 0 with Ao E R be nonoscillatory at the endpoint 
a and assume that f E€ AC(a,ao). Then the following statements hold: 


(i) Let u be a principal solution at a which does not vanish on (a,ao), let v be 
given by (6.10.6), and let a € (a,ao). Then 
v(x) | f(z) 


mo Eo a<u<a. (6.10.13) 


(ii) Let v be a nonprincipal solution at a which does not vanish on (a,ao), let w 
be given by (6.10.8), and let a € (a,ao). Then 


W.(f, v) = Waf, u) 


a<u<a. (6.10.14) 


6.10. Principal and nonprincipal solutions of Sturm—Liouville equations 463 


The results about principal and nonprincipal solutions will now be applied in 
the context of the first-order differential expression (6.9.2) related to the Sturm- 
Liouville expression. Let ¢ be a real solution of (L — 9)y = 0 which is nonoscilla- 
tory at the endpoint a and assume that ¢ does not vanish on (a, ao). Recall that 
the first-order differential expression Ng on (a, ao) is given by 


W(f,) 
vpo 
for all functions f € AC(a,ao); cf. (6.9.2). Note that for q = 0 one may take 


ào = 0 and ¢ = 1, in which case Ng f = \/pf; cf. (6.8.11). One basic observation 
is contained in the following lemma. 


Nef = vpo (£) =- (6.10.15) 


Lemma 6.10.8. Let (L — Ao)y = 0 with ào € R be nonoscillatory at the endpoint 
a. Then the following statements hold: 


(i) Let u be a principal solution of (L — Ao)y = 0 (which is unique up to real 
multiples) and let v be a nonprincipal solution of (L — X0)y = 0 such that 
W (u,v) = 1. Assume that u and v do not vanish on (a, ao) and let a € (a, ao). 
Then 


f 
„/puv 


(Nuf)(x) — (Nu f)(£) = ( ) (x), a<zr<a, (6.10.16) 


for f € AC (a, ao). 
(ii) Letv and w be nonprincipal solutions of (L—Xo)y = 0 such that W (v, w) = 1, 
assume that v and w do not vanish on (a,ao), and let a € (a, ao). Then 
f 
„/pvw 


(No f)(£) — (Nu f) (2) = ( ) (£), a<a<a, (6.10.17) 


for f € AC(a, ao). 


Proof. (i) As v is assumed to be a real solution of (L— ào)y = 0 with W (u,v) = 1, 
it is given by (6.10.6) for some y € R. Hence, (6.10.13) holds and it follows that 


l D ETETE | 
iW 0) = Wh) + 


Using (6.10.15) this implies (6.10.16). 


(ii) Since w is assumed to be a real solution of (L — Ao)y = 0 with W (v, w) = 1, it 
is given by (6.10.8) for some real y 4 0. Hence, (6.10.14) holds and it follows that 


1 
——W(f,w) = ,v) + i 
„/pw /pu /puw 
Using (6.10.15) this implies (6.10.17). 
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The following theorem is based on a direct application of Lemma 6.10.1. It 
shows the usefulness of the various types of solutions. 


Theorem 6.10.9. Let (L — ào)y = 0 with ro E R be nonoscillatory at the endpoint 
a. Then the following statements hold: 


(i) Let v be a solution which is nonprincipal at a and assume that v does not 
vanish on the subinterval (a,ag). Let f € AC(a,ao) and N,f € L?(a,c) for 
a<c<adg. Then 

fan tO 
im 


gza v(x) 


exists and is finite. 


(ii) Letv and w be nonprincipal solutions with W (v, w) = 1, assume that both v 
and w do not vanish on (a,ao), and let f € AC(a,ao). Then 


N, f €L7(a,c) & Nuf € L?(a,c) 


fora<c< apo. 


(iii) Let u be a principal solution, let v be a nonprincipal solution such that 
W(u,v) = 1, assume that both u and v do not vanish on (a,ao), and let 
f € AC(a,a9). Then 


=0 


Nuf € L’ (ad) = Nf €L(a,a0") and lim F(z) 
for some a < a',a” < ao. 


(iv) Letu be a principal solution which does not vanish on (a, ao). If f € AC (a, ao) 
and N, f € L? (a,c) fora < c< ao, then 


for any nonprincipal solution v at a. 


Proof. (i) Let v be a nonprincipal solution and assume that f € AC(a,ao) and 
N, f € L7(a,c). Now apply Lemma 6.10.1 (ii) with P = pv? and y = f/v. In fact, 
in the present situation one has y = f/v € AC (a,c) and VPy' = N, f € L?(a,¢), 
and ff Pept < œ, since v is nonprincipal at a. Therefore, Lemma 6.10.1 (ii) with 
a = c yields that the limit 


exists and is finite. 
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(ii) By symmetry, it suffices to show the implication (=). Hence, assume that 
f € AC(a,ao) and N,f € L?(a,c). Since v is nonprincipal at a it follows from (i) 
that the limit 

n £02) 

im 


rsa v(x) 


exists and is finite. As v does not vanish in (a,a9) one has f/v € AC (a, ao) and 
for c € (a, ao) there exists M > 0 such that 


f(z) 4 T a,c 
oe) <M, zx€ (a,c). 
By Lemma 6.10.8 (ii), 
1 f 
N,f)(e) — (Ne f)(e) = a 6.10.18 
(NPE) = uf )(0) = Fa (£) ) ome) 


Now it follows from (6.10.18) with 1/(pw?) integrable on (a,c) that 


z ds < 00, 


[ Nw (s)/?ds < of IN, f(s)|?ds + am? | 


a P(s)w(s) 
and hence N,, f € L?(a,c). 


(iii) (>) Assume that f € AC(a,ao) and Nuf € L?(a,a') for a < a’ < ao. Since 
the principal solution u does not vanish on (a, ao), the function 


Ha(a) = f reo Lh a<u<a, 


is well defined and Hy (x) —> œo as x — a. Then, according to Lemma 6.10.1 (i) 
with P = pu”, p = f/u, a =a’, and a’ =a" one obtains 


a (£) T € L?(a,a”) (6.10.19) 


for any a < a” <a’, and 


((2) o) LO +0 as ta. (6.10.20) 


Since v is a nonprincipal solution it can be expressed in terms of u by means of 
Theorem 6.10.4 (i) with some y > 0 as 


v(x) = —u(x) (y+ Ha (x)), ax<a<d, 


and consequently 
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Since Ha (x) > co as z > a, it is clear that 


ee (x)} <1, a<au<d’. (6.10.21) 
v(x) 
Write (6.10.16) in Lemma 6.10.8 on the interval (a, a’) as 
1 f l u 
Nuf = Nof = Ay. 6.10.22 
f f „pu (£) Ha v ( ) 


Obviously, (6.10.19) and (6.10.21) imply that the right-hand side of (6.10.22) 
belongs to L?(a,a”). As Nuf € L?(a,a’) this gives N, f € L? (a, a"). To calculate 
lim; f(x)/v(x), observe that on (a, ao) 


(2) ~ o i (tm) a (6.10.23) 


which in view of (6.10.20) and (6.10.21) shows that 


(<) For the converse implication assume that f € AC(a,ao), Nof € L?(a,a"), 
and limga f(x)/v(x) = 0. By means of Theorem 6.10.4 (ii) one can express u in 
terms of v as 


ds, a<a<a". 


Kosk K= f iy 


Now by Lemma 6.10.1 (ii) with P = pv?, p = f/v, and a = a” one has 


T (£) E € L?(a,a”). (6.10.24) 


In order to show that the functions N, f is square-integrable near a, write (6.10.16) 
in Lemma 6.10.8 as 


me ee dya 
Nuf mot == (4) - = (4) A (6.10.25) 


It follows from (6.10.24) and (6.10.25) that N, f € L?(a,a”) and hence, in partic- 
ular, Na f € L? (a,a') for a < a' < a”. 


(iv) Let u be a principal solution which does not vanish on (a, ao). Assume that 
f € AC(a,ao) and Nuf € L?(a,a'), where a’ = c € (a,ao). Then it follows that 
(6.10.20) holds; cf. (iii). Recall that every solution v of (L — Ag)y = 0 which is 
nonprincipal at a has the form (6.10.6) with a = a’. Then v does not vanish on 
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(a, ay) C (a,a’). Now observe that for f € AC (a, ao) it then follows from (6.10.7) 
that for a < £ <a, 


fey f dt ) _ fœ il i OTOL 
a p(t 


2 be 2 pa’ dt Lr dt 
u(x) ju(t) u(z) Ja Dua TT Ja p(t)u(t)? 


Therefore, the right-hand side has the limit 0 as 7 > a. 


Let u and v be solutions of (L — ào)y = 0, Ao € R, which are principal 
and nonprincipal at a, respectively. If the endpoint a is in the limit-circle case, 
then one can say more about the limits of f(x)/v(x) and f(x)/u(x) as x > a; cf. 
Theorem 6.10.9 (i) and (iv). 


Lemma 6.10.10. Let (L —Ao)y = 0 with Ao E R be nonoscillatory at a and assume 
that the endpoint a is in the limit-circle case. Let u and v be real solutions of 
(L — ào)y = 0 for Xo E R which do not vanish on (a,ao) and which are principal 
and nonprincipal at a, respectively, with W (u,v) = 1. Let f,pf’ € AC(a,ag) and 
assume that f, Lf € L?(a,ao). Then 


tim 2) — _ jim We(f,u). (6.10.26) 
r>a v(x) r>a 
If, in addition, 
lim W, (f, u) Up, (6.10.27) 
r>a u(a) 
then 
lim f(z) = lim W,(f,v). (6.10.28) 
r>a u(x) r>a 


Proof. Note that under the present conditions both limits 


lim W;(f,u) and lim W,(f,v) 
wa 


ra 


exist; cf. Lemma 6.2.5. Recall that v can be written in terms of u as in (6.10.6). 
Hence, for f € AC (a, ao) Corollary 6.10.7 (i) shows that 


Vee 2 aed. (6.10.29) 


u(x) ula 


Multiplying the identity (6.10.29) by “E? one obtains 


(2) 
a) 
v(a) 


Since, by Corollary 6.10.5, limsa a = 0, it follows that (6.10.26) holds. Fur- 
thermore, if (6.10.27) is satisfied, then (6.10.28) follows from (6.10.29). 


mnra 


a<r<qQq. 
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The following result is a slight variation of Theorem 6.10.9 (iii) in the context 
of the limit-circle case. 


Proposition 6.10.11. Let (L — \o)y = 0 with ào E R be nonoscillatory at a and 
assume that the endpoint a is in the limit-circle case. Let u and v be real solutions 
of (L — X0)y = 0 for some Ao E€ R which are principal and nonprincipal at a, 
respectively, and do not vanish on (a, ao). Let f,pf' € AC(a,aq) and assume that 
f, Lf € L?(a,ao). Then the following statements are equivalent: 

(i) Nuf € L7(a,¢c) fora < c< ao; 

(ii) imssa Ba =0; 

(iii) limsa Ws (f, u) = 0; 

(iv) limsa f(x)/u(x) exists in C; 


and in this case 


Furthermore, if the endpoint a is regular, then (i)-(iv) are equivalent to 
(v) f(a) =0. 


Proof. Let u and v be principal and nonprincipal at a, respectively, and assume 
without loss of generality that W (u, v) = 1. 


(i) > (ii) If Nu f € L? (a,c), then Theorem 6.10.9 (iii) implies f(x)/v(x) > 0 as 
r>a. 


(ii) > (iii) This follows from (6.10.26). 


(iii) > (iv) Assume that lim, ., Wz(f,u) = 0. Then the identity (6.1.9) shows 
that 


x 


Wau) = | (E-POE dt, 


a 


which gives the estimate 


wa s (fuer a) (fe -rnanrorro a) , 


Combining this with the estimate (6.10.11) leads to 


vla)| < (f verre) a)? Gs (LZ = Ao) P)? r) ar) 


for x sufficiently close to a, so that 


w,(f,u) 2) +0 as 2-4. 


Therefore, limg—a f(x) /u(a) exists by Lemma 6.10.10. 


tole 
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(iv) => (i) Since lim,_., Wz(f,u) exists, the assumption that lim,_,, f(x) /u(x) 
exists implies that N, f € L? (a,c) for a < c < ag; cf. (6.9.6). 


(iv) = (v) Observe that in the case of a regular endpoint one has v(a) 4 0 for any 
nonprincipal solution v. This shows the equivalence of (ii) and (v). 


The importance of Theorem 6.10.9 and Proposition 6.10.11 will become clear 
in the treatment of the various forms associated with Sturm—Liouville expressions 
in Section 6.11 and Section 6.12. In fact, the dependence of the forms on the choice 
of nonprincipal and principal solutions will be indicated in Proposition 6.11.7 and 
Proposition 6.12.7. 


6.11 Semibounded Sturm-—Liouville operators and 
the limit-circle case 


Let L be the Sturm—Liouville differential expression in (6.1.1) on the open interval 
(a,b): 


1 
L= -|-DpD +q], D=d/dz, 
r 


and let the coefficient functions satisfy the conditions 


e >0, r(x) >0, for almost all x € (a,b), (6.11.1) 


1/p,q,r € Li. (a, 6). 


loc 


In addition, it will be assumed that the equation (L -— Ao)y = 0 is nonoscillatory at 
the endpoints a and b for some ào € R, which implies that the minimal operator 
Tmin is bounded from below; cf. Theorem 6.9.6. Recall that if Tinin is semibounded 
from below, then in any case for every Ag < m(Tmin ) the equation (L — Ao)y = 0 
is nonoscillatory; cf. Theorem 6.9.8. Furthermore, it will be assumed that the 
endpoints a and b are in the limit-circle case. 


Let vq and v, be solutions of (L — Ao)y = 0, Ao € R, which are nonprincipal 
at a and b, respectively. Recall that va and v, are real by Definition 6.10.3. Since 
it is assumed that a and b are in the limit-circle case, one sees that vg and vp 
belong to L?(a,b). These nonprincipal solutions va and v, will be used to define a 
convenient boundary triplet. 


Proposition 6.11.1. Let vg and v, be solutions of (L — Ao)y = 0, Ao E€ R, which 
are nonprincipal at a and b, respectively. Assume that the endpoints a and b are 
in the limit-circle case. Then {C?, To, T1}, where 


i f(x) 
f= Mga Va (T) ma r= € limz—a W.(f, J Pedant 
i lims EACAN 1 lims Wz (f, Up) 7 max > 


vp (x) 


is a boundary triplet for (Tmin )* = Tmax - 
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Proof. Let ua and u, be solutions of (L — Ao)y = 0, Ao € R, which are princi- 
pal at a and b such that W,(ua,va) = 1 and W,(us,v») = 1, respectively; cf. 
Theorem 6.10.4. By Lemma 6.10.10, 


fie rte WEE) 


Ia Va (x) r>a 


and in a similar way one obtains 


Hence, the claim is that for f € dom Tmax the mappings 


— limga Wz (f; —Ua) pon = limy—+a W.(f, Ua) 
Tof Ta W.(f, =) and rif 7 ( limz-+5 W.(f, Ub) ) 


define a boundary triplet for Tmax. To see this, observe that 


W,.(va,—Ua) =1 and W,(vy,—-uy) = 1, 


and apply Proposition 6.3.8. 


Choose ag and bp such that vg does not vanish on (a,a9) and vp» does not 
vanish on (bo, b), and let c,d be as in (6.9.9). By means of the solutions vg and vp 
of (L — Ao)y = 0, which are nonprincipal at a and b, one introduces the form t by 


b 


tf, g] = fornomowar+ f (Nos f)(x)(Novg) (2) dx 


ý b 
tao f Fea) de + dof FOE) de 
~ d (6.11.2) 
+ f (vp Fara Vo) +E Jae 
q (W)C) eagra PA) ep 9 TH 
ne OLIO) P f(d)g(d) 
for f,g € D, where 
D= {f € L?(a,b): f € AC(a,b), Ypf’ € L’(c,d), (6.11.3) 


Ny f € L?(a,c), No, f € L? (d, b)}; 
cf. (6.9.10)-(6.9.11). The next corollary follows from Lemma 6.9.4 and Theo- 
rem 6.9.6 with dg = Va and hp = vp. 


Corollary 6.11.2. Let va and vp be solutions of (L — ào)y = 0, ào E€ R, which are 
nonprincipal at a and b, respectively. Assume that the endpoints a and b are in 
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the limit-circle case. Then t in (6.11.2)-(6.11.3) is a densely defined closed semi- 
bounded form in L?(a,b). Moreover, if Sı is the semibounded self-adjoint operator 
corresponding to t, then Tmin C S1 and, in fact, 


(Toin Í, 9) L2(a,b) = tf, g) 
holds for all f E€ domTmin CD andgE®. 


Now one shows that also dom Tmax C ©. This property is important for the 
construction of a compatible boundary pair in Lemma 6.11.5. 


Lemma 6.11.3. Let va and v, be solutions of (L — Ao)y = 0, ào € R, which are 
nonprincipal ata and b, respectively. Assume that the endpoints a and b are in the 
limit-circle case. Then 

dom Tmax CD. 


Proof. Let f € domTmax. Then f,pf’ € AC(a,b) and hence \/pf’ € L?(c,d). It 
follows from (6.10.15) with @ = vq that 


W(f, va) 

VPva 
Since f € dom Tmax and va € L2(a, b), Lemma 6.2.5 shows that limsa Wz(f, Va) 
exists. Hence, x + W,(f,va) is bounded in (a, c]. Consequently, N,, f € L? (a, ©), 


as Va is nonprincipal at a and does not vanish in (a, aq). Likewise, it is clear that 
No, f € L?(d,b). Hence, f € D. 


Noa f=- 


Introduce the mapping A : D > C? by 


S imza fa 
Af= t le JER (6.11.4) 


lim;_,p vp (a) 


Note that, by Theorem 6.10.9 (i), A is well defined. 


Lemma 6.11.4. Let va and v, be solutions of (L — Ao)y = 0, Ao € R, which are 
nonprincipal at a and b, respectively. Assume that the endpoints a and b are in the 
limit-circle case, and let t be the form in (6.11.2)-(6.11.3). Then for every € > 0 
there exists Dz > 0 such that 


IAF le < Etf + Dellan FED 
Proof. Choose £ > 0 and write the form t as the sum of 


d 
toalha = f (vet a) (Voge) + ale) E)r 


(pva) (e) a azra _ (Pv) (d) 


io Aa 
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mahe f a NONE da + eo ‘a AC 5 


b 
wade | Na E)N a NE de + Ao fn f(a)g@)r(e) de. 


It has been shown in Lemma 6.9.4 that t is independent of the choice of c and 
d, and hence c € (a,ao) and d € (bo, b) can be chosen suitably close to a and b, 
respectively; see below. First observe that for f € D and for all d < x < b one has 


fe) (0, PIO; fo... 1 
v(x) vp(d) ff (43) ú vp(d) ef aag Oe 


and hence 
eS aa 2 : 
up (x <2 vp(d) 2 | p(t)vy(t)? at f Nu, f(t)/F dt 
f(d) |? b | b : 
<2 v (d) af p(t)up(t)? at f Nv f) dt. 


Now choose d so close to b that 


b 1 
2 I ES ee 
a P(t)vp(t)? 


so that now for all d < x < b one has 


FA pl FOP, f i 
ne <2 = ef |Nv,f(t)|? dt. 
Therefore, 
f(x)? _ o| f@ |’ ? 7 
2b ul) S oa) -eJ H PC d 


for all f € D. Similarly, one can choose c so close to a that 


2 2 e 
im 2] < 9| fo +e f Nv, F(E)? dt 


ta Ug(x)| ~ |valc) 


for all f € D. An application of Corollary 6.8.6 shows that there exists C > 0 
such that for all f € D one has 


2 
< Ce||fllz2(c,a) + Ette, lf]. 


The assertion follows by combining the above inequalities. 
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In order to apply the theory developed in Chapter 5 it will be shown that the 
map A in (6.11.4) leads to a boundary pair which is compatible with the bound- 
ary triplet {C?, To, T1} in Proposition 6.11.1. As usual, the self-adjoint operator 
defined on ker Ty is denoted by Aj. 


Lemma 6.11.5. Let va and v, be solutions of (L — Ao)y = 0, Ao E€ R, which are 
nonprincipal at a and b, respectively. Assume that the endpoints a and b are in the 
limit-circle case and let {C?°, To, T1} be the boundary triplet in Proposition 6.11.1. 
Then {C?, A} is a boundary pair for Tmin corresponding to Sı which is compatible 
with the boundary triplet {C°, To, T1}. Moreover, one has 


(Tmax f,9)12(a,b) = (Tif, Ag) F tf, gl, f € dom Tmax, ge D. (6.11.5) 


Proof. Consider the form t on domt = Ð as in (6.11.2)-(6.11.3) and denote 
the corresponding semibounded self-adjoint operator in L?(a,b) by S1; cf. Corol- 
lary 6.11.2. Let € > 0 and Ds > 0 be as in Lemma 6.11.4. It follows from the 
estimate in Lemma 6.11.4 that for p < m(S1) there exists Cp, > 0 such that 


Af llé2 < Dell flic) + Hf, SI Coeli Ils -p 


for all f € D. Therefore, A € B(Hts, —p, C?). Moreover, according to Lemma 6.11.3 
one has dom Tmax C ® and hence A is an extension of the boundary mapping To 
in Proposition 6.11.1. Now Lemma 5.6.5 implies that {C?, A} is a boundary pair 
for Tmin Corresponding to S$}. 

In order to conclude that {C?, A} and {C?, To, T1} are compatible, it remains 
to show that A, = S1, where A, is the self-adjoint operator defined on kerT,. In 
fact, since dom Tmax C D, the Green formula (6.9.15) is valid for f € dom Tmax 
and g € Ð, 


(Tnax f oaza = Ufa] + im, Wolfo) (Z) 0 


Ub 
: g / 
- jim, Warten) (2) 
a'>a 
which, in the present context, is equivalent to (6.11.5). Hence, 


(Aig, 9) L2(a,b) E tf, g] 


for all f € dom A, and g € domt. As A; is self-adjoint, the first representation 
theorem implies A; = S4. 


Recall that by means of the boundary triplet in Proposition 6.11.1, all self- 
adjoint extensions of Tmin are in a one-to-one correspondence to the self-adjoint 
relations © in C? via 


dom Ae = { f € dom Tmax : {Tof, Tif} € O}. (6.11.6) 
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The next result, which is an immediate consequence of Theorem 5.6.13 and Corol- 
lary 5.6.14, makes use of the compatible boundary pair in Lemma 6.11.5 and 
provides a characterization of all closed semibounded forms associated with the 
semibounded self-adjoint extensions Ao. 


Theorem 6.11.6. Let {C?°, To, T1} be the boundary triplet in Proposition 6.11.1, let 
© be a self-adjoint relation in C?, and let Ao be the corresponding self-adjoint 
restriction of Tmax in (6.11.6). Then Ao is semibounded from below and the cor- 
responding densely defined closed semibounded form te in L?(a,b) such that 


(Aof,g9)r2(a,0) = telf,g], f€domAe, g € domte, 
is given in terms of t in (6.11.2)-(6.11.3), and A in (6.11.4) as follows: 


(i) If © is a symmetric 2 x 2-matrix, then 
tolf, g] =tlf,gl + (OAF, Ag), domte = 2. 


(ii) If O = Oop 8 Omu with respect to the decomposition C? = dom Oop ® mul O 
and dim dom Oop = 1, then 


tolf, g] = t|, g] + (OpAf, Ag), domte = {h € D : Ah € dom Oop}. 


(iii) If © = {0} x C?, then Ao = Ao coincides with the Friedrichs extension Sp 
and 


tolf, g] =tlf,g], domto = {h € D : Ah = 0}. 


The above description in Theorem 6.11.6 of the (automatically) semibounded 
self-adjoint extensions of Tmin is in terms of the corresponding closed semibounded 
forms via the first representation theorem in Section 5.1, see also Theorem 5.6.13. 
The boundary triplet and the compatible boundary pair are provided by the choice 
of the solutions va and v, of (L — ào)y = 0, which are nonprincipal at a and b, 
respectively; cf. Proposition 6.11.1. 


It will now be shown what the results look like when there is a different 
choice of nonoscillatory solutions. First let wa and w, be nonprincipal solutions 
of (L — \o)y = 0 at a and b, respectively. Assume that va and wa do not vanish 
on (a, ao) and that v, and w, do not vanish on (bo, b). Denote the form generated 
by the solutions wa and w, by t; cf. (6.11.2)-(6.11.3). Then according to (ii) in 
Theorem 6.10.9, domt = domt = Ð. To describe t’, let ua and uy, be solutions 
of (L — ào)y = 0 which are principal at a and b, respectively, and which satisfy 
W (ua, va) = 1 and W (u, vb) = 1; cf. Theorem 6.10.4. Then clearly 


Wa = AaVa + Bata and Wh = App + Bous 


for some aq, Ba, A, By € R, where aa, a are different from zero. Denote the bound- 
ary triplet generated by wa and w, by {C?, Th, T/} and let {C?, A’} be the corre- 
sponding boundary pair; cf. Proposition 6.11.1 and (6.11.4). 
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Proposition 6.11.7. The boundary triplet {C?°, T), T1} and the boundary pair 
{C?, A’} generated by the nonprincipal solutions wa and wy are given by 


tute. l 
f= 0 AG Af, fed, 
ab 


and 


rif = 6 rif + & a Af, f € dom Tmax- 


b 


Moreover, the form t coincides with te as in Theorem 6.11.6, where the self-adjoint 
matrix © is given by 
Ba ọ 
(S) = Qa Bo : 
Oa 


Proof. The following observations are for the endpoint a; the results are similar 
for the endpoint b. Since by Corollary 6.10.5 ua(x)/va(a) —> 0 as x — a, one has 


lim F) = lim f(x) : 1 = l lim f(x) . 
eta Wa(@) 29a Aaval) 14 Bete] ag >a v(a) 


Furthermore, it is clear that 
W(f, Wa) = aaW(f, Ua) T BaW (f, Ua) 


and recall that 
lim Wz (f, ua) = — lim F(z) 


ra za Va (x) å 


cf. Lemma 6.10.10. Hence, one sees that 


lim We(f, wa) = lim We(f, va) — Ba lim A(z) 


ra Ia Va (x) i 


Thus, the results for the boundary triplet and boundary pair follow directly from 
Proposition 6.11.1 and (6.11.4). Analogous to the Green formula (6.11.5) one has 


(Tmax f; g)L2(a,b) = (Tif, Ag) + elf, g] 
Ba 
= (Tı f, Ag) + (3 4) Af, ss) +t'[f, g] 


for f € dom Tmax and g E€ D. Comparison of the right-hand sides gives 


Bo 0 
fg] = i “a asao) +t'lf, 9] 


for f € dom Tmax and g € D. It is easily seen that in fact the last identity holds 
for f,g € D, which completes the proof. 
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Next let ua and up, be nontrivial solutions of (L—A9)y = 0 which are principal 
at a and b, respectively, and assume that ua does not vanish on (a,aq) and that 
up does not vanish on (bo, b). Denote the form generated by the solutions ua and 
up by E cf. Theorem 6.9.6. 


Proposition 6.11.8. Let the form T be generated by the solutions ua and up of 
(L — o)y = 0 which are principal at a and b, respectively. Then € coincides with 
to as in Theorem 6.11.6, where © = {0} x C? or, equivalently, T is the form 
generated by the Friedrichs extension 


tg. =t. 
Proof. Recall from Theorem 6.9.6 that 
ts, Ct (6.11.7) 


Furthermore, let t be the form in (6.11.2) defined on D in (6.11.3) generated 
by the solutions vg and vp of (L — Ao)y = 0 which are nonprincipal at a and 
b, respectively. Now consider f € D and observe that, by Theorem 6.10.9 (iii), 
Nu, f is square-integrable at a if and only if N,, f is square-integrable at a and 
limga f(@)/va(a) = 0; an analogous statement holds at the endpoint b. Therefore, 
f € domt if and only if f € dom t and 

=0 ad. te eg (6.11.8) 


ra valz) a—>b v(x) 


Consider the boundary pair {C?, A} in Lemma 6.11.5 with the boundary map A 
n (6.11.4). Then (6.11.8) is equivalent to f € ker A and it follows that 


ker A = dom ts, C domt = domt N ker A C ker A. 


Hence, dom ts, = domt and from (6.11.7) one concludes ts, = t. 


For the sake of completeness the following equivalent characterizations of the 
Friedrichs extension of Tmin are mentioned explicitly; cf. Proposition 6.10.11. 


Corollary 6.11.9. Let va and vp be solutions of (L — ào)y = 0, Ao € R, which are 
nonprincipal at a and b, and let ua and u, be solutions of (L — ào)y = 0, Ao E R, 
which are principal ata and b. Assume that the endpoints a and b are in the limit- 
circle case. Then f € dom Tmax is in the domain of the Friedrichs extension Sp 
of Tmin if and only if one of the following equivalent conditions holds: 

(i) Nu, f € L? (a,a') and Nu, f € L7(b',b); 

(ii) limsa i = = 0 and limz-sp 4 fle i = = 0; 
(iii) lim, +4 Wz(f, Ua) = 0 and lites W.(f, uv) = 0; 
) 


(iv) lima f(@)/ua(x) and lims f(x)/up(x) exist in C. 
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In the next remark the case of a regular endpoint is briefly discussed. 


Remark 6.11.10. The considerations in this section simplify if one endpoint, say 
a, is regular. In that case one can choose the boundary triplet {C?, To, r1} where 


limz—b væ) 


rof = ( On) and difa a om)? PE 


cf. (6.9.21). The form t and D in (6.11.2) and (6.11.3) reduce to (6.9.19) and 
(6.9.20) with @, = v in Remark 6.9.9, respectively. The corresponding boundary 
pair A : D — C? in (6.11.4) has the form 


Af = ( Oa) , fed. 


limb TE 


6.12 Semibounded Sturm-Liouville operators and 
the limit-point case 


Let L be the Sturm-Liouville differential expression in (6.1.1) on the open interval 
(a,b): 


L= L [-DpD +q], D=d/dz, 
r 


and let the coefficient functions satisfy the conditions (6.11.1). In addition, it will 
be assumed that the equation (L — Ag)y = 0 is nonoscillatory at the endpoints a 
and b for some Ao € R; cf. Theorem 6.9.6 and Theorem 6.9.8. Let va be a solution 
of (L—Ag)y = 0 which is nonprincipal at a and let u, be a solution of (L— Ao)y = 0 
which is principal at b. Furthermore, it will be assumed that the endpoint a is in 
the limit-circle case and that b is in the limit-point case. Hence, va € L(a, a') for 
a<a' <b. 


Proposition 6.12.1. Assume that the endpoint a is in the limit-circle case and 
that the endpoint b is in the limit-point case. Let va be a solution of the equation 
(L — Xo)y = 0, Ao E R, which is nonprincipal at a. Then {C, To, T1}, where 


neni? 


Z+a Va (x) 


and Tif =- lim Wz(f, va), f €domTmax, (6.12.1) 
gz—>a 


is a boundary triplet for (Tmin )* = Tmax - 


Proof. Let ua be a solution of (L — A9)y = 0, Ao € R, which is principal at a such 
that Wz(Ua, va) = 1; cf. Theorem 6.10.4. By Lemma 6.10.10, one has that 
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and hence the claim is that for f € dom Tmax the mappings 
Tof = lim W.(f,—-ua) and Tif =- lim Wal f, va) 


define a boundary triplet for Tmax. To see this, note that Wz (Va, —ua) = 1 and 
apply Proposition 6.4.9. 


Choose ag and bp such that va does not vanish on (a, ao) and u, does not 
vanish on (bo, b), and let c,d be as in (6.9.9). By means of the solutions va and up 
of (L — o)y = 0 the following form t will be considered: 


b 


tit = f NONE h Na AA) Nag) (6) 


c b 
tao f Hoea) det f FOr) de 
a d (6.12.2) 


-f (vps )(x)(Vp9')(x) + a(x) F(x) g(a) )dx 


(pv, )(c) (pu,)(d) a n 
wa “a F(d)g( 


for f,g E€ D, where the domain of definition D is given by 


D={f € L?(a,b): f € AC(a,b), Ypf’ € L’(c,d), 
No, f € L? (a,c), Nu, f € L’ (d, b)}. 


Fogle) - 


nN 


(6.12.3) 


The next corollary is the counterpart of Corollary 6.11.2 in the present situ- 
ation; it follows from Lemma 6.9.4 and Theorem 6.9.6 with og = Va and Øp = up. 


Corollary 6.12.2. Let va and up be solutions of (L — ào)y = 0, ào € R, which 
are nonprincipal at a and principal at b, respectively. Assume that the endpoint 
a is in the limit-circle case and the endpoint b is in the limit-point case. Then 
t in (6.12.2)-(6.12.3) is a densely defined closed semibounded form in L?(a,b). 
Moreover, if Sı is the semibounded self-adjoint operator corresponding to t, then 
Tmin C S1 and, in fact, 
(min i 9) L2(a,b) = tf, g] 
holds for all f € domTmin C D andge D. 


As in Lemma 6.11.3 one has dom Tmax C D when the endpoint b is in the 
limit-point case. 


Lemma 6.12.3. Let va and u, be solutions of (L — oy = 0, Ao € R, which are 
nonprincipal at a and principal at b, respectively. Assume that the endpoint a is 
in the limit-circle case and the endpoint b is in the limit-point case. Then 


dom Tmax C Ð. 
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Proof. Let f € domTmax. Then f,pf’ € AC(a,b), and hence ,/pf’ € L?(c,d). It 
follows as in the proof of Lemma 6.11.3 that N,, f € L7(a,c), as va is nonprincipal 
at a. For the behavior at b of N,,, f decompose f € dom Tmax as 


f= fo+h, 


where fo € dom Tmin and h € dom Tmax is a function which vanishes in a neigh- 
borhood of b, say (b',b); cf. the proof of Proposition 6.4.9. Since dom Tmin C D 
by Corollary 6.12.2 it is clear that Nu, fo € L? (d, b). It follows from (6.10.15) with 
O = Up that 
W (h, Up) 

vpu ` 
Since h vanishes on (b', b), it follows that Nu„,h vanishes on (b', b), while on [d, b’ 
the function x + W,(h,up) is bounded and the function u, does not vanish. 
Consequently, one sees that Nu,h € L?(d,b) and thus Na, f € L? (d, b). Hence, it 
follows that f € D. 


Na h=- 


Let the mapping A : D > C be defined by 


Af = lim Ae. fed. (6.12.4) 


Note that A is well defined by Theorem 6.10.9 (i). 


Lemma 6.12.4. Let vg and up be real solutions of (L — Ao)y = 0, Ao € R, which 
are nonprincipal at a and principal at b, respectively. Assume that the endpoint a 
is in the limit-circle case and the endpoint b is in the limit-point case. Let t be the 
form in (6.12.2)-(6.12.3). Then for every £ > 0 there exists De > 0 such that 


JAF? < et[f] + Dellfliiz(as), FED. 


Proof. Choose £ > 0 and write the form t as the sum of 


d = 
tealhal = | (BPAP) + ale) Flee) ae 


(pua) (Ð soz PA gn 
Va(c) 


+ 
up(d) 
~e / (Noa PONa NE) de + o f f(x)gtayr(a) dz, 


b b 
wald = | (Nu, NEN a NE) de + o f FEIE) (a) de. 


It has been shown in Lemma 6.9.4 that t is independent of the choice of c and 
d, and hence c € (a,a9) and d € (bo, b) can be chosen suitably close to a and b, 
respectively. In fact, choose c so close to a that 


E 1 
2 f poe? = * 
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Then, as in the proof of Lemma 6.11.4, it follows that for all f € D 


lim f(a) 


ra valz) 


2 
<2 


2 c 
+e f INu, f (t)|? dt. 


fo) 
valc) 


Consequently, with the above choice of c and any choice of bọ < d < b one sees 
that for all f € D 


lim f(z) 


La Valt 


2 
<2 


2 
+ 2 


2 


f(c) f(d) 
Va(c) up(d) 


+e (f inatoa f Na fOP at). 


As in the proof of Lemma 6.11.4, an application of Corollary 6.8.6 shows that 
there exists Ce > 0 such that for all f € D one has 


HORMEL] 
va(e) e 


The assertion follows by combining the above inequalities. 


2 
< Ce||f ll z2(c,a) + Ette, lf]. 


The following lemma is the counterpart of Lemma 6.8.4 and Lemma 6.11.5 
in the present situation. 


Lemma 6.12.5. Let va and up be solutions of (L — ào)y = 0, Ao E€ R, which are 
nonprincipal at a and principal at b, respectively. Assume that the endpoint a is in 
the limit-circle case and the endpoint b is in the limit-point case, and let {C, T0, T1} 
be the boundary triplet in Proposition 6.12.1. Then {C, A} is a boundary pair for 
Tmin corresponding to Sı which is compatible with the boundary triplet {C, To, T1}. 
Moreover, one has 


(Tmax f, 9) L2(a,b) = (Tif, Ag) + tf, gl, f € dom Tmax, g © D. (6.12.5) 


Proof. Consider the form t defined on domt = D as in (6.12.2)-(6.12.3) and 
denote the corresponding semibounded self-adjoint operator in L?(a,b) by S1; cf. 
Corollary 6.12.2. Let € > 0 and D; > 0 be as in Lemma 6.12.4. It follows from the 
estimate in Lemma 6.12.4 that for p < m(S1) there exists Cp, > 0 such that 


Alcs 


for all f € D. Therefore, A € B(Sts,-p,C). Moreover, by Lemma 6.12.3, one 
has dom Tmax C © and hence A is an extension of the boundary mapping To 
in (6.12.1). Now Lemma 5.6.5 implies that {C,A} is a boundary pair for Tmin 
corresponding to S4. 

In order to conclude that {C, A} and {C, To, T1} are compatible it remains 
to show that A, = S1, where A, is the self-adjoint operator defined on kerT,. In 


JAF)? < Dell fllZ2cae) + Etf] < Corel 
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fact, due to dom Tmax C D the Green formula (6.9.15) is valid for f € dom Tmax 
and g€D 


(Tans f Dizen = hoa] + fim, Welw) (Z) 0) 


- tim, Wafiwa) (Z) (a), 


a'>a 


where each of the limits exist. Now observe that 


wizon(2) =-me(2) (8) 


cf. (6.10.15). Since u, is principal at b and Nu, f, Nu,g € L7(d,b) for bo < d < b, it 
follows from Corollary 6.10.2 (applied to the endpoint b) with P = puz, p = f/us, 
and Y = g/up, that 


: g 
Jim, Wew (i 


) ©) = ipit Wo (fou) (2) 0) =0. 


Ub 
Thus, in the present context, it follows that (6.12.5) holds. Hence, 
(Aif, 9)L2(a b) = tf, g] 


holds for all f € dom A; and g € dom t. As A; is self-adjoint the first representation 
theorem implies A; = S4. 


Recall that by means of the boundary triplet in Proposition 6.12.1, all the 
self-adjoint extensions of Tinin are in a one-to-one correspondence to T € RU {co} 
via 

dom A, = {f € dom Tmax Tif=rlof }, (6.12.6) 
where in case T = co one means [of = 0. The next result, which is an immediate 
consequence of Theorem 5.6.13 and Corollary 5.6.14, makes use of the compatible 
boundary pair in Lemma 6.12.5 and provides a characterization of all closed semi- 
bounded forms associated with the semibounded self-adjoint extensions A+. The 
boundary triplet and the compatible boundary pair are provided by the choice of 
the solution vg of (L — Ao)y = 0, which is nonprincipal at a. 


Theorem 6.12.6. Let {C,T o, T1} be the boundary triplet in Proposition 6.12.1, let 
T E€ RU {oo}, and let A, be the corresponding self-adjoint restriction of Tmax 
in (6.12.6). Then A, is semibounded from below and the corresponding densely 
defined closed semibounded form t, in L?(a,b) such that 


(A-J, 9) L2(a,b) = telf, gl, f € dom A,, gE dom t,, 


is given in terms of t in (6.12.2)-(6.12.3), and A in (6.12.4) as follows: 
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(i) ITER, then 
t-[f; g] =tlfg)+r(Af, Ag), domt, = 9. 
(ii) If 7 = œ, then A, = Ao coincides with the Friedrichs extension Sp and 
tlf,gl=tf,g], domt, = {h € D : Ah =O}. 


In the same way as in the previous section it will be discussed briefly what 
the results look like when there is a different choice for the nonoscillatory solution. 
Let wa be a solution of (L — A9)y = 0 which is nonprincipal at a and assume that 
Va and Wa do not vanish on (a, ao). Denote the form generated by the solutions 
Wa and up by t and let ua be a solution of (L — A9)y = 0 which is principal at a 
and which satisfies W (ua, Va) = 1. Then one has dom t = domt = D and 


Wa = AaVa + Bata 


for some Qa, Ba € R, where ag # 0. Denote the boundary triplet generated by wa 
by {C, T6, Ti} and let {C, A’} be the corresponding boundary pair; cf. Proposi- 
tion 6.12.1 and (6.12.4). Then the following result is clear; cf. Proposition 6.11.7. 


Proposition 6.12.7. The boundary triplet {C, 14,1} and the boundary pair {C, A’} 
generated by the nonprincipal solution Wa are given by 


1 
Af=—Af, fed, 


and 
Tif=aalift+PaAdf, f Edom Tmax. 
Moreover, the form t' coincides with tr as in Theorem 6.12.6, where T E€ R is 
given by 
_ Ba 


T= ; 
Qa 


Next let ua and up be nontrivial solutions of (L— Ao)y = 0 which are principal 
at a and b, respectively, and assume that ua does not vanish on (a, ao) and that 
up does not vanish on (bo, b). Denote the form generated by the solutions ua and 
up by t; cf. Theorem 6.9.6. Then the following analog of Proposition 6.11.8 holds. 


Proposition 6.12.8. The form t coincides with to. in Theorem 6.12.6 or, equiva- 
lently, t is the form generated by the Friedrichs extension 
tsp =t. 
The following equivalent characterizations of the Friedrichs extension of Tmin 
are mentioned for completeness; cf. Proposition 6.10.11 and Corollary 6.11.9. 


Corollary 6.12.9. Let vg and ua be solutions of (L — ào)y = 0, Ao E€ R, which are 
nonprincipal and principal at a, respectively. Assume that the endpoint a is in the 
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limit-circle case and the endpoint b is in the limit-point case. Then f € dom Tmax 
is in the domain of the Friedrichs extension Sp of Tmin if and only if one of the 
following equivalent conditions holds: 


(i) Nua f € L*(a,a’); 


) 
(iii) limra We(f, ua) = 0; 
(iv) Umasa f(x) /Ua(x) exists in C. 
Finally, the special case that the endpoint a is regular is briefly discussed. 


Remark 6.12.10. The considerations in this section simplify if the endpoint a is 
regular. In that case one can choose the boundary triplet {C, ro, r1} in Propo- 
sition 6.4.1. The form t and Ð in (6.12.2) and (6.12.3) reduce to (6.9.19) and 
(6.9.20) with dp = up in Remark 6.9.9, respectively. The corresponding boundary 
pair A: D > C in (6.11.4) has the form 


Af = fla), feE®. 


6.13 Integrable potentials 


In this section the Sturm-Liouville differential expression 
L=-D?+q, D=d/dz, with q € L'(0,00) real, 


is studied on the interval (0,00); note that in this special case r = p = 1. It is 
clear that the endpoint 0 is regular. In the following lemma it will be shown that 
— D? + q can be seen as a perturbation of the expression —D?, in the sense that 
the fundamental solutions have the same asymptotic behavior as x +> eiar and 
DH ete. cf. Example 6.4.2. In this context it also follows that the endpoint oo 
is in the limit-point case. Throughout this section it will be tacitly assumed that 
the square root \/- is fixed by the requirement that Im V/A > 0 for all A € C\ (0, 00) 
and VX > 0 for  € [0, 00). 

Lemma 6.13.1. Assume that q € L1(0,0o) and that A € C \ (0,00). Then there is 
a fundamental system (e1(-, A); e€2(-,A)) of the equation (L — Ajy = 0 such that 


e1(a, A) = evn +o0(1)), 2-70, 
el (a, A) = iVe~ (1+ 0(1)), £> o, 


and 
€2(@, A) = e VA] +o(1)), ro, 


e(z, A) =—i Ne *¥4"(1 + o(1)), LZ — oo. 


In particular, e1(-, A) € L?(0,00) and e9(-, A) Z L7(0,00) for all A € C \ [0, 00). 
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Proof. Due to the integrability of q the nonnegative function 


a(x) = a |q(t)| dt, xz >0, 


is well defined, nonincreasing, and limz-,.. a(x) = 0. The proof of the lemma will 
be given in three steps. In the first two steps each of the above solutions e1(-, A) 
and e9(-, A) is constructed; in the third step the linear independence is shown. 


Step 1. Let X € C \ {0}. It will be shown that there is a bounded function a(-, A) 
such that the integral equation 


© p2iVX(E vr) 4 
a(z,A) =14 t)a(t,A)dt, «>0, 6.13.1 
(x, d) | TO (6.13.1) 


is satisfied. Note that for t > x one has 


|ertv A=) _ 1| < 9. 


Define the sequence of functions an, n € NU {0}, inductively by 
[ee] e2iVX(t-2) —1 
2i V/A 


for x > 0. Since ø is nonincreasing it is easily seen that 


wayi (AB) 


ag(#,A)=1 and an4i(a, A) =} , Q(t) On (t, A) dt 


Now choose ô > 0 such that |V/\| > 6. Then there exists an zs > 0 such that 


<1, (6.13.2) 


and note that for all x > x5 it follows that 


a(z) — alza) 
VAS a 


For the function a(x, A) = Xpo an (z, À) defined for x > x5 one has 


noah «Stoo (20) S (E) «tp 


=0 n=0 


<1. 
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for x > xs. Hence, the function a(-, A) is well defined and bounded for x > a5. By 
dominated convergence, it follows for x > x5 that 


a(z, à) =1+ Donn x, A) 


o0 e2i V X(t- oo 
= fs q(t) an(t, A) dt 
co eis 


=1 f NE aD Doon A a 


i foe) eziVX(t-«) =A ( N r 
= t) a(t, A) dt. 
J ayn 


Hence, the integral equation (6.13.1) is satisfied for all z > x5. Note also that for 
£ > Ts 


a' (x, A) = -f e” VAt-2) a(t) a(t, d) dt (6.13.3) 


and 
a” (x, A) = ziva f ePi VAt—-a) q(t) a(t, A) dt + q(x)a(z, A). (6.13.4) 


It is clear that |a’(x,A)| > 0 as x > oo. 


Now consider the function e1(x, A) = e'Y"a(x,X), defined for x > xs. It 
follows from a straightforward computation and (6.13.3)—(6.13.4) that e;(-, A) sat- 
isfies the differential equation (L — A)e, = 0 and the asymptotic properties of e1 
and e) for z — oo are a consequence of the asymptotic properties of a in (6.13.1) 
and a’ in (6.13.3) for z — oo. It remains to note that the solution e; on the 
interval (5,00) can be extended to a solution on (0,00). 


Step 2. In this step it is assumed that A € C \ [0,00). As in Step 1, choose ô > 0 
and z5 > 0 such that |V/A| > 6 and (6.13.2) hold. It will be shown that there exists 
a bounded function 8(-, H such that the integral equation 


1 ei VAa- t) E RS 
AV Ja, q(t) B(t, A) dt + zl q(t) B(t, A) dt 


is satisfied; in particular, then also the second integral is well defined. 
Note first that for zs < t < x one has 


blz, à) =1+ 


Jene- < 1. (6.13.5) 


Define the sequence of functions 8n, n € NU {0}, inductively by 8o(x, A) = 1 and 


Bn+1(7, A) = 


1 © iVe- t) 
uae u(t) a(t, )dt-+ [a(t Balt, AY at 
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for x > as. In the same way as in Step 1 it follows that 


ANE (2) < (7, N 


and the function (x, A) = Xp o Bn(a, A) is well defined for x > x5, bounded by 
some constant Mg > 0, and solves the integral equation. For x > x5 define the 
function e2(x, A) = e iV Bla, A). Since for x > xs one has 


BY(a,A) = 4 enVa- g(t) P(t A) dt 


ô 
and 


p" (2,A) = 2iVA / © VNE g(t) (E, A) dt + ala) P(A), 


it follows that e2(-, A) satisfies the differential equation (L — A)e2 = 0. For the 
asymptotic properties of eg and e4 observe first that 


f PiN- a(t) B(t, d) dt 


ô 


, z/2 2 
= a. eiVN(a-2t) q(t) B(t, d) dt + a e2iVX(w-t) q(t) B(t, d) dt 
25 /2 
(6.13.6) 


tends to 0 for x — oo. In fact, since JetVe—28) | < 1 for a5 < t < x/2 the first 
term on the right-hand side in (6.13.6) satisfies the estimate 


; x/2 x/2 
aaa | ciVN(2—2t) q(t) B(t, A) at < le Ma | la(t)| dt, 
gä Ts 


and hence tends to 0 for z —> oo as Im VA > 0 and q € L!(0, 00). Similarly, the 
second term on the right-hand side in (6.13.6) tends to 0 for x —> oo by (6.13.5), 
|B(t, A)| < Mg, and q € L! (0,00). Now the asymptotic properties of ez and ef for 
x — co follow from the asymptotic properties of 8 and 8’ for x > oo. Finally, the 
solution e> can be extended to a solution on (0,00). 


Step 3. Since the Wronskian W (e1(-, A), e2(-,A)) is constant, it follows from the 
asymptotic behavior of e;(-, A) and e2(-, A) that 


W(ex(-, A), €2(-, A) = —2i VÀ. 


Hence, e1(-, A) and e2(-, A) form a fundamental system. 


It is a direct consequence of Lemma 6.13.1 that the defect numbers of Tmin 
are (1,1). Hence, the endpoint oo is in the limit-point case and {C, Io, I1}, where 
To and I; are defined by 


Tof =f(0) and Tif =f"(0), f €domTmax, (6.13.7) 
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is a boundary triplet for Tmax; cf. Proposition 6.4.1. The self-adjoint restriction 
Ao of Tmax is given by 


Ap = —D* +q, dom Ag = { f € dom Tmax : f(0) = 0}. 


Let ui(-,A) and u2(-, A) be the fundamental system corresponding to the usual 
initial conditions, that is, w;(-,) and u2(-, A) satisfy 


J 2 ¢ ie (6.13.8) 


Then the Weyl function belonging to the boundary triplet in (6.13.7) is uniquely 
defined by the property 


uil, A) + M(A)ua(-, A) € £7(0,00), AEC\R; (6.13.9) 
cf. Proposition 6.4.1. In order to determine the corresponding Weyl function one 


has to compare the fundamental system (u1(-,A);u2(-,A)) with the fundamental 
system (e1(-, A); e2(-,A)) from Lemma 6.13.1. 


An important ingredient for the following considerations is Gronwall’s lemma. 


Lemma 6.13.2. Let f be a continuous complex function on |c, b). 


(i) Assume that a, B € Li. |c, b) are nonnegative functions and that a is nonde- 
creasing. If 


LF) < a n+ ff B(s)|f(s)\ds, teet: (6.13.10) 
then f satisfies the inequality 
FO < a(t) ele BM te (eb). (6.13.11) 


(ii) Assume that B € L*(c,b) is a nonnegative function and that a > 0 is a 
constant. If Bf € L*(c,b) and 


b 
FOlsat | s(s)IF(s)lds, teleb), (6.13.12) 
t 
then f satisfies the inequality 


[F(t)| aek edu, te jeb). (6.13.13) 
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Proof. (i) It follows from the inequality in (6.13.10) that 


a (< Seaman f swr) du) 
= ro = Ono) du! B(s)en SÈ P) du 
x a(s)B(s)e TE P0 du 
almost everywhere. Integration of this inequality over the interval [c, t] leads to 
t t 
eee a B(u)| f(u)| du < f a(s)B(s)en Je P0 t ds 


or, equivalently, 
t t : 
J sepiraiaus f a(s)s(s)el! 84 as, 


Due to (6.13.10) and the assumption that a is nondecreasing one obtains 
t 
FOl- a< f a(u)lflu)|du 
t 
< a(t) f B(s)els P0) du ds 
p d p 
= 02) I EOLA 
c ds 


= —a(t) (1 = efè Btu) au) l 


which gives (6.13.11). 


(ii) It follows from the inequality in (6.13.12) that 


d (< [2 Bo) du | One) au) 


ds 
b 
= p B(u)|f(u)| du — roll aoe jadi 
= —aB(s)e— J? B(u) du 


almost everywhere. Integration of this inequality over the interval [t, b] leads to 


b b 
=E” Se BC) ar B(u)|f(u)| du > ~a ih B(s)e7 J? B(u) du ds 
t t 
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or, equivalently, 


g b 
/ B(u)|f(u)| du < af B(s)ele PO du dg 
t 


Due to (6.13.12) one obtains (6.13.13). 


The next lemma on the asymptotic properties of solutions of (L — A)u = 0 
is the first step to determine the Weyl function corresponding to the boundary 
triplet in (6.13.7). 


Lemma 6.13.3. Assume that q € L! (0,00), let A € C \ [0, o0) and c1, c2 € C. Let 
u(-,A) be a solution of (L — Aju = 0 satisfying 


(D? +q)u = àu, u(0, à) =c, u'(0,A)= c2. (6.13.14) 
Then 
iNe [cəl 1 f 
lei ^tu(x, A)| < (Ic c al) ex (| a(t) at) (6.13.15) 
and 


uz.) = (9 ai anf é eV a(t)u(t, A) dt + o(1 )) 


as LAr OO. 


Proof. A simple computation shows that for A € C \ {0} the unique solution of 
(6.13.14) is given by 


sin VAr 4 sin VA(a — 9 u A)dt. (6.13.16) 
0 


u(x, A) = c cos VAx +c } 
(x, A) =c 2 Tx 


It follows from (6.13.16) that y(x, A) = e~@™ VY)" u(x, A) satisfies 


[cə] 


1 zr 
lola] < lel ++ a la(t)| \o(t, A)| dt, 


and hence Lemma 6.13.2 (i) leads to 


peyis (Jal + 22) exw (ef uola). 
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Since |e’Y*" u(x, A)| = [e7 ™ YF u(x, A)| = |y(x, A)|, the estimate (6.13.15) fol- 


lows. 
Furthermore, (6.13.16) yields that 


—i £ C1 C2 iVAZ C1 C2 
u(x, A) =e *¥A? | 2 = +e (3 4 ) 
on ( 2 sun) 2 2VSr 


1 © hI 
— e t)u(t, A) dt 6.13.17 
al ae?) ( ) 
© ivVila—t) 
+ 2 t)u(t, A) dt 
sah Í MaA 


For the second term on the right-hand side of (6.13.17) with A € C \ [0, o0) one 
has 


iVrxx [ & C2 —iV AL 
e — + =e oll); = 00: 
(3 a) g 


To estimate the third term on the right-hand side of (6.13.17) note first that this 


term is equal to 
e7iyAr iVXt g/ 
= t, A) dt 
a fe atnute.a 


Next one has 


Vtg 
-z Ju(t, A) dt = 0(1), zo. 


In fact, this holds since t +> eV u(t, A) is bounded by (6.13.15) and 


[ eMa(du(t.ryat] eo [Ia (t)| dt. 


Therefore, the third term on the right-hand side of (6.13.17) has the form 


e-iz -zz eit a(t)u(t, A) dt + o(1 )). 


For the fourth term on the right-hand side of (6.13.17) one uses again that 
t+ e'Vu(t, A) is bounded. Then 


safe (8) (t)u(t, A) at < oe (f ea VIE (A) d), 
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and splitting the interval of integration leads to 


f elim VX) (2t—2) lq(t)| dt 
0 


a /2 a 
=f em DeDate f avae ade 
0 x/2 


a /2 x 
< f la(t)| dt + e0™ Ve | „KOl 
0 a/2 


= ei zo(1), I> oO. 


This completes the proof, as the last assertion in the lemma now follows from 
(6.13.17). 


The next proposition is a consequence of Lemma 6.13.1 and Lemma 6.13.3. 
Here the Weyl function M in (6.13.9) is specified. 


Proposition 6.13.4. Let M be the Weyl function corresponding to the boundary 
triplet {C, T0, T1} in (6.13.7). Then there exists a countable (possibly empty) set 
D C (—co,0) which is bounded from below and may only accumulate at 0, such 
that M is holomorphic on C \ ({0,00) UD) and 


iVX — Jo eV g(t)ur (t, A) dt 
1+ fy etVtq(t)ua(t, A) dt 


M(A) = ,  AEC\([0,co) UD). (6.13.18) 


Proof. In order to determine the Weyl function M corresponding to the boundary 
triplet {C,T o, I1} observe first that for A € C \ [0,00) the fundamental systems 
(uil, A); ua(-,A)) and (e1(-, A); e2(-, A)) in Lemma 6.13.1 are connected by 

ua(-, A) = Ar (A)er(-, A) + Ara(A)ea(-, A), 

ua(-, A) = Aai(A)er(-, A) + A22(A)e2(, A), 
where A;;(A), i, j = 1,2, are connection coefficients. Since 

ur(-,A) + M(A)ua(-, A) = e1(-, A) (A11 (A) + M(A)Aa1(A)) 
+ €9(-, A) (Ai2(à) + M(X)Ao2(A)) 

and e1(-,A) € L7(0,00), e2(-,A) ¢ L7(0,00) for A € C \ [0,00) by Lemma 6.13.1, 


it follows that for A € C \ [0,00) the function w(-, A) + M(A)u2(-, A) belongs to 
L?(0,00) if and only if M(A) satisfies the equation 


Aj2(A) + M(A)Ag2(A) = 0. (6.13.20) 


(6.13.19) 


Hence, it remains to compute the connection coefficients Aj2(A) and Ag2(A). It 
follows from Lemma 6.13.3 with cı = 1 and cg = 0 that 


ulz, A) = ety àT m l S iV u o 
da (5 el dimt A 4 0); 
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and with cı = 0 and cg = 1 that 


uaa, 4) = e7 (- Pinas [Fe ateuate,ayae-+ o(1)). 


2iVA DivX 


Comparing with (6.13.19) and Lemma 6.13.1, and taking care of the terms involv- 
ing o(1), this gives 


Al 1 Oe sates 
Aj2(A) = 2 sa] é€ q(t)ur(t, A) dt 
and, likewise, 
Ce a a eV a(t) uug(t, A) dt. 
VX  2iVA Jo 


Hence, for A € C \ [0,co) such that Ag2(A) Æ 0 it follows from (6.13.20) that 


Ajo(A) _ 3 ~~ I7 Mi ei V^ q(t)ur (t, à) dt 
1 


Ag2(A) + so Jo et a(t)ualE, A) dt’ 


M(A) = 


QiVr 


which leads to the expression for M in (6.13.18). Since the Wey] function is holo- 
morphic on p(Apo), it is clear that Ag2(A) 4 0 for all A € C \ R. Note also that the 
functions Aj2 and Ag2 are both holomorphic in C \ (0,00), and that the zeros of 
A22 in (—oo, 0) may only accumulate at 0 and —oo. However, (6.13.15) shows that 


Wa kO E 
Joule, < (=| TOLE 


and hence there exists C_ € (—oo,0) such that for all A € (—oo, C_) 


ih e'tq(t)u(t, A) a <1: 
0 
Therefore, Ag2(A) Æ 0 for all A € (—oo, C_) and 0 is the only possible accumulation 
point of the zeros of Ag in the interval (—oo,0). This completes the proof of the 
proposition. 


It will turn out in Corollary 6.13.6 that the set C \ ([0, o0) U D) coincides 
with the resolvent set of the self-adjoint operator Ao, so that the form of the Weyl 
function M in Proposition 6.13.4 is valid for all A € p(Ao). 

In the following lemma, which complements Proposition 6.13.4, it will be 
shown that the Weyl function admits a continuation onto (0,00) from Ct with a 
positive imaginary part. 


Lemma 6.13.5. Let M be the Weyl function corresponding to the boundary triplet 
{C, To, 1} in (6.13.7). Then the limits limejo M(A + ie) and lim, jo Im M(A + ie) 
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exist for all A > 0 and are given by 


a11 (à) F iai2(A) 
azı (à) i iaz2 (A) , 


A> 0, (6.13.21) 


and 
1 1 


VÀ azı (à)? + ag2(A)? 


respectively, where aij : (0,00) + R, i,j = 1,2, are the coefficients in the asymp- 
totic formulas 


Im M(A + i0) = >0, ASD, (6.13.22) 


u(x, A) = a11 (A) cos VAx + ay2(A) sin VAz + 0(1), £ — 00, 
6.13.23 
u2(2, A) = azı (A) cos V Ax + ag9(A) sin VAz + 0(1), £ —> 00, ( ) 
for à > 0. The functions aij have the form 
ay1(A) =1— zl sin VAt q(t)u1(t, A) dt, 
1 Co 
ailà) = — | cos VAt q(t)ur(t, A) dt, 
Ah A (6.13.24) 
azı (À) = =E], sin VAt q(t)u2(t, A) dt, 
jaye a (1 +f wea Ow) ar) 
and satisfy 
less aa = a A>0. (6.13.25) 


Proof. It follows from Lemma 6.13.2 (i) that the solution 


u(x, A) = cı cos VAT + c2 a: T AA UEN dt 
0 


VX Vx 
of (6.13.14) is bounded for all A > 0; cf. the proof of Lemma 6.13.3. Therefore, 
sin VA 
u(x, A) = c1 cos VAT + c2 sa o 
vr 
ae (6.13.26) 
°° sin r-t 
f q(t)u(t, A) dt + o(1 
[Hoo naa 
and in the same way one obtains 
u' (a, A) = —e,V Asin VAT + c2 cos V Ar 
(6.13.27) 


+ T cos V\(a — t) q(t)u(t, A) dt + o(1). 
0 
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From (6.13.26) and 


~ sin VA(z — t) E o sinvyàr f° a . 
f — pee q(t)u(t, A) dt = Ty | Vt q(t)u(t, A) dt 
cos vàz [° . 


one then derives for À > 0 the asymptotic formulas (6.13.23), where the coefficient 
functions a;; are as in (6.13.24). Similarly, from (6.13.27) and 


| m VA(z — t) q(t)u(t, A) dt = sin VAr | cor q(t)u(t, A) dt 


0 0 


+ cos Vax | cos V At q(t)u(t, A) dt 
0 


one obtains for the derivatives 


ul, (x, A) = —a11 (A) VA sin Vx + a12(A)VAcos VAr + 0(1), £ —> o, 
ub(x, A) = —a21 (A) VA sin VAx + a29(A)VAcos VAr + 0(1), x£ —> o. 


In view of the initial values of u: (+, A) and ua(-, A), their Wronskian satisfies 
i= W (uil, à), ua(-, d)) = VA(a11(A)a22(A) = a2(A)aa1(A)) + o(1) 


as x —> oo, and hence (6.13.25) follows. 
To complete the proof of (6.13.21) and (6.13.22), it remains to note that for 
A > 0 the limits 


mi (iva +ie— f eV Atieta(t)ui (t, A + i£) ar) 
£ 0 


and 


lim (1 + f eV Atit a(t)ua(t, A + ie) at) 
7 0 


exist and are given by 
iVr — f e'V*a(t)u(t,\)dt and 1+ f e'a(t)ua(t, A) dt, 
0 0 


respectively, so that the statements follow from the representation of M in Propo- 
sition 6.13.4 and the form of the coefficient functions a;;. Note that a21(A) and 
a22(A) do not vanish simultaneously for any A > 0 by (6.13.25). 


In the next corollary the spectral properties of the self-adjoint operator Ao 
with Dirichlet boundary condition at 0 are discussed. 
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Corollary 6.13.6. Let {C, To, T1} be the boundary triplet in (6.13.7) and consider 
the self-adjoint operator 


Ao = —-D? +q, dom Ap = Tf € dom Tmax : f (0) = 0}. 
Then the following holds for the spectrum of Ao: 


(i) Gac(Ao) = [0, 00); 
(ii) op(Ao) N (0,00) = Ø and o.(Ao) N (0,00) = 0; 
(iii) (a(Ao) N (—00,0)) C ap(Ao) is at most countable, bounded from below, and 
may only accumulate at 0; each eigenvalue has multiplicity one. 


Proof. In order to apply the results from Chapter 3, recall first that, by Proposi- 
tion 6.4.4, the minimal operator Tmin is simple. It follows from Proposition 6.13.4 
that the spectrum of Ap in (—oo, 0) consists of at most countably many eigenvalues 
which are bounded from below and may only accumulate at 0. Since the singular 
endpoint oo is in the limit-point case, each eigenvalue has multiplicity one. This 
shows (iii). From Theorem 3.6.5 and Lemma 6.13.5 one then concludes that 


Tac( A0) = closac({A € R : 0 < Im M(A + i0) < +00}) = [0, 00), 


i.e., (i) holds. According to Lemma 6.13.5, M(A + i0) exists for all A > 0 and 
hence Ry = lime jo iE M (A+ ie) = 0 for all X > 0. That o,(Ao) (0,00) = 0 follows 
from Theorem 3.5.5 and Corollary 3.5.6 (see also Theorem 3.6.1). Finally, that 
Osc(Ao) N (0,00) = Ø follows from Theorem 3.6.8 (see also Corollary 3.6.9) and 
0 < Im M(A + i0) < +00 in Lemma 6.13.5. 


Recall from (6.4.8) that for r € R the Weyl function corresponding to the 
boundary triplet {C, r5, TT} in (6.4.7) is given by 


— 1+7M()) 


M-A) = — MO) (6.13.28) 


and that the self-adjoint restriction of Tmax corresponding to ker TG is 
A, =—D* +q, dom A, = {f € dom Tmax : f'(0) = Tf(0)}. 


For A; one obtains a statement similar to Corollary 6.13.6. 


Proposition 6.13.7. Lett € R and let {C, 1G, TT} be the boundary triplet in (6.4.7) 
with A, as above. Then the following holds for the spectrum of A»: 
(i) Gac(Ar) = [0, 00); 
(ii) op(A-) N (0,00) =@ and osce( A+) N (0, œ) = 0; 
(iii) (o(A-) N (—00,0)) C op(A-) is at most countable, bounded from below, and 
may only accumulate at 0; each eigenvalue has multiplicity one. 
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Proof. It follows from Proposition 6.13.4 that 1+7M and 7— M are holomorphic 
on C \ [0,00) with the possible exception of a countable set of poles in (—oo, 0) 
which may only accumulate at 0. Furthermore, since M is a Nevanlinna function, 
it is nondecreasing in between two consecutive poles in (—oo, 0) and hence T — M 
has at most countable many zeros in (—oo,0) which may only accumulate at 0. 
Therefore, the function M, in (6.13.28) has at most countably many poles in 
(—oo,0) which may only accumulate to 0. 

By Lemma 6.13.5, the limit M, (A + i0) exists for all A > 0. In fact, it is clear 
that the limits 1+7M(A+70) and 7 — M(A+10) exist for all A > 0. Now assume 
that for some A > 0 one has rT = M(A). Then it follows with the functions aj; in 
Lemma 6.13.5 that 


T (a21(A) + ta22(A)) = —a11 (A) — ia12(A) 
or, equivalently, 
ai (A) + Ta21(A) + i(ay2(A) + Ta22(A)) =): 
Hence, a11 (À) = —Ta21 (A) and ay2(A) = —Ta22(A) and (6.13.25) yields 
1 
—= = —7091(A)a22(A) + Ta22(A)a21(A) = 0; 
Tk 21(A)a22(A) + Ta22(A)a21 (A) 


a contradiction. It follows that the limit M,(A + 70) exists for all A > 0. A simple 
computation using Im M(A + 70) > 0 for A > 0 shows that 


(1+ 77)Im M(A + i0) 


Im M, (À + i0) = 
MAARN MAP 


>0, A> 0. 


From these properties of M, the assertions (i)—(iii) follow in the same way as in 
the proof of Corollary 6.13.6. 


Example 6.13.8. Consider the integrable potential 
7 2A? 
cosh?(Ax + B)’ 
where A > 0 and B € R is arbitrary. Define the smooth bounded function 
T(x) = —Atanh(Az + B), 


q(x) = 


so that q(x) = 2T'(x) and 
T(x)? — T'(x) = A?, 
which gives T” (x) = q(x)T(z). It is therefore clear that the functions 
sin Vàr 
VX | 
W(a, A) = VAsin VAz — T(x) cos VAz, 


p(z, A) = cosV Ar + T(x) 
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satisfy the equation —y” + qy = Ay with the initial values 


(0, à) oe 1, y' (0, à) = T(0), 
w(0, A) = —T(0), w'(0,A) =A —T"(0). 


Hence, the following combinations of y(-, A) and w(-, A), given by 


1 


uy (x, À) = V+ A2 


((A = T"(0))e(a, à) — T (0y (z, A) 


and 


uals, A) = >y (TO), A) + Yle, A), 


form a fundamental system with the initial conditions in (6.13.8). It is clear that 
lims T(x) = —A and hence the coefficients in Lemma 6.13.5 are given by the 
functions 


om = —A(A+T(0))+AT" (0) 
ae a(A)\ 1 A—T'(0) — AT(0) ie = 
azi(A) a22(A)} A+ A? \—AT(0) 
T(0)+A aa ad 
Note that a11(A)az2(A) — ay2(A)azi(A) = 1/VÀ by Lemma 6.13.5 and this also 
leads to 


d9/? — V'A(T' (0) + AT(0)) + i(AT'(0) — A(A + T(0))) 


es VATO) + A) + iA — AT(0)) i M k 
6.13.29 
and 
Im M(A) = Bore), \>0. 


Upon writing the solution «+> u1(x, A) + M(A)ua(z, A) for A € C \ [0, 00) in the 
form 

d(x, AJ + do(z, A)e 7i (6.13.30) 
one observes that x œ di(#, A) and z +> d(x, A) are bounded with limits as x > b. 
One concludes that lim,_,, d2(x, A) = 0 since the solution (6.13.30) belongs to 
L?(0,00). A computation of the coefficient d2(x, A) shows that the expression for 
M in (6.13.29) remains valid also for A € C \ [0, o0). Now one verifies that M has 
a pole at A < 0 if and only if B < 0 and \ = —T(0)?. Hence, the operator 


Ag = —D* +q, dom Ag = Tf € dom Tmax : f (0) = 0}, 
has one negative eigenvalue —T (0)? if B < 0 and 
f(a) =e" 7" (T(@) — T(0)) 


is a corresponding eigenfunction; in the case B > 0 the operator Ap has no negative 
eigenvalues. 
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Chapter 7 


Canonical Systems of 
Differential Equations 


Boundary value problems for regular and singular canonical systems of differ- 
ential equations are investigated. After a brief introduction to Hilbert spaces of 
C?-valued vector functions which are square-integrable with respect. to some 2 x 2 
matrix-valued function in Section 7.1, the class of canonical systems to be studied 
here is introduced in Section 7.2. In Section 7.3 the notions of regular, quasireg- 
ular, and singular endpoints for canonical systems are explained. The number of 
square-integrable solutions at an endpoint of the interval is studied in Section 7.4. 
Together with a monotonicity principle from Chapter 5, this leads to a limit- 
circle/limit-point classification of singular endpoints in the same way as in Weyl’s 
alternative in Chapter 6. The important concept of definiteness of canonical sys- 
tems is defined and studied in Section 7.5, and a cut-off technique for solutions is 
provided. Afterwards, in Section 7.6, a symmetric minimal relation in the appro- 
priate L?-Hilbert space and its adjoint, the maximal relation, are associated with 
real definite canonical systems. The defect numbers of the minimal relation are 
specified for regular endpoints and for endpoints in the limit-circle or limit-point 
case. Boundary triplets and Weyl functions for canonical systems in the limit- 
circle case are constructed in Section 7.7, while the limit-point case is treated in 
Section 7.8. The connection between subordinate solutions and properties of the 
Weyl function, as well as the description of absolutely continuous and singular 
spectrum are studied in Section 7.9. Finally, in Section 7.10 some special classes 
of canonical systems of differential equations are discussed, among them weighted 
Sturm-—Liouville equations. 
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7.1 Classes of integrable functions 


The purpose of this section is to introduce classes of vector functions which are 
locally square-integrable with respect to a measurable nonnegative matrix function 
and to collect some useful properties of such functions. 


Let 2 C R be an interval, not necessarily bounded, with endpoints a < b, 
not necessarily belonging to 2. In the following an integral of a vector function or 
a matrix function over 2 or over a subinterval is always understood in the com- 
ponentwise sense. The linear space ice (2) of locally integrable C?-valued vector 
functions consists of all measurable C?-valued vector functions f defined almost 


everywhere on 2 such that for each compact subinterval K C 2 


[ \lo)las < o. 


Here |x| denotes the Euclidean norm of x in C?. Note that for f € Ly, (2) and 
each compact subinterval K C 2 the norm inequality 


Rio ds 


holds. A C?-valued vector function f € £}, (2) is said to be integrable at the left 
endpoint a of the interval 2 or integrable at the right endpoint b of the interval 2 


if for some, and hence for all c € R witha < c < b 


2 f If (s)| ds (7.1.1) 


c b 
f eles <œ or f Olds < 00, (7.1.2) 


respectively. Similarly, a measurable 2 x 2 matrix function ® is locally integrable 
on 2 if for each compact subinterval K C 2 


f |®(s)| ds < 00; 


here and in the following |A| stands for the operator norm of a 2 x 2 matrix A. In 


particular, 
i (s) ds 
K 


The linear space consisting of all locally integrable 2 x 2 matrix functions on 2 will 
also be denoted by £}, (2); it will be clear from the context if the values of the 


loc 


functions in Li, (2) are vectors in C? or 2 x 2 matrices. A 2 x 2 matrix function 
© € Li. (2) is said to be integrable at the left endpoint a of the interval 2 or 


integrable at the right endpoint b of the interval 2 if (7.1.2) holds for some, and 
hence for all c € R with a < c < b and f replaced by ®. 


< i: |®(s)| ds. (7.1.3) 
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Note that all norms on the linear space of 2 x 2 matrices are equivalent 
and that the operator norm |A| of a 2 x 2 matrix A can be estimated by the 
Hilbert-Schmidt matrix norm as follows: 


|A| < ||All2 < V2|Al, where ||All2 := (7.1.4) 
For the product of 2 x 2 matrices A and B one has 
|AB| < |A||B| and ||ABll2 < ||Alli2 [Bll (7.1.5) 


In the case where the 2 x 2 matrix A is nonnegative the trace norm of A can be 
estimated by the Hilbert-Schmidt matrix norm: 


| All2 < tr A < V2|| Alls, where tr A = a11 + a22, 


which also gives 
|A| < tr A < 2|A]. (7.1.6) 


The following definition introduces the semi-inner product space £4 (1) of 
C?-valued functions which are square-integrable with respect to A; it is assumed 
that A is a 2 x 2 matrix function on z and that A(s) > 0 for almost every s € 2. 
In order to express the seminorm on £4 (2) the notation 


f(s)" A(s) f(s) = (Als) f(s), F(s)) 


will be useful. Here (-,-) denotes the standard scalar product in C? and f is any 
C?-function defined on the interval 2. 


Definition 7.1.1. Let 2 C R be an interval and let A be a measurable 2 x 2 matrix 
function such that A(s) > 0 for almost every s € 1. Then £4(2) denotes the 
linear space of all measurable functions f on 2 with values in C? which are square- 
integrable with respect to A, that is, 


IAA = [AAO = AOs <o (TL7) 


The semidefinite inner product (-,-)a on £4 (2) corresponding to the semi- 
norm ||- || in (7.1.7) is given by 


(faa = fos) AW)fe)ds, Fg € LAC). (7.1.8) 
Theorem 7.1.2. Let 2 C R be an interval and let A be a measurable 2 x 2 matrix 
function such that A(s) > 0 for almost every s € 1. Then the linear space £4 (2) 
equipped with the seminorm (7.1.8) is complete. 
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Proof. Since the 2 x 2 matrix function A is measurable and nonnegative almost ev- 
erywhere, there are measurable nonnegative functions e and e2, and a measurable 
2 x 2 matrix function U with unitary values, such that 


A(s) =U(s)"S(0)U(8), where 56) = (Gf). 


for almost all s € 2. Hence, one has for all measurable functions f with values in 
C? on 2 that 


/ f(s)"A(s) f(s) ds = J (Uf)(s)"5(s)(Uf)(s) ds. 


Written out in components this gives 
[rera@s)as= fiw.) 
= SUPP als) + f UP) duals), 


7 e5(s) ds 


e1(s) ds + [iene (7.1.9) 


where the measures jf; and u3 are absolutely continuous with respect to the 
Lebesgue measure m and their Radon—-Nikodym derivatives are given by e; and 
e2, respectively. Therefore, it is now clear that 


FELA & (Uf). €£3,,(2) and (Uf)2 € Liu (0) 


This shows that the transformation U maps the space £4(2) bijectively onto 


Lau, (2) X £4,,,(2) and from (7.1.9) one sees that the seminorms in £4 (:) and 


Liu, (1) X £3,,,(2) are preserved. Therefore, the completeness of £4 (2) is a conse- 


quence of the completeness of Liu (2) and Lipa (2). 


The space £4 (2) has the following approximation property. 


Lemma 7.1.3. Each element of the seminormed space L3 (1) can be approximated 
by functions in £4 (2) which have compact support. 


Proof. Let (Kn)nen be a sequence of nondecreasing compact intervals such that 
1 = Ue, Kn. For f € £4(2) put f,(s) = f(s) for s € Kn and f,,(s) = 0 elsewhere. 
Then fn € £4(2), fn has support in Kn, and 


If — falls = [ue = fn(s))"A(s)(f(8) — fn(s)) ds > 0 


as n — oo, by dominated convergence. 


The space £3 joc (2) consists of all C?-valued functions which are square- 
integrable with respect to A for each compact subinterval K C 2, i.e., 


| f(s)*A(s) f(s) ds < co. 
K 
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A function f € LÃ joc (2) is said to be square-integrable with respect to A at the 
left endpoint a of the interval 2 or square-integrable with respect to A at the right 
endpoint b of the interval 2 if for some, and hence for all c € R witha < c < b, 


[tera f(s)ds <œ or [sora f(s)ds < o0, 


respectively. A function f € L4 joc (2) belongs to £4 (2) if and only if f is square- 
integrable with respect to A at both endpoints a and b of 2. 


Clearly, if A is a nonnegative matrix function and f is a vector function, then 


|A(s) f(s)| = [A (8)? A(s)? f(s)| < |A(s)2| |A(s)? £(8)]. 


Now the statement in the next lemma is a consequence of the Cauchy—Schwarz 
inequality and the fact that 


|A(s)2|? = |A(s)? A(s)2| = |A(s)]. 


Lemma 7.1.4. Let A be a locally integrable nonnegative 2 x 2 matrix function on 
2 and let K C1 be compact. If f € LA(K), then Af € £'(K) and 


[wor rolas < (f |A(s) yas) (f rrara]. 


In particular, if f € L3 (2), then Af € Li. (2) and for all compact K C 1 


[actos (f ac Di Ila. 


Let N = {f € LA(2): ||flla = 0}, so that N is a linear space, and consider 
the quotient space 


LA (2) = LA 0) /N 


equipped with the scalar product induced by (7.1.8), that is, (f,g)a = (f, J)a, 
where fg € £4(2) are representatives in the equivalence classes f,g € L4 (0). 
From Theorem 7.1.2 it is clear that L4 (1) is a Hilbert space. When no confusion 
can arise, the equivalence classes in L4 (1) will also be referred to as functions 
that are square-integrable with respect to A. Note that the compactly supported 
functions in L4 (2) are dense in L4 (2) by Lemma 7.1.3. 


Recall that a C?-valued vector function f on an open interval 2 is absolutely 


continuous if there exists a C?-valued vector function h € £L}, (2) such that 


f(t) - #6) = f h(u) du (7.1.10) 
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for all s,t € 2. In this case, f is differentiable and f’ = h almost everywhere. The 
space of absolutely continuous C?-valued vector functions is denoted by AC(2). 
When a € R, then AC{a,b) stands for the subclass of f € AC(a,b) for which 
h € £}. (a,b) in (7.1.10) additionally belongs to £'(a,a’) for some, and hence for 
all a < a’ < b, in which case 


holds for all t € (a,b) and thus f(a) = lima f(t). When b € R there is a similar 
notation AC(a, b] and for f € AC(a, 6] one has f(b) = limy_,, f(t). The notation 
AC [a,b] is analogous. 


7.2 Canonical systems of differential equations 


This section offers a brief review of so-called 2 x 2 canonical systems of differential 
equations. The existence and uniqueness result for linear systems of differential 
equations will be discussed and properties of the corresponding fundamental ma- 
trices will be derived. 


Let 2 = (a,b) C R be an open, not necessarily bounded, interval and let H 
and A be 2 x 2 matrix functions defined almost everywhere on 2 such that 


H,A€ £i.(), H(t)=H(t)*, and A(t)>0 (7.2.1) 


for almost every t € 2. Furthermore, let 


i= i a) (7.2.2) 


and note that J* = —J = J~!. A canonical system is a system of differential 
equations of the form 


If'(t) — H(t) f(t) =aAAWF)+ AHI), tEn AEC, (7.2.3) 


where g € LÄ dea (z) is a function that is locally square-integrable with respect to A 
with values in C?. The condition g € £3 ,,,. (2) implies that Ag is locally integrable; 
cf. Lemma 7.1.4. In the general case of (7.2.3) one speaks of an inhomogeneous 
system, while if the term involving Ag is absent, that is, 


If'(t) -— H(t) f(t) =A), tex AEC, (7.2.4) 


one speaks of the corresponding homogeneous system. 
A function f on 2 with values in C? is said to be a solution of the canonical 
system (7.2.3) if f belongs to AC (1) and the equation (7.2.3) holds for almost every 
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t € 2. Observe that if f is a solution of (7.2.3), then f is also a solution of (7.2.3) 
when g € £4 Joc (2) is replaced by J € £4 joc (2) with A(g — J) = 0. Furthermore, 
if f is a solution of (7.2.3) and h is a solution of (7.2.4), then f +h is a solution of 
(7.2.3). In fact, the collection of all solutions of the homogeneous system (7.2.4) 
forms a linear space. The following result on the existence and uniqueness of 
solutions of initial value problems for inhomogeneous canonical systems will be 
useful. 


Theorem 7.2.1. Let g € LA joc (2) and A E C. Fix some co € 1 = (a,b) and y € C?. 
Then the initial value problem 


IF -= HOF) =+AHfOH+ 4090), Flo) =7, (7.2.5) 


admits a unique solution f € AC (1). Moreover, the mapping A +> f(t, A) is entire 
for every fixed t € 1. 


In order to prove this theorem one replaces the initial value problem (7.2.5) 
by an equivalent integral equation; recall that the functions H and A are locally 
integrable. The integral equation can be solved, for instance, by successive itera- 
tions, which also leads to the statement concerning the mapping A+> f(t, A) being 
entire, see, e.g., [754, Theorem 2.1]. 


In the next lemma a Lagrange identity for solutions of the inhomogeneous 
canonical system is obtained. 


Lemma 7.2.2. Assume that A, u € C and that g,k € Li toc (2). Let f,h be solutions 
of the inhomogeneous equations 


JFE) — HESE) = AA) E) + AWg(0), 
IW (t) — H(t)h(t) = pA(E)A(E) + AWR(t), 


respectively. Then for every compact interval [a, 3] C 2, 


B 
h(B)"If(B) — h(a)" J f(a) -f (h(s)*A(s)g(s) — k(s)"A(s)f(s)) ds 


i B 
Ts, / h(s)"A(s)f(s)ds. 


Proof. The assumptions that J is skew-adjoint and that H(t) and A(t) are self- 
adjoint almost everywhere on 2 lead to the identities 


(A* If)’ = h*(Jf’) — (IKRY F 
= h*(\Af + Ag + Hf) — (uAh + Ak + Hh)*f 
= h*Ag—k*Af + (A—-p)h* Af, 


which are valid almost everywhere on +. Integration over the interval [a, 8] com- 
pletes the argument. 
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Taking À = u = 0 in Lemma 7.2.2, one obtains the following corollary. It 
provides the form of the Lagrange identity that will be studied in detail later in 
this chapter. 


Corollary 7.2.3. Assume that g,k € £3 ioc (2). Let f,h be solutions of the inhomo- 
geneous equations 


(7.2.6) 


respectively. Then for every compact interval [a, 3] C 2, 


B 
h(B)" JFB) — h(a)" J F(a) =} (h(s)*A(s)g(s) — k(s)* A(s) f(s)) ds. 


[EA 


There is also a corollary of Lemma 7.2.2 involving solutions of the corre- 
sponding homogeneous system. Let Yı (+, A) and Y2(-, A) be solutions of (7.2.4) 
and define the solution matriz 


Y(-,A) = (16A) Ya(-,A)), AEC, (7.2.7) 


which is a 2 x 2 matrix function for each À € C. Then the matrix function Y (-, A) 
solves the equation (7.2.4) in the sense that it actually solves the matrix version 
of (7.2.4), 

JY (t, A) — HEY (t, A) = AA(E)Y(t, A), tEn 


Corollary 7.2.4. Let Y(-,A) be a solution matrix of the homogeneous canonical 
system (7.2.4). Then for every compact interval [a, 8] C2 and all A, u € C, 

B 
Y (6, w)* JY (8, A) — Y(a, u)“ JY (a, A) = (A= n) | Y (s, w)*A(s)¥(s, A)ds. 


a 


In particular, for all |a, 8] C2 and all A € C, 
Y(6,A)* JY (8, A) = Y(a,A)* JY (a, d). 


It is a consequence of Corollary 7.2.4 that for every solution matrix Y (-, A) 
the function 7 
try Y(t, A)* JY (t, A) 
is constant on 2. Hence, if for some co € 2 
Y (co, A)* JY (co, A) = J, (7.2.8) 
then Y(t, A)* JY (t, A) = J for all t € 2. This shows that 


Y(t, A)! =-JY (t, A) J and Y(t,A)"*=—JY(t,r)J, tEn (7.2.9) 
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and thus it also follows that 
V(t, A)JV(t,A)*=J, ter. (7.2.10) 


Let X be an invertible matrix which does not depend on A and assume 
that X*JX = J. Let Y(-,A) be the solution matrix which is fixed by the initial 
condition 

Y (co, A) = X (7.2.11) 
for some co € 2 and all A € C. Then (7.2.8) is valid and hence (7.2.9) and (7.2.10) 
are satisfied; the matrix Y(-, A) is a fundamental matriz, that is, its columns are 
linearly independent solutions of the homogeneous canonical system (7.2.4) on 2. 
Frequently the fundamental matrix Y(-, A) will be fixed by the initial condition 


Y(co,A) =I (7.2.12) 


for some co € 2. 

According to Theorem 7.2.1, there is a unique solution of the initial value 
problem (7.2.5). It is possible to express this unique solution in terms of the 
fundamental matrix Y(-, A) determined by the initial condition (7.2.12) (and in a 
similar way with the initial condition (7.2.11)). In fact, for any À € C, any 7 € C?, 
and any g € Lites (1), the unique solution of the inhomogeneous initial value 
problem 

Jf’ -Hf =d\Af+Ag, fleo) =7, (7.2.13) 


is provided by the variation of constant formula: 


ft)=Y@Ay+ YC, » | Y (s, A) J~'A(s)g(s) ds. (7.2.14) 


co 


This can be seen by verifying that the second term on the right-hand side is a 
solution of the inhomogeneous equation that vanishes at co. Making use of (7.2.9), 
one recasts (7.2.14) as 


f®=YEAY-YC, » | JY (s, X)*A(s)g(s) ds. (7.2.15) 


co 


In terms of the notation (7.2.7) for the fundamental matrix Y (-, A) fixed by (7.2.12) 
the unique solution (7.2.15) of (7.2.13) can be written as 


F(t) = Ya (t, A)y + Yat, A) 72 
+ yea f Yo(s, A)*A(s)g(s) ds 


co 


(7.2.16) 
~ Yalta) | Yil, I AC) ds, 


where y = (1,72). This form of the solution will be used later. 
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The general form of the inhomogeneous equation (7.2.3) can be simplified by 
a transformation of the system. This transformation will be employed in Corol- 
lary 7.4.8. 


Lemma 7.2.5. Let Ao € R, co € 2, and let U(-, ào) be a solution matrix which 
satisfies 


JU'(-, ào) — HU(-, ào) = \pAU(-, ào), U (co, Ao)* JU (co, Ao) =J; (7.2.17) 


Assume that g € Li loc (1) and let f be a solution of the inhomogeneous equation 
(7.2.3). Define the functions f, J, and A by 


f =Ul-,A0) 1, J =U(-, An) *8; A(-) = U(-, oy A()U(-, ào). (7.2.18) 
Then A is a locally integrable nonnegative measurable matrix function, 
frAf=frAf and J ÙJ = g*Ag, (7.2.19) 


and, in particular, g € Le ‘be (2). Moreover, the function f is a solution of the 


system of differential equations 

JF = (A — à) Af + AJ. (7.2.20) 
Conversely, if 
FTE LZ ol) and AÇ) = UC, Ao) ACUC, Ao) 


satisfy the equation (7.2.20), then f = UC Ao) f and g = U(-,Ao)g satisfy the 
inhomogeneous equation (7.2.3). 


Proof. First observe that it is a direct consequence of (7.2.17) that the function 
U(-, Xo) satisfies 
Ul Ao JU (aA) = J; 


cf. (7.2.8). In particular, this shows that U (t, Ao) is invertible for each t € 2. 


Let f, J, and A be defined by (7.2.18). Then it is clear that (7.2.19) holds. 
Since g € L4 10c (2) it also follows that g € £5 | (2). Moreover, 


Jf’ -Hf =\Af + Ag (7.2.21) 
holds by assumption. Substituting f = Ul dat and g = U(-,Ao)g in (7.2.21), 
multiplying by U(-,Ao)* from the left, and using (7.2.17) a straightforward cal- 
culation leads to (7.2.20). Similarly, one verifies by a direct calculation that the 
converse statement holds. 
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It follows from (7.2.19) that the functions f or g in (7.2.18) are square- 
integrable with respect to A if and only if f or g are square-integrable with respect 
to A, respectively. The transformation in Lemma 7.2.5 implies that the boundary 
terms h(x)*J f(x) in the Lagrange formula of the original equation in Lemma 7.2.2 
can be written in terms of the boundary terms of the corresponding solutions of 
the transformed equation (7.2.20). 


Corollary 7.2.6. Assume that A, u € C, g,k E€ £4 ioc (2) and that f,h are solutions 
of the inhomogeneous equations 


JFE) — HESE) = AAH) FE) + AGO), 
Jh'(t) — HOR) = pA(t)a(t) + AHE). 


Assume that U(-, Ao) with Ao E R is a solution matrix which satisfies (7.2.17) and 
define the functions f = U (-, Xo)! f and h = U(-, Ao) “1h as in (7.2.18). Then for 
eacht € 4 


A(t)* I f(t) = A(t) I F(t). 


Recall that the functions H and A were assumed to be 2 x 2 matrix functions 
with complex entries. When these functions are real the solutions enjoy a certain 
symmetry property. 


Definition 7.2.7. The canonical system Jf’ — Hf = AAf is said to be real if the 
entries of the 2 x 2 matrix functions H and A in (7.2.1) are real functions. 


To deal with real canonical systems the notion of conjugate matrices is useful. 
For a matrix T the conjugate matrix T is the matrix whose entries are the complex 
conjugates of the entries of T. Let T and S be matrices, not necessarily of the same 
size, for which the matrix product T'S is defined. Then clearly 


TS=TS. (7.2.22) 


Lemma 7.2.8. Assume that the canonical system (7.2.4) is real. Let Y(-,) be a 
solution matrix of (7.2.4) such that for all X € C 


Y (co, A) = Y (co, A) (7.2.23) 


for some point co € 1. Then 
Y(-,A) =Y(-,A) (7.2.24) 


for all A€ C. In particular, (7.2.24) holds when Y(-,A) is a fundamental matriz 
fixed by (7.2.11) or (7.2.12). 


Proof. By definition, the solution matrix Y(-, A) satisfies 


JY"(-,) — HY(-,d) = AAY(-,d). (7.2.25) 
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By assumption, the entries of J, H, and A are real; hence taking complex conju- 
gates and using (7.2.22) one sees that 
JY (A) — HY(-,A) = XAY(.,)). 


Therefore, the matrix function Y(-, A) satisfies the same equation (7.2.25) as Y(-, A 
and by (7.2.23) these matrix functions satisfy the same initial condition at co. Now 
the uniqueness in Theorem 7.2.1 leads to (7.2.24). 


The following observation is an easy consequence of Lemma 7.2.8. 


Corollary 7.2.9. Let the system Jf’ — Hf = AAf be real and let a fundamental 
matriz Y (-, ào) be fixed by the initial condition Y (c, ào) = I for somea < c< b. 
Then for every u € C? 


J EYA AY (s, Auds = f TY (s, NAG) (s, Xa ds. 


L l 


In particular, 7 
Y(,AUE LQ) & YAU ELl). 


Proof. Clearly, for any u € C? and all s € 2 one has 
u*Y(s, A)*A(s)Y(s, A)u > 0. 


Therefore, 


which gives the assertion. 


7.3 Regular and quasiregular endpoints 


In this section the notions of regular and quasiregular for an endpoint of the 
interval 2 are introduced; this makes it possible to extend Theorem 7.2.1, so that 
one may solve an initial value problem in an endpoint. 


The following definition gives a classification for the endpoints of the canon- 
ical system (7.2.3). 


Definition 7.3.1. An endpoint of the interval z is said to be a quasiregular endpoint 
of the canonical system (7.2.3) if the locally integrable functions H and A in 
(7.2.1) are integrable up to that endpoint. A finite quasiregular endpoint is called 
regular. An endpoint is said to be singular when it is not regular. The canonical 
system (7.2.3) is called regular if both endpoints are regular; otherwise it is called 
singular. 
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The main result in this section implies that if the term g € £4 ,,,(2) in 
(7.2.3) is square-integrable with respect to A at an endpoint which is regular or 
quasiregular, then every solution of the inhomogeneous equation has a continuous 
extension to that endpoint, so that it is square-integrable with respect to A there. 


Proposition 7.3.2. Assume that the endpoint a or b of 1 = (a,b) is regular or 
quasiregular and that g € Li toc (2) is square-integrable with respect to A at a or 
b, respectively. Then each solution f of (7.2.3) is square-integrable with respect to 
A ata or at b and the limits 


f(a) := lim f(t) or f(b) := lim f(t) (7.3.1) 


tra tb 


exist, respectively. Moreover, for each y € C? there exists a unique solution f 
of (7.2.3) such that f(a) = y or f(b) = y, respectively, and the corresponding 
function A> f(t, A) is entire for every t € ı and t =a ort = b, respectively. 


Proof. It suffices to consider the case of the endpoint b. So let b be a regular or 
quasiregular endpoint, let A € C, and fix c € (a,b). The proof is split in three 
separate steps. 


Step 1. Any solution f of (7.2.3) with f(c) = 7 satisfies 
t t 
fA =n+ / J (\A(s) + H(s)) f(s) ds +f J~*A(s)g(s) ds (7.3.2) 
with t € 1. Recall that, since g is square-integrable with respect to A at b, it 
follows that Ag is integrable on [c, b); cf. Lemma 7.1.4. By definition also AA + H 


is integrable on |c, b). Hence, Gronwall’s lemma in Section 6.13 (see Lemma 6.13.2) 
shows that 


If (t)| < (m+ fiai |A(s) g(s)| ds) e SMH) ged x by (7.3.3) 


Thus, the solution f is bounded on [c,b): |f(s)| < M, c < s < b. In particular, 
this shows that 


[sors s)ite)ds< Me f |A(s)| ds < 00, 


and hence f is square-integrable with respect to A at b. Moreover, it is clear from 
(7.3.2) that the limit f(b) = lim,» J (t) in (7.3.1) exists. 


Step 2. In the special case where h is a solution of the homogeneous system (7.2.4) 
with h(c) = 7 it follows from (7.3.2) that 


b 
h(b) =n+ | J1 (AA(s) + H(s)) h(s) ds. (7.3.4) 
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The solution h(-, A) actually depends on A and according to Theorem 7.2.1 for each 
c < t < b the function À > h(t, A) is entire. It will be shown that also A+ h(b, A) 
is entire. In fact, from (7.3.4) it is clear that it suffices to prove that the mapping 


b 
ao f JT! (AA(s) + H(s)) h(s, A) ds (7.3.5) 


is entire. To see this note that (7.3.3) and the equality h(b) = limz-,, h(t) imply 
that, for each compact set K C C, 


h(t, A)| < Cg efe VAG)IH1A()/) as 


for all c < t < band for all A € K. Hence, by dominated convergence, the mapping 
in (7.3.5) is continuous, and an application of Morera’s theorem implies that this 
mapping is holomorphic. Therefore, A ++ h(b, A) is entire. 


Step 3. Let Z(-, A) be a fundamental matrix of the homogeneous equation (7.2.4) 
fixed by Z(c, A) = I. Then, according to Step 1 and Step 2, one has 


t 
Z(t) =I+ f J (AA (8) + H(s)) Z(s) ds 
and Gronwall’s lemma yields the estimate 


IZ(t, A)| < ele PAGHHOl4s e<t< b. (7.3.6) 


Thus, Z(b, A) = lim;—» Z(t, A) exists and it follows from Step 2 that the mapping 
A ++ Z(b, A) is entire. Moreover, from Z(t,A)*JZ(t,A) = J for c < t < b one 
concludes by taking the limit t + b that the matrix Z(b, A) is invertible for all 
A € C. It is also clear that Z(b, A)*JZ(b, A) = J. Thus, the function U(-, A) defined 
by 

U(t, A) = Z(t, A)Z(b, A) * 


is a fundamental matrix of the homogeneous equation which satisfies U(b, A) = I 
and A > U(t, A) is entire for c < t < b. Therefore, if y € C? is fixed one sees that 


b 
F(t) = UGA HUGA) f IU(s,3)*A(e)g(s) ds 
t 
is the unique solution of the inhomogeneous equation with f(b) = y; cf. (7.2.15). 
It remains to verify that A +4 f(t, A) is entire for c < t < b. For this it suffices to 
check that 
b 7 b 7 
ud, yf ITEN Al =e » | JZ(s,3)"A(s)g(s) ds 
t t 


is entire for c < t < b, which can be seen with the help of (7.3.6) in the same way 
as in Step 2. 
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Corollary 7.3.3. Assume that the endpoints a and b of the canonical system (7.2.3) 
are regular or quasiregular and that g € L4 (1). Then each solution f of (7.2.3) 
belongs to L3 (1) and both limits in (7.3.1) exist. 


The next statement follows from Corollary 7.2.3 and Corollary 7.3.3. 


Corollary 7.3.4. Assume that the endpoints a and b of the canonical system (7.2.3) 
are regular or quasiregular and that g,k € LA(2). Let f,h be solutions of the 
inhomogeneous equations (7.2.6). Then 


b 
h(b)" J f(b) — h(a)" J f(a) =d (h(s)"A(s)g(s) — k(s)* A(s) f(s)) ds. 


Finally, the next statement is a consequence of Proposition 7.3.2 and identity 
(7.2.10). 


Corollary 7.3.5. Assume that the endpoint a or b of the canonical system (7.2.3) 
is regular or quasiregular and let Y (-, X) be a fundamental matrix of the canonical 
system (7.2.3). Then Y(-,A)@ is square-integrable with respect to A at a or b for 
every @ € C? and Y (-, X) admits a unique continuous extension to a or b such that 
Y (a, A) or Y (b, A) is invertible, respectively. In particular, the point co in (7.2.12) 
can be chosen to be a or b, respectively. 


7.4 Square-integrability of solutions of 
real canonical systems 


Let 2 = (a,b) be an open interval and consider on this interval the homogeneous 
system Jf’ — Hf = Af. Recall that a solution f, depending on A € C, is called 
square-integrable with respect to A at a or b if for some c € 2 


[tera f(s)ds <œ or [sora f(s)ds < oo, 


respectively. In this section the existence of such solutions is studied for real canon- 
ical systems; cf. Definition 7.2.7. The first main result asserts that if there are two 
linearly independent solutions which are square-integrable with respect to A at 
an endpoint for some À € C, then for any À € C all solutions are square-integrable 
with respect to A at that endpoint. The second main result states that for any 
A € C \ R there is at least one solution that is square-integrable with respect to A 
at an endpoint. A combination of these two results gives a general description of 
the existence of the solutions that are square-integrable with respect to A at an 
endpoint and leads to the limit-point and limit-circle classification. 


In the rest of this section it will be assumed that the system (7.2.3) is real 
and the symmetry result in Corollary 7.2.9 will be used throughout. 


514 Chapter 7. Canonical Systems of Differential Equations 


Theorem 7.4.1. Assume that for Xo E€ C the equation Jf’ — Hf = A\oAf has two 
linearly independent solutions which are square-integrable with respect to A at a 
or b. Then for any A € C each solution of Jf! — Hf = AAf is square-integrable 
with respect to A ata or b, respectively. 


Proof. It is sufficient to show the result for one endpoint, say b. Assume without 
loss of generality that the endpoint a of the canonical system (7.2.3) is regular. Fix 
a fundamental solution Y (-, Ao) by the initial condition Y (a, Ao) = J. The columns 
Yı C, ào) and Yo(-, Ao) of Y(-, Ao) belong to £4 (2) by assumption. As the system 
is assumed to be real, one has 


[ae )2¥;(s, Xo) pas= fiat) )2Yi(s,Ao)I2ds, @=1,2; (7.4.1) 


cf. Corollary 7.2.9. 
Let à € C and let f(-,A) be any solution of Jf’ — Hf = Af. It will be 


shown that f(-, A) is square-integrable with respect to A at b. Since the function 
f(-,A) satisfies 


JECA) — HFC, A) = AAFC A) + A — AAFC, A), 
it follows from (7.2.16) (with g = (A — Ao) f(-,A)) that f(-, A) can be written as 


f(t, A) = Yı (t, Ao)ar + Ya(t, Ao)a2 
+ (A — Ao) [Y1 (t, AoJy2(t, A) — Yo(t, Ao)y1 (t, A)], 


where f(a, A) = (a1, a2)! and y;(-, A) is defined by 


(7.4.2) 


yilt, A) = S VISAN ds, 1=1,2, 


respectively. By applying the Cauchy—Schwarz inequality in the definition of 
yi(t, A) and using (7.4.1) one obtains for 7 = 1,2, 


lyi(t, A)| < yI A(s)2Y;(s, Xo)|? ds I A(s)? f(s, A)|? ds 
b t 

5 yI A(s)2Y;(s, Ao) |? ds i A(s)2 f(s, A)|? ds 
b t 

-yj A(s)2Yi(s, pasy | A(s)? f(s, A)|2 ds. 


Introduce the number a > 0 and the nonnegative function y by 


a =max{|ay|,|a2|}, y(t) = max {|A(t)? Yi (t, Ao)|, A(t)? Y2(t, ào)|}, 
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so that y € L?(a,b). Multiply both sides in the identity in (7.4.2) from the left by 
A(t)2, then 


tle 


|A(é)? F(A) 


b t 
< rapt +ar—miotoy f olas f IAHE 


Therefore, one obtains that 


Crone (A+B f IAEAs), (7.4.3) 


where g 


A =80?, B=8A -a f p(s)? ds. 


It follows from (7.4.3) by means of Lemma 6.1.4 with u(t) = |A (t)? f(t, A)|, p as 
above, and r = 1, that the function f(-,) is square-integrable with respect to A 
at b. 


Next it will be shown that for each endpoint and any A € C \ R there is at 
least one solution of the homogeneous canonical system (7.2.4) which is square- 
integrable with respect to A at that endpoint. The proof of this fact is based 
on the monotonicity principle in Section 5.2; cf. Corollary 5.2.14. To apply this 
result, let Y(-, A) be a fundamental matrix of the canonical system (7.2.3) fixed as 
in (7.2.12) and consider the 2 x 2 matrix function D(-, A) on z defined by 


D(t,A) =Y(t,A)*(-iJ)V(t,A), tern AEC. (7.4.4) 


Observe that the function t ++ D(t, A), t € 2, is absolutely continuous for every 
à € C and that the matrices D(t, A) are self-adjoint and invertible for all t € 2 and 
AEC. 

According to the following theorem, the matrix function in (7.4.4) admits self- 
adjoint limits at a and b, which may be either self-adjoint matrices or self-adjoint 
relations with a one-dimensional domain and a one-dimensional multivalued part. 
Furthermore, the dimensions of the domains of the limit relations are directly 
connected with the number of linearly independent solutions of the homogeneous 
canonical system (7.2.4) that are square-integrable with respect to A. 


Theorem 7.4.2. For A € C+ or A € C the 2 x 2 matrix function t ++ D(t, A) is 
nondecreasing or nonincreasing on 1, respectively. There exist self-adjoint relations 
D(b, A) and D(a, A) in C? such that 


D(t,A) > D(a,A) and D(t, à) + D(b,d) 
in the (strong) resolvent sense when t > a and t > b, respectively, and 


1 < dim (dom D(a, à)) <2 and 1< dim (dom D(b, à)) <2. 
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Furthermore, o € dom D(a, A) or @ € dom D(b, A) if and only if Y(-,A)¢ is a 
solution of (7.2.4) that is square-integrable with respect to A ata or b, respectively. 


Proof. It follows from Corollary 7.2.4 that 


B 
D(8,A) — D(a, à) = zim) f Y(s,A)*A(s)¥(s,A) ds, AEC, (7.4.5) 
holds for any compact interval [a, 8] C 2. Hence, the matrix function D(-, A) is 
nondecreasing for A € C+ and nonincreasing for A € C~. It follows from Corol- 
lary 5.2.14 that there exist self-adjoint relations D(a, A) and D(b, A) such that 
f -1 -1 
lim (D(t, A) — u) = (D(a, X) — u) ) BEC\R, 
and i i 
lim (D(t,A)—- u) =(D(@,àA)-u) ,  pEC\R. 
> 
Next it will be shown that the dimension of the domains of the self-adjoint relations 
D(a, X) and D(b, A) is at least one. For this it is sufficient to prove that there exists 
at least one (finite) eigenvalue. 
Note first that, by (7.4.4) and (7.2.12), 


D(co, A) = Y (co, A)*(-J)Y (co, A) = —iJ 


and hence the eigenvalues of D(co, A) are v_(co) = —1 and v,(co) = 1. As the 
function D(-, A) is continuous on 2, the same holds true for its eigenvalues v_(-) 
and v,(-). Since the matrices D(t, A) are self-adjoint and invertible for all t € 2 it 
follows that v_(t) < 0 and v(t) > 0 for all t € 2. Recall that 


v_(t) = inf (D(t,A)a,x) and v(t) = sup (D(t, A)x, £), 


|z|=1 |x|=1 
and since D(t1, A) < D(t2, A), ti < te, it follows that 
v_(ty) <v_(t2) and v4(tı) < v4(t2), ti <te. 
Therefore, it is clear that the limits of v_(t) and v4 (t) exist and that 


v_(b) =limv_(t)<0 and 0< v4(b)= lim r(t) < œ. 
tb tb 

In order to see the connection of these limits with the self-adjoint relation D(b, A) 

observe that for u € C\R 


1 1 
and 


v()— "OET 


are the eigenvalues of the matrix (D(t, A) — )~!. Therefore, again by continuity, 
one sees that 
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are the eigenvalues of the matrix (D(b, A) — )~1. Hence, v_(b) is a nonpositive 
eigenvalue of the self-adjoint relation D(b, A), which implies dim (dom D(b, A)) > 1. 
More precisely, if v} (b) < co, then v4(b) is a positive eigenvalue of D(b, A), in 
which case dim (dom D(b, A)) = 2, while if v} (b) = co, then D(b, A) has a one- 
dimensional multivalued part and dim (dom D(b,A)) = 1. Similar observations 
may be made for the self-adjoint relation D(a, A). In particular, it follows that 
dim (dom D(a, A)) > 1. 

Finally, it will be shown that ¢ € dom D(b, A) if and only if the solution 
Y(-,A)¢ of (7.2.4) is square-integrable with respect to A at b; the argument for the 
left endpoint a is the same. Suppose that A € Ct, so that D(-, A) is nondecreasing 
on 2. In this case it follows from Corollary 5.2.13 and Corollary 5.2.14 that 


dom D(b, A) = {¢ € C? : lim ¢*D(t, A)¢ < oo} 
tb 
and hence (7.4.5) implies that ¢ € dom D(b, A) if and only if 
b 
/ $Y (s, \*A(s)¥(s, A\bds < 00, 


that is, the solution Y(-,A)@ is square-integrable with respect to A at b. The case 
where A € C7 is dealt with in a similar way. 


A combination of Theorems 7.4.1 and 7.4.2 leads to the following observation. 


Corollary 7.4.3. If for some Ayo E€ C\R the equation Jf’ — Hf = AoAf has, up 
to scalar multiples, only one nontrivial solution which is square-integrable with 
respect to A ata or b, then for any A € C\R the equation Jf’ — Hf = Af has, 
up to scalar multiples, precisely one nontrivial solution which is square-integrable 
with respect to A ata or b, respectively. 


Proof. It is sufficient to consider the endpoint b. Assume that for some Ao € C \ R 
the equation Jf’ — Hf = AoAf has, up to scalar multiples, only one nontrivial 
solution that is square-integrable with respect to A at b, and suppose that for 
some A € C\R with à Æ ào the equation Jf’ — Hf = AAf does not have, up 
to scalar multiples, only one nontrivial solution which is square-integrable with 
respect to A at b. Since 


1 < dim (dom D(b, )) < 2 


by Theorem 7.4.2 there exist two linearly independent solutions of J f’—H f = AAf 
which are square-integrable with respect to A at b. But then Theorem 7.4.1 implies 
that there also exist two linearly independent solutions of Jf’ — Hf = AoAf that 
are square-integrable with respect to A at b; a contradiction. 


Theorem 7.4.1 and Corollary 7.4.3 yield the limit-point and limit-circle clas- 
sification for real canonical systems in the next definition and corollary. The termi- 
nology is inspired by the terminology for Sturm—Liouville equations in Section 6.1. 
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Definition 7.4.4. For a real canonical system the endpoint a or b of the interval 2 
is said to be in the limit-circle case if for some, and hence for all A € C there exist 
two linearly independent solutions of Jf’ — Hf = AAf that are square-integrable 
with respect to A at a or b, respectively. The endpoint a or b of the interval 2 is 
said to be in the limit-point case if for some, and hence for all A € C \ R there 
exists, up to scalar multiples, only one nontrivial solution of Jf’ — Hf = Af 
that is square-integrable with respect to A at a or b, respectively. 


Note that, by Theorem 7.4.2, at any endpoint of the interval z there is at least 
one nontrivial solution that is square-integrable with respect to A and there are 
at most two linearly independent solutions that are square-integrable with respect 
to A. This leads to Weyl’s alternative for canonical systems. 


Corollary 7.4.5. For a real canonical system each of the endpoints of the interval 
is either in the limit-circle case or in the limit-point case. 


For completeness also the special case of regular and quasiregular endpoints 
is briefly discussed. The next corollary is an immediate consequence of Corol- 
lary 7.3.5. 


Corollary 7.4.6. A regular or quasiregular endpoint of a real canonical system is 
in the limit-circle case. 


A simple but useful characterization of the limit-point case is given in the 
following corollary. It is stated for the endpoint b, but clearly there is a similar 
statement for the endpoint a. 


Corollary 7.4.7. Let the canonical system be real and assume that the endpoint a 
is regular or quasiregular. Then the following statements hold: 


(i) If the endpoint b is in the limit-point case, then for all A € R the equation 
Jf'—Hf = Af has, up to scalar multiples, at most one nontrivial solution 
that is square-integrable with respect to A at b. 

(ii) If there exists Ao E€ R such that the equation Jf’ — Hf = AoAf has, up to 
scalar multiples, at most one nontrivial solution that is square-integrable with 
respect to A at b, then the endpoint b is in the limit-point case. 


Proof. (i) If there exists A € R for which the homogeneous equation has two 
linearly independent solutions that are square-integrable with respect to A at b, 
then by Theorem 7.4.1, for each À € C all nontrivial solutions are square-integrable 
with respect to A at b. Hence, b is in the limit-circle case; a contradiction. 


(ii) If b is in the limit-circle case, then for all A € C, and hence for A € R, the 
homogeneous equation has two linearly independent solutions which are square- 
integrable with respect to A at b. This implies (ii). 


If, for instance, the endpoint b is regular or quasiregular, then any solution 
of (7.2.3) with g square-integrable with respect to A at b has a limit at b by 
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Proposition 7.3.2 and b is in the limit-circle case by Corollary 7.4.6. However, if b 
is in the limit-circle case, then the solutions of (7.2.3) are square-integrable with 
respect to A at b, but they do not necessarily have a limit at b. It will be shown in 
this case that there exists a natural transformation which turns the system into 
one where 0 is quasiregular; cf. Lemma 7.2.5. 


Corollary 7.4.8. Assume that a is regular and that b is in the limit-circle case. Let 
g E€ L3 (a,b) and let f(-, A) be a solution of 


Jf' —Hf =dAf + Ag. 
Let U(-, ào), Ao E€ R, be a matrix function as in (7.2.17). Then the limit 


f(b) = lim U (t, Ao) FO) (7.4.6) 


exists in C?. Moreover, for each y € C? there exists a unique solution f(-,A) of 


(7.2.3) such that f(b) = y and the corresponding function 
A+ lim U(t, Ao)! f (t, A) 
tb 


is entire. 


Proof. Let g € £4 (a,b) and let f be a solution of (7.2.3). Since b is in the limit- 
circle case, there exists for Ap € R and co €E [a,b) a matrix function U(-, Ao) 
satisfying (7.2.17) that is square-integrable with respect to A at b. Thus, the 
function A defined in (7.2.18) is integrable at b, which means that the endpoint b 
for the system in (7.2.20) is quasiregular. Since g is square-integrable with respect 
to A at b, the function g in Lemma 7.2.5 is square-integrable with respect to A 
at b. Therefore, the assertion is clear from Proposition 7.3.2 as f is a solution of 
(7.2.20). 


Let the endpoint a be regular or quasiregular. Let g,k € £4 (2) and let f,h 
be solutions of the inhomogeneous equations (7.2.6) such that f,h € £3 (2). Then 
for a < t < b one has 


t 


ney I(t) -MaI = f (h(s)"A(s)g(s) — k(s)*A(s)f(s)) ds (7.4.7) 


a 


by the Lagrange identity in Corollary 7.2.3. It follows from (7.4.7) that the limit 
lim h(t)* J f(t) 
tb 


exists. Of course, when b is regular or quasiregular, then the individual limits 
lim; f(t) and lim;_,, A(t) exist by Proposition 7.3.2, see also Corollary 7.3.4. 
In general the existence of the individual limits lim; ,, f(t) and lim,,, h(t) is 
not guaranteed. However, in the case where b is in the limit-circle case but not 
quasiregular the next corollary suggests to employ the limits in (7.4.6). 
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Corollary 7.4.9. Assume that the endpoint a is regular and that b is in the limit- 
circle case. Let g,k € £4 (2) and let f,h be solutions of the inhomogeneous equa- 
tions (7.2.6) such that f,h € £4 (2). Then 


lim h(t)*J f(t) = h(b)* J f(b), (7.4.8) 
where f(b) and h(b) are as in (7.4.6). Moreover, 
h(b)* f(b) — h(a)" J f(a) = f eraoo = k(s)*A(s)f(s)) ds. (7.4.9) 
Proof. Tt follows by taking limits in (7.4.7) that 
lim h(t)* J f(t) — h(a)" J f(a) = f eraoo — k(s)*A(s)f(s)) ds. 


Now apply Corollary 7.2.6 and Corollary 7.4.8. Take the limit t > b and (7.4.8 
and (7.4.9) follow. 


7.5 Definite canonical systems 


The general class of canonical differential equations as in (7.2.3) will now be nar- 
rowed down by imposing a definiteness condition; see Definition 7.5.5. This condi- 
tion will be assumed in the rest of this chapter. In this section various equivalent 
formulations of the definiteness condition will be presented. Moreover, it will be 
shown that the solution of a definite canonical system (7.2.3) can be cut off near 
an endpoint of the interval 2, in the sense that the solution is modified in such a 
way that it becomes trivial in a neighborhood of that endpoint. 


It will be convenient to begin the discussion of definiteness of the canonical 
system (7.2.3) with the notion of definiteness when the system is restricted to an 
arbitrary subinterval J C 2. 


Definition 7.5.1. Let 7 C 2 be a nonempty interval. The canonical system (7.2.3) 
is said to be definite on 9 if for each solution f of Jf’ — Hf = 0 on J one has 


A(t)f(t)=0, te7 => f(t)=0, tez. 


Observe that if a solution f of the canonical system (7.2.3) vanishes on a 
nonempty subinterval 7 C 2, then f(t) = 0 for t € 2; cf. Theorem 7.2.1. Hence, it 
is clear that if the canonical system (7.2.3) is definite on 3, then it is also definite 
on every interval 7 with the property that 7 C 7 C 2. Also observe that with the 
subinterval 7 C 2 and a continuous function f one has 


At)ft)=0, tE) © [ fo Ab) F()as=0. (7.5.1) 
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Clearly, if A(t) has full rank for almost all t € J, then the canonical system is 
automatically definite on 3. 


Lemma 7.5.2. Let 7 C 2 be a nonempty interval. The canonical system (7.2.3) is 
definite on the interval 7 C 2 if and only if for all A € C and for each solution f 
of Jf’ —Hf = Af on 7 one has 


A(t)f(t)=0, tez > fH =0, tez. 


Proof. Assume that the canonical system is definite on 7. Choose ÀA € C and let 
f be a solution of Jf’ — Hf = Af on 3 with A(t) f(t) = 0 for almost all t € 7. 
Thus, f is a solution of Jf’ — Hf = 0 with A(t) f(t) = 0 for almost all t € 3. 
By assumption this implies that f(t) = 0 for t € 7. The converse statement is 
trivial. 


The following result is an alternative useful version of Lemma 7.5.2 in terms 
of a fundamental matrix Y(., A). 


Corollary 7.5.3. Let Y(-,A), A € C, be a fundamental matrix for (7.2.3) and let 
I Cı be a compact interval. Then the system (7.2.3) is definite on I if and only if 
the 2 x 2 matrix 
f Y (s, A)*A(s)Y (s, A) ds (7.5.2) 
I 


is invertible for some, and hence for all A € C. 


Proof. Assume that (7.2.3) is definite on T. If the (nonnegative) matrix in (7.5.2) 
is not invertible, then there exists a nontrivial y € C? for which 


y” (J Y (s, A)*A(s)Y (s, A) as) +7 =0, (7.5.3) 
I 
or alternatively A(t)Y (t, A)y = 0 for t € I; cf. (7.5.1). Since Y(-, A)y is a solution of 
Jf'—Hf = AAf, it follows from the definiteness that Y (t, A)y = 0 for t € I, which 
implies y = 0. This contradiction shows that the matrix in (7.5.2) is invertible. 
Conversely, assume that the (nonnegative) matrix in (7.5.2) is invertible. In 
order to show that (7.2.3) is definite, let 


JPA- HOS) =A, ADH =0, tel. 


Since Y(-, A) is a fundamental matrix of Jf’ — Hf = AAf, every solution of this 
equation can be written in the form f = Y(-,A)y with a unique y € C?. The 
condition A(t) f(t) = 0, t € I, implies that (7.5.3) holds. Therefore, y = 0 and 
thus the system (7.2.3) is definite. 


The next proposition shows that there is no difference between global defi- 
niteness and local definiteness. 
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Proposition 7.5.4. The canonical system (7.2.3) is definite on 2 if and only if there 
exists a compact interval I C ı such that the canonical system (7.2.3) is definite 
on the interval I. 


Proof. If the canonical system (7.2.3) is definite on the interval J, then it is clearly 
definite on the larger interval 2. 

To see the converse statement, let the canonical system (7.2.3) be definite on 
the interval 2; in other words, assume that for each solution f of Jf’ -— H f = 0 on 
2 one has 


AHF =0, ter => f(t)=0, ter. 
Introduce for each compact subinterval K of 2 the subset d(K) of C? by 


d(K) = { EC: |d| =1, a bY (s,0)*A(8s)Y (s,0)ġ ds = 0 \ 


Clearly, d(K) is compact and K C K implies d(K) C d(K). Now choose an 
increasing sequence of compact intervals (Kn) such that their union equals the 


interval 2. Then 
[N UKn) = 0. (7.5.4) 
neN 


Indeed, assume that there exists an element ¢ € C? with |¢| = 1, such that 
f HY (s,0)*A(8)Y (s,0)ġ ds = 0 

for every n € N. Then, by A convergence, 
J EYG, 0)*A(s)Y (s, 0)ġ ds = 0. 


As the canonical system (7.2.3) is definite, this implies by (7.5.1) that Y(-,0)¢ = 0, 
which leads to ¢ = 0; a contradiction. Therefore, the identity (7.5.4) is valid. Since 
each of the sets d(Kn) in (7.5.4) is compact, it follows that there exists a compact 
interval Km such that d(Km) = 0. Hence, I = Km satisfies the requirements. To 
see this, let Jf’ — Hf = 0 on Km and assume that A(t) f(t) = 0, t € Km, or, 
equivalently, Se, f(s)*A(s)f(s) = 0; cf. (7.5.1). Since d(Km) = Ø one concludes 
that f = 0. 


In the rest of the text one often speaks of definite systems in the following 
sense. 


Definition 7.5.5. The canonical system (7.2.3) is said to be definite if it is definite 
on 2. 


The next result is about smoothly cutting off the solution of a definite canon- 
ical system (7.2.3) near an endpoint of the interval 2, i.e., modifying the solution so 
that it becomes trivial in a neighborhood of that endpoint. The following propo- 
sition and corollary will be used in Section 7.6. 
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Proposition 7.5.6. Let the canonical system (7.2.3) be definite and choose a com- 
pact interval [a, 8] C 2 such that the system is definite on [a, 8]. Let g € £ ioc (2) 
and let f € AC(2) be a solution of the inhomogeneous equation (7.2.3) for some 
AEC. Then there exist functions fa € AC(t) and ga € LÃ loc (2) satisfying 


J fa(t) — H(t) falt) = AA) falt) + A(t) ga(t) 


such that 


_ Jf), te (a,al, _ Jg), te (a,al, 
n= 4h te (s,s), 7” TER t € [6,b). 


Similarly, there exist functions f, E€ AC (1) and gy € LÅ loc (2) satisfying 


I fit) — H(t) folt) = A(t) fol!) + A(é) got) 


such that 
flt) = n t€ (a,a], He nae f t € (a,a], 


Proof. Let the functions f and g be as indicated. The result will be proved for the 
functions fẹ and gp; the proof for the functions fa and ga is similar. 

Let [a, 8] C 2 be a compact interval on which the canonical system (7.2.3) 
is definite; cf. Proposition 7.5.4. Let k € £4 (a, 8) and fix a fundamental system 
Y(-,A) by the initial condition Y (a, A) = I. According to (7.2.15), the function 
defined by 


h(t) = -Y (t, A) f ' JY (s, X)*A(s)k(s) ds (7.5.5) 


Q 


satisfies the inhomogeneous equation 


and in the endpoints it has the values 


B 
h(a) =0 and h(8)= -¥(8,) f JY (s, X)*A(s)k(s) ds. 


a 


It will be shown that there exists a function k € £4 (a, 8) such that h(8) = f(8). 
In order to verify this, observe that Y (8, A) is invertible and that the integral 
operator 


bo f JY (s, X)*A(s)€(s) ds 
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taking £3 (a, 8) into C? is surjective. To see this, assume that y € C? is orthogonal 
to the range of this integral operator, that is, 


B B 
0= rf JY (s, A)“A(s)L(s) ds = / (Y (s, \)J*y)*A(s)e(s) ds 
for all € € £34 (a, 8). With (s) = Y(s,A)J*y it then follows from (7.5.1) and 
Lemma 7.5.2 that ¢(s) = 0 for s € (a, 8), which implies that y = 0. Thus, the 
integral operator is surjective. 
Now choose k € £4(a,8) as above, so that h defined by (7.5.5) satisfies 
h(a) = 0 and h(8) = f(8). Hence, the functions fẹ and gẹ defined by 


0, t € (a, al, 0, t € (a, al, 
folt) = 4 h(t), te(a,8), and g(t)= 4 k(t), te (a, 8), 
f(t), t€ (6,9), g(t), t€ [B,d), 


satisfy the appropriate inhomogeneous canonical equations on (a,a), (a, 8), and 


(8,6). Since fala) = h(a) and f,(8) = h(8) it follows that fẹ € AC(2). 


In particular, if f is a solution of the homogeneous system (7.2.4), then f can 
be localized as indicated above. The following restatement of this fact in terms of 
matrix functions (groupings of column vector functions) is useful. Note that the 
modification of the solutions of the homogeneous equation involves a solution of 
the inhomogeneous equation. 


Corollary 7.5.7. Let the canonical system (7.2.3) be definite and choose a compact 
interval |a, B] C + such that the system is definite on [a, 3]. Let Y(-, A) be a funda- 
mental matrix of (7.2.4). Then there exist a 2x2 matrix function Ya (+, A) E€ AC(2) 
and a2 x 2 matrix function Z,(-,) whose columns belong to £4(2), satisfying 


JY) (t, A) — H(t)Ya(t, A) = AA(t)Ya(t, A) + A(t) Za (t, A) 
such that 


Y(t,A), t€ (a, al, 
0, te [6,b), 


Similarly, there exist a 2 x 2 matrix function Y,(-,A) € AC(2) and a 2 x 2 matriz 
function Z(+, A) whose columns belong to £4 (2), satisfying 


0, tE (a,al, 


Ya (t, A) = l 0, te [8,b). 


and Z,(t,A) = 


JYE, A) — H(t)Y,(t, A) = AAH Yalt, A) + AL) Z(t, A) 
such that 


0, t€(a,al, 


ano aada t € (6,0). 
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With ¢ € C? observe that the function Y,(-,A)d belongs to £4 (2) if and 
only if Y (-, A)¢ is square-integrable with respect to A at a, and, likewise, that the 
function Y;(-,A)¢ belongs to £4 (2) if and only if Y (-, A)¢ġ is square-integrable with 
respect to A at b. 

It is useful to have a special notation for the elements that modify the 


pairs {Y(-,A),AY(-,A)} in Corollary 7.5.7. Define the matrix functions Y,(-, A) 
and Y,(-,A) by 


Yal, A) = {Ya(-, A), AYa (e, A) + Zal, A)}, 
(7.5.6) 
Yal, A) = TY, A), AYI (e, A) + Zal, ry}, 
that is, for @ € C? one has 
Yal, r)o = Yal, A)¢, AYal-, r)o an Zal-, AJo}, 
Note that Ya(-,A) and Y,(-, A) satisfy 
O [VA AV(LN}, a<t<o, 
Yalt, À) = fa B<t<b, 
(7.5.7) 


7 {0,0}, a<t<a, 
do(t, A) = ees. B<t<b. 


It is clear from the construction that the columns of Yq(-, A) or Ys(-, A) are square- 
integrable on (a,b) with respect to A if and only if the corresponding columns of 
Y(-,A) have this property at a or b, respectively. 


7.6 Maximal and minimal relations for 
canonical systems 


In this and later sections it will be assumed that the canonical system (7.2.3) is 
real as in Definition 7.2.7 and definite as in Definition 7.5.5: such systems will be 
called real definite canonical systems. In this context the central Hilbert space will 
be L4 (2), in which the maximal and minimal relations associated with the real 
definite canonical system (7.2.3) will be defined. In principle, both these relations 
may be multivalued. The results from Section 7.4 and Section 7.5 make it possible 
to consider the limit-circle case and the limit-point case from the point of view of 
the maximal and minimal relations. 


The real definite canonical system (7.2.3) induces the mazimal relation Tmax 
in Z4 (2) defined by 


Tisk = HF g} € LA (1) x LA (2) : Jf’ _ Hf = Ag}. 
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Since the elements of L4 (2) are equivalence classes, the definition of Tmax needs the 
following explanation: an element {f,g} € LA(2) x LA (2) belongs to Tmax if and 
only if the equivalence class f contains an_absolutely continuous representative F 
such that the inhomogeneous equation Jf’(t) — H(t) f(t) = A(ÐJ(t) is satisfied 
for almost every t € 2. Here g is any representative of g € L4 (1); observe that the 
function A(t)g(t) is independent of the representative. The above argument also 
shows that the relation Tmax is linear. 

Since the canonical system (7.2.3) is assumed to be definite, the absolutely 
continuous representative is unique. 


Lemma 7.6.1. [f {f, 9g} € Tmax, then the equivalence class f has a unique absolutely 
continuous representative. 


Proof. Let {f,g} € Tmax and let fi and fo be absolutely continuous representa- 
tives of f. Then J(fı — fo)! — H(fi — f2) = 0 holds and 


A(t)\(fi- fay() =0, ter 
Therefore, by Definition 7.5.5, it follows that filt) = fo(t) for all t € 2. 


It will be shown that Tmax is the adjoint of a symmetric relation whose defect 
numbers are equal and at most (2,2). Let To be the preminimal relation, i.e., the 
restriction of the maximal relation Tmax to the elements where the first component 
has compact support in 2: 


To = {{f,9} € Tmax : f has compact support}. 
More precisely, an element {f, g} € LA (2) x L4(2) belongs to To if and only if the 


equivalence class f contains an absolutely continuous representative T with com- 
pact support such that the inhomogeneous equation J f'(t)—- H(t) f(t) = A(t)g(t) 
is satisfied for almost every t € 2. Here g is any representative of g € L4 (2). The 
minimal relation Tmin is defined as Tmin = To. 
Theorem 7.6.2. The closure Tmin = To of To is a closed symmetric relation in 
LA (2) and it satisfies 

Tin CG (Tain )* = Linas 


and, consequently, Tmin = (Tmax )*- 
Proof. Step 1. It will be shown that 

Trax Ty) (7.6.1) 
For this purpose, let {f,g} € Tmax, {h, k} € To, and choose an interval [a, 8] C 2 
containing the support h (and hence the support of Ak). Then 


B B 
(g,h)a = (F, k)a =f hs)" A(s)g(s)as— [ k(s)"A(s) f(s) ds 


a a 


= h(B)"Sf(B) — h(a)" J f(a) 
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by Corollary 7.2.3. Here (-,-) denotes the scalar product in L4 (1), f and h are the 
uniquely defined absolutely continuous representatives, while g and k are arbitrary 
representatives. Observe that the integral does not depend on the particular choice 
of g and k. This shows { f, g} € (To)* and hence (7.6.1) follows. 


Step 2. It will be shown that 
(To)* Cc Trax : (7.6.2) 


For this, let {f, g} € (To)*. By Theorem 7.2.1, there exists a nontrivial absolutely 
continuous function u on 2 such that Ju’ — Hu = Ag. The aim is to show that 
for any representative f the difference f — u is absolutely continuous modulo an 
element whose £4(a,b)-norm is zero. Recall that the system is assumed to be 
definite, and hence there exists a compact interval [ao, 89] on which it is definite; 
cf. Proposition 7.5.4. Choose an interval [a1, 81] C 2 which contains [ag, 6o]; then 
the system is also definite on [@1, 81]. 
It is convenient to introduce the subspace 


a 2 _Jh' — Hh = Ak for some h € AC |a, 81] 
His fr E haleintr): such that h(a) = A(81) = 0 i 


Let k € Mı and let h € AC|aı, 61] be a solution of Jh’ — Hh = Ak for which 
h(ay) = h(81) = 0. It follows from (7.2.15) that 


h(t) = yeo f Y(s,0)*A(s)k(s)ds, t € [a,b], (7.6.3) 


ay 


where the fundamental matrix Y(-,A) is fixed by Y(a,,A) = I. Note that the 
condition h(81) = 0 implies 


Y(s,0)*A(s)k(s) ds = 0. (7.6.4) 


1 


Conversely, if k € £4 (a1, 81) satisfies (7.6.4), then k € IN, since h € AC[a1, 81] 
in (7.6.3) satisfies Jh’ — Hh = Ak and h(a) = h( 61) = 0. In other words, one has 


Bi 
Mı = fx € £i (a1, b1): f Y(s,0)*A(s)k(s) ds = o) . 


Now let k € M, and let h be defined by (7.6.3). Then the pair of functions 
{h, k} can be trivially extended to all of 2 and the extended pair, which will also 
be denoted by {h,k}, belongs to To. As {f,g} € (To)*, one has (h, g)a = (k, fya, 
and since the supports of h and k are inside [ay, 81] it follows that 


Br 


fı 
| g(s)*A(s)h(s) ds = f(s)" A(s)k(s) ds. (7.6.5) 


ay 
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Consider the pair {u,g} on [a1, 81]. Note that on this interval u is absolutely 
continuous and g is square-integrable with respect to A. It follows from the La- 
grange identity in Corollary 7.2.3 applied to the pairs {h,k} and {u,g}, and 
h(ay) = h( 61) = 0 that 


Bx 


Bı 
I g(s)* A(s)h(s)ds = i u(s)*A(s)k(s) ds. (7.6.6) 


ay 


Combining (7.6.5) and (7.6.6), one obtains that 


Br 
J EO- wa)" A@)R(s) ds =0 


for all k € Mı. In other words, the restriction of f — u to [a1, 81] is orthogonal to 
DM in the semidefinite Hilbert space £4 (a1, 81). Furthermore, by (7.6.4) one has 
that Y(-,0)y is orthogonal to M in £2. (a1, 81) for all y € C?, and since the same 
is true for f — u it follows that f —u—Y(-,0)y is orthogonal to My in £3 (a1, b1) 
for all y € C?. 

Next it will be shown that for some yı € C? the function f — u — Y (-,0)yı 
belongs to Mı. In fact, first of all it is clear from (7.2.15) that for any y € C? 

t 
h(t) = Y (t,0) J7! f Y(s,0)*A(s)(f(s) — u(s) — Y (s, 0)y) ds 


a1 


satisfies Jh’ — Hh = A(f —u—Y(-,0)y) and h(a) = 0. To satisfy the boundary 
condition h(8,) = 0, choose y = y, € C? such that 


Bx 


Br 
/ Y(s,0)*A(s)(f(s) — u(s)) ds =} Y(s,0)*A(s)¥ (s, 0)y1 ds; 


a1 


this is possible since the system is definite on [a1, 61] and hence the matrix 


f ¥(s,0)*A(s)¥ (s,0) ds 


is invertible; cf. Corollary 7.5.3. Therefore, f — u — Y(-,0)y1 E€ Mı. Since the 
element f — u—Y(-,0)y is orthogonal to Mt, in £4. (a1, 81), this yields 


bı 
J EO = us) = YOA) = uls) = Y (5,0/7) ds =0, 
and hence there exists a function w1 on |@1, 81] such that 


F(s) = uls) + Y(s,0)y1 +w1(s), A(s)wi(s)=0, s€ l[a, Ai]. 
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Likewise, on any interval [a2, 82] extending [a1, 81] the same argument shows that 
there exist y2 € C? and a function wə such that 


f(s) = uls) + ¥(s,0)72 + w2(s), A(s)wa(s)=0, s € [a2, Ba); 


here the fundamental matrix YG, A) is fixed by Y (az, Aà) = I. Hence, on the smaller 
interval one obtains for s € [a1, 1] 


wi(s) — we(s) = ¥(s,0)72-Y¥(s,0)u, A(s)(wi(s) — we(s)) = 0. 
Since the system is definite on the interval [a,, 81], this shows that w)(s) = wo(s) 
and Y(s,0)y1 = Y(s,0)92 for s € [ay, 61], and hence Y(s,0)y1 = Y(s,0) 72 for 
s € 2. One concludes that there exists a function w such that 


f(s) =u(s) + Y(s,0)y1 + w(s), A(s)w(s)=0, s€2. 


Thus, the functions f and u + Y(-,0)7 belong to the same equivalence class in 
LA (2). Since J(u+Y (-,0)y1)/ -— HA (u+Y(-,0)y1) = Ag it follows that { f, g} € Timax 
and u + Y(-,0)y is the unique absolutely continuous representative of f. This 
implies (7.6.2). 


Step 3. It follows from (7.6.1) and (7.6.2) that Tmax = (Zo)* and, in particular, 
this implies that Tmax is closed. Hence, the fact that To C Tmax and the definition 
Tain = To imply that 


Te = To © Tmax = (To)* = Gane Ii 


Thus, Tmin is a (closed) symmetric relation and Tmin = (Tmax )*- 


At this stage note that Tmin is a closed symmetric relation which need not 
be densely defined in L4 (2). Consider the orthogonal decomposition 


iis (2) = (mul Tmin j+ ® mul Tmin = dom Tmax 6 mul Tmin (7.6.7) 


and recall from Theorem 1.4.11 that Tmin admits the corresponding orthogonal 
sum decomposition 


Tain = (Tmin Jop 8 ({O} x mul Tie Ms (7.6.8) 


The operator part (Tmin )op is not necessarily densely defined in dom Tmax and 
{0} x mul Tmin is the purely multivalued self-adjoint relation in mul Tmin - 


Since by Theorem 7.6.2 the relation Tmin is closed and symmetric, while 
(Lnin )* = Tmax, it follows from the von Neumann decomposition, as given in 
Theorem 1.7.11, that the relation Tnax has the componentwise sum decomposition 


Tmax = Tmin FU Sy), REC BEC, 
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where the sums are direct. Now assume that f € Ne(Tmax) with ¢ € C\R. 
Then {f,¢f} € Tmax, which is equivalent to f € Z4(z) having an absolutely 
continuous representative T such that J r =H f= G Af. Since the system consists 
of 2 x 2 matrix functions, there are precisely two linearly independent solutions 
of this homogeneous equation and at most two linearly independent solutions 
that are square-integrable with respect to A. Furthermore, since the canonical 
system is assumed to be real, the number of solutions at ¢ € Ct that are square- 
integrable with respect to A coincides with the number of solutions at ¢ € C~ that 
are square-integrable with respect to A by Corollary 7.2.9. Taking into account 
Corollary 7.4.5 and Corollary 7.4.6 one then obtains the following statement. The 
case where both endpoints of the interval 2 are in the limit-point case will be dealt 
with in Corollary 7.6.9. 


Corollary 7.6.3. Let Tmin be the minimal symmetric relation associated with the 
real definite canonical system (7.2.3) in L4 (1). Then the following statements hold: 


(i) If both endpoints of ı are regular or quasiregular, then the defect numbers of 
Tmin are (2,2). 

(ii) If one endpoint of 2 is regular or quasiregular and one endpoint is in the 
limit-point case, then the defect numbers of Tmin are (1,1). 


Recall that elements { f, g} € Tmax satisfy the equation Jf’ — Hf = Ag and 
that the entries also satisfy the integrability condition f,g € L4 (2). These two in- 
gredients make it possible to extend the usual Lagrange identity in Corollary 7.2.3 
on a compact subinterval to all of 1. This new Lagrange identity for the elements 
in Tmax will play an important role in the rest of this chapter. 


Lemma 7.6.4. Let Tmax be the maximal relation associated with the real definite 
canonical system (7.2.3) in LA (2). Then for all {f,g},{h, k} € Tmax one has 
(aha — (f, k)a = lim h(t)* J f(t) — lim h(t)* Jf (0), (7.6.9) 
tb tra 


where f(t) and h(t) denote the values of the unique absolutely continuous repre- 
sentatives of f and h, respectively. 


Proof. First observe that for all elements { f, g}, {h,k} € Tmax and every compact 
subinterval [a, 3] C 2 one has 


B 
L (h(s)"A(s)g(s) — k(s)*A(s) f(s)) ds = h(8)*Tf(B) — h(a)* J f(a) 


by the Lagrange identity in Corollary 7.2.3; here f(t) and h(t) denote the values 
of the unique absolutely continuous representatives of f and h, and g(t) and k(t) 
are the values of some representatives of g and k. Observe that the integral on 
the left-hand side does not depend on the choice of the representatives of g and 
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k. The limit of the left-hand side exists as 8 —> b and a — a, respectively, since 
f,g,h,k € LA (1). As a consequence, one sees that each of the limits 


lim h(t)*J f(t) and lim h(t)* f(t) 


exists and hence the Lagrange identity takes the limit form (7.6.9). 


Remark 7.6.5. Observe that in (7.6.9) one uses the values f(t) and h(t) of the 
unique absolutely continuous representatives of f and h in dom Tmax , respectively. 
For instance, if {0,g} € Tmax and {h,k} € Tmax, then there exists an absolutely 
continuous function f such that A(t) f(t) = 0 and IP) = H(t) f(t) = A(t)g(t) is 
satisfied for almost every t € 1, where g is any representative of g € L4 (1). In this 
situation the identity (7.6.9) has the form 


(g,h)a — (0, k)a = lim h(t)*J f(t) — lim h(t)* J f(t). 


tb toa 


The elements in the minimal symmetric relation Tmin = To can be easily 
characterized in terms of these limits. 


Corollary 7.6.6. Let Tmin and Tmax be the minimal and maximal relations associ- 
ated with the real definite canonical system (7.2.3) in LA (2) and let {f,g} € Tmax - 
Then {f,g} € Tmin if and only if 


lim h(t)"Jf(t)=0 and limA(t)*Jf(t) = 0 (7.6.10) 


for all {h,k} € Tmax, where f(t) and h(t) denote the values of the unique absolutely 
continuous representatives of f and h, respectively. 


Proof. Observe first that since Tmin = (Tmax )* one has {f,g} € Tmin if and only 
if (g,h)a = (f,k)a for all {h,k} € Tmax. Hence, it follows from the Lagrange 
identity (7.6.9) that {f,g} € Tmin if and only if 


lim h(E) J f(t) = lim AJEG) (7.6.11) 


for all {h,k} € Tmax. To see that for {f,g} € Tmin each of the limits in (7.6.11) 
is zero, consider {h,k} € Tmax and use Proposition 7.5.6 (with \ = 0) to obtain 
an element {ha, ka} E€ Tmax that coincides with {A, k} in a neighborhood of a and 
with {0,0} in a neighborhood of b. Then (7.6.11) implies 


lim A(t)" JA(E) = Jim ha(t)“J F(t) = lim halt)" J F(t) = 0, 


and hence (7.6.10) follows together with (7.6.11). Conversely, if (7.6.10) holds for 
some {f,g} € Tmax and all {h, k} € Tmax, then the identity (7.6.11) holds for all 
{h,k} € Tmax and hence {f, g} € Tmin- 
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The main difficulty when dealing with the boundary value problems associ- 
ated with the system (7.2.3) is to break the limits in (7.6.9) and in (7.6.10) into 
limits of the separate factors. The case where the endpoints are regular, quasiregu- 
lar, or in the limit-circle case will be pursued in Section 7.7. If one of the endpoints 
is in the limit-point case, the situation is somewhat simpler, since one of the limits 
in (7.6.9) automatically vanishes, as will be shown now. A further discussion of 
the remaining limit will be pursued in Section 7.8. 


Lemma 7.6.7. Let Tmax be the maximal relation associated with the real definite 
canonical system (7.2.3) in LA (2), let A € C, and let Ya(-,A) and Yo(-, A) be as in 
(7.5.6). Then the following statements hold: 


(i) Let a be a regular or quasiregular endpoint and let b be in the limit-point case. 
Then for `AE C 


Tmax = — £min + {Yal- A)e: @ € CT, (7.6.12) 


where the sum is direct. 


(ii) Let b be a regular or quasiregular endpoint and let a be in the limit-point case. 


Then forà E C 
Liei = — tmin F Yal, A)e: O = crt, 


where the sum is direct. 


Proof. It suffices to consider the case (i) since the case (ii) can be proved in 
a similar way. Let Y(-,A) be a fundamental matrix of (7.2.4). Note that if a 
is regular or quasiregular, then it follows from Corollary 7.3.3 and (7.5.7) that 
Yal, AJQ € LÃ (2) x LA(2), and Corollary 7.5.7 implies that Ya(-,A)¢ € Tmax for 
all ¢ € Œ. 

As Tmin C Tmax, it is clear that the right-hand side of (7.6.12) is contained in 
Tmax. By assumption and Corollary 7.6.3 (ii) Tmax is a two-dimensional extension 
of Tmin and hence it suffices to show that the elements Y,(-,)¢, ¢ € C?, span a 
two-dimensional subspace of Tmax Which has a trivial intersection with Tmin. In 
other words, it remains to check that Yq(-,A)¢ € Tmin if and only if 6 = 0. Suppose 
that Yal, A) € Tmin for some ¢ € C?. For all y € C? one has Yq(-,A)W € Tmax 
and therefore, by Corollary 7.6.6, 


0 = lim yy. a(t, A)* JY a(t, AJQ. 


Since Y,(-,A) = Y(-,A) and Y,(-,A) = Y(-,A) in a neighborhood of a, it follows 
that 7 
0= lim wy (t, AV JY (t, A)¢ 
Po. 


for all y € C?. Fix the fundamental matrix Y(-,A) by Y (a, à) = I. This leads 
to ~* Jb = 0 for all y € C?, which implies ¢ = 0. Hence, the right-hand side of 
(7.6.12) is a two-dimensional extension of Tmin which is contained in Tmax, and 
therefore coincides with Tmax- 
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In the next lemma the case of a singular endpoint in the limit-point case is 
discussed. 


Lemma 7.6.8. Let Tmax be the maximal relation associated with the real definite 
canonical system (7.2.3) in LA (1). Then the endpoint a or b of the interval ı is in 
the limit-point case if and only if for all {f,g}, {h,k} © Tmax one has 


mAH JIA =0 or lim h(t)*Jf(t) =0, 


respectively. Here f(t) and h(t) denote the values of the unique absolutely contin- 
uous representatives of f and h, respectively. 


Proof. It suffices to consider the case that the endpoint a is regular. The proof of 
the case where b is regular is similar. As usual the fundamental matrix is fixed by 
Y (a, à) =I. 

Assume that b is in the limit-point case. In this case one has the decompo- 
sition (7.6.12) in Lemma 7.6.7. Let {f, g}, {h,k} € Tmax be decomposed in the 
form 


{f, g} = { fo, go} T Yal, A)d and {h, k} = {ho, ko} a Yal, AM, 
where { fo, go}, {ho, ko} € Tmin and ¢,w € C?. Then it follows from (7.5.7) that 


lim A(t)* J f(t) = lim ho(t)* J fo(t) = 0, 


where Corollary 7.6.6 was used in the last step. 
Conversely, assume that for all {f, g}, {h, k} € Tmax 


lim h*(t) J f(t) = 0. (7.6.13) 


Then b is in the limit-point case. To see this, assume that b is not in the limit- 
point case, so that b is in the limit-circle case by Corollary 7.4.5. It then follows 
that for Ag € R the columns of the matrix function Y,(-, Ao) are square-integrable 
with respect to A at b. Consider {f,g} = {h,k} = Yo(,A0)@ € Tmax for some 
$ € C? such that ¢* Jọ 4 0. Using (7.5.7) and Y(t, Ao)* JY (t, Ao) (see (7.2.8)), one 
computes 


lim A* (£) f(t) = lim $*Y (t, Ao) JY (t, Ao) = 6° Jd # 0, 


which contradicts (7.6.13). 


Corollary 7.6.9. Let Tmin be the minimal symmetric relation associated with the 
real definite canonical system (7.2.3) in LA(2) and assume that both endpoints 
of ı are in the limit-point case. Then the defect numbers of Tmin are (0,0) and 
Tmin = Tmax is self-adjoint in L3 (4). 
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Proof. Assume that the system is definite on the interval [a, 8] C 2. Then the 
system is also definite on the intervals (a, 6’) and (a’,b), with 6’ € (8,b) and 
a’ € (a, a), respectively. Denote the maximal relation in L4 (a’, b) associated with 
the canonical system by Tmax (a’, b). It follows that the endpoint a’ is regular and 
that the endpoint b is in the limit-point case for the canonical system on (a’,)). 
To see the last assertion, assume that there are two linearly independent solutions 
on (a’,b) which are square-integrable with respect to A at b. Since these solutions 
admit unique extensions to solutions on (a,b), one obtains a contradiction. In 
particular, for all { fs, go}, {ho, ku} € Tmax (a’,b) one concludes from Lemma 7.6.8 
that 


lim hy(t)* J falt) =0. 
tb 


Now consider {f,g}, {h,k} € Tmax and let fp, gb, ho, ky be the restrictions of 
f,g,h,k to the interval (a’,b). Then one has { fe, go}, {ho, ko} € Tmax (@', b), and 
hence 

lim h(t)* J f(t) = lim h(t)“ J f(t) = 0. 

tb tb 


A similar argument applies to the canonical system on (a, 3’) and shows that 


lim A(t)* J f(t) = 0 


ta 


for all {f, g}, {h,k} € Tmax. Therefore, Lemma 7.6.4 implies 
(g,h)a = (F, k)a = lim h(t)" J f(t) — lim h(t)" J f(t) = 0 
tb tra 


for all {f, g}, {h,k} € Tmax, and hence Tmax C Tax. From Theorem 7.6.2 one 
now concludes Tmin = Tmax and thus it follows that the defect numbers of Tmin 
are (0,0). 


7.7 Boundary triplets for the limit-circle case 


Assume that the system (7.2.3) is real and definite, and assume that the endpoints 
of the system are both in the limit-circle case. A boundary triplet will be presented 
for Tmax = (Tmin )* and the self-adjoint extensions of Tmin will be described in 
terms of the boundary triplet. For a straightforward presentation the case where 
the endpoints are regular or quasiregular is discussed first. At the end of the section 
it will be explained what modifications are necessary for endpoints which are in 
the limit-circle case and which are not regular or quasiregular. 


The symmetric relation Tinin = To will now be described when a and b are 
regular or quasiregular. 


Lemma 7.7.1. Assume that a and b are regular or quasiregular endpoints for the 
canonical system (7.2.3). Then the minimal relation Tmin is given by 


Tmin = Hf, g} = Tnax : f(a) = f(b) = 0}, 
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where f(a) and f(b) denote the boundary values of the unique absolutely continuous 
representatives of f. 


Proof. According to Corollary 7.6.6, the element {f,g} € Tmax belongs to Tmin if 
and only if 

lim h(t)*Jf(t)=0 and limA(t)*Jf(t) =0 

ta tb 


for all {h,k} € Tmax. Since the endpoints are regular or quasiregular, these con- 
ditions are the same as 


h(a)*Jf(a)=0 and h(b)*J f(b) =0 


for all {h, k} € Tmax. Now observe that for any y € C? and k € £4 (2) there exists 
an element h € LA(2) such that {h, k} € Tmax and h(a) = y or h(b) = y. Hence, 
it follows that f(a) =0 and f(b) = 0. 


When the endpoints of the interval 2 = (a,b) are regular or quasiregular for 
the canonical system, then the solutions of J f’— Hf = AAf, A € C, automatically 
belong to L4 (2) and thus dim ker (Tmax — A) = 2, so that the defect numbers of 
Tmin are (2,2); cf. Corollary 7.6.3. In the next theorem a boundary triplet for 
(Tmin )* = Tmax is provided and the corresponding y-field and Weyl function are 
obtained in terms of an arbitrary fundamental matrix Y(-, A) fixed by Y (c, A) = I 
for some c € [a,b]. 


Theorem 7.7.2. Assume that a and b are regular or quasiregular endpoints for the 
canonical system (7.2.3) and let the fundamental matrix Y (-, X) of (7.2.4) be fixed 
by Y (c, A) = I for some c € [a,b]. Then {C?,To, Ti}, with 


TofS} = O + £0) and h(a} = 5 F(a) - F0), 


where {f,g} € Tmax, is a boundary triplet for (Tmin )* = Tmax; here f(a) and f(b) 
denote the boundary values of the unique absolutely continuous representative of 
f. The corresponding y-field and Weyl function are given by 


yr) = V2Y(-,A)(Y¥(a,A) + Y (b, å)) 7", A € (Ao), 
and 
M(A) = -J (Y (a, A) — Y (b, AJ) (Y (a, A) + Y (b, à)) 7", A € p(Ao). 
Proof. Let {f,g}, {h,k} © Tmax. Since the endpoints a and b are regular or 
quasiregular, one has the Lagrange identity 
b 


(g,h)a = (f, k)a = l (h(s)"A(s)g(s) — k(s)*A(s) f(s) ds 


a 


= h(b)" J f(b) — h(a)" J f(a); 
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cf. Corollary 7.3.4. On the other hand, a straightforward calculation shows that 
(Tiff, g},To{h, k}) — (Pol f. 9}, i {h, k}) 
= -E (h(a) +A) F(F(a) — F0) + 5 (Wa) — hO) I (Aa) + FO) 
= h(6)" If) — h(a)" f(a), 


and hence the boundary mappings Io and [4 satisfy the abstract Green identity 
(2.1.1). Furthermore, the mapping (To, r1)" : Tmax > Cf is surjective. To see this, 
observe first that 


Dotf, 9} 1 (I I) (f(a) 
J = -7 ? ? = Tmax 5 
(RiP) =r a) Gy). wo 
and that the 4 x 4-matrix on the right-hand side is invertible. Hence, it suffices to 
check that for any Ya, %p € C? there exists { f, g} € Tmax such that 


f(@)\ _ [a 
(0) = (2). cons 
Choose a solution of the equation Jh’ — Hh = 0 such that h(a) = Yq and modify 
h as in Proposition 7.5.6, so that it becomes a solution h, of an inhomogeneous 
equation Jh}, — Hha = Aka which coincides with h in a neighborhood of a and 
vanishes in a neighborhood of the endpoint b. Then one has {ha, ka} E€ Tmax and 
hala) = Ya and ha(b) = 0. The same argument shows that there exists an element 
{ho ko} E€ Tmax such that hy(b) = y and h(a) = 0. Thus, for f = ha + hẹ 
and g = ka + kp one has {f,g} € Tmax and (7.7.1) holds. It follows that the 
mapping (To, r1)" : Tmax > C4 is surjective, as claimed. Therefore, {C?, ro, r1} 
is a boundary triplet for (Tmin )* = Tmax. 
To obtain the expressions for the associated y-field and Weyl function, let 
A € p(Ao), where Ap = ker Tp, and note that 


Mr (Tmax) = {¥(,A)@:¢€C?}, AEC. 
Hence, for A = {Y (A), AY(-, A)o}, 6 € C?, and A € p(Ao) one has 


Bre A) +Y(b,A)) and Tif, = -Ya A) — Y (b, A))ġ, 


which leads to 


10) = S rerea ec} 


Tof = 


and 


T a E. a derk 
M(A) = {{ ("aa +¥ 0, r))¢, Jan A) -Y(b, Xo} :dEC \, 
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cf. Definition 2.3.1 and Definition 2.3.4. Now observe that for A € p(Ao) the 
matrix Y (a, A) + Y (b, A) is invertible, as otherwise (Y (a, A) + Y(b,A))q = 0 for 
some nontrivial 7 € C? would imply that À is an eigenvalue of the self-adjoint 
relation Ag = kerTo with corresponding eigenfunction Y(-, A)q; a contradiction. 
Therefore, the formulas for the y-field and the Wey] function follow from the above 
identities for y(A) and M(A). 


Before formulating the next proposition some terminology is recalled. Let T 
be an integral operator of the form 


b 
THA = f Kits) f(s) 


where f is a C?-valued function and K is a C?*?-valued measurable matrix kernel. 
If K is square-integrable with respect to the Lebesgue measure on 2 x 2, that is, 


b pb 
| f || K (t, s) || ds dt < 00, 


where ||- ||2 is the Hilbert-Schmidt matrix norm in (7.1.4), then T is a bounded 
linear operator from L7(z) into itself, which belongs to the Hilbert-Schmidt class. 
Recall that a bounded linear operator from L?(2) into itself belongs to the Hilbert- 
Schmidt class if for some, and hence for all orthonormal bases (y;) in L?(z) one has 


a < oo. 

ij 
Proposition 7.7.3. Assume that a and b are regular or quasiregular endpoints for 
the canonical system (7.2.3) and let {C?°, To, T1} be the boundary triplet for Tmax in 
Theorem 7.7.2 with corresponding Weyl function M. Let the fundamental matrix 
Y(-,A) be fixed by Y(a,A) = I. Then the self-adjoint relation Ao = kerTo is 
given by 

Ao = ker To = {{f,9} E Tmax `è f(a) + fb) = 0}, 

where f(a) and f(b) denote the boundary values of the unique absolutely continuous 
representative of f. The resolvent of Ao is an integral operator 


b 
((4o~ ATE = f Gos AAGgl)ds, AEPA) (T72) 


which belongs to the Hilbert-Schmidt class. The Green function Go(t,s,A) is 
given by 
Go(t, s, ) = Go,e(t, s, A) + Goi(t, s, A), (7.7.3) 


where the entire part Go, is given by 


Goaltss.) =¥ (tA) | J sen(s—1)] (sD 


=H a s<t, (7.7.4) 


~ 2)Y(t,A)JY(s,A)*, s>t, 
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and 


Go,(t, s, 4) = Y (t, A) [-57mo] Y(s,\)*. (7.7.5) 


Proof. Step 1. The resolvent of Ag has the form (7.7.2) with Go as in (7.7.3). To 
see this, let A € p(Ao) and g € L4 (2), and define the function 


b 
ra= | Go(t, s, A)A(s)g(s) ds. 


From the structure of the Green function in (7.7.3), (7.7.4), and (7.7.5), it follows 
that 


+ ¥(t,A)E0(.) | Y (s, A)*A(s)g9(s) ds, 


a 


with E(A) = —$JM(A)J. Hence, f is well defined and absolutely continuous. A 
straightforward computation together with (7.2.10) shows that 


t b 
Jf) = sivra(- f Y6, DAGI) ds+ f Y(s,A)°A(s)a(s) ds) 


b 
+ A(t)g(t) + JY'(t, NEA) | Y (s, A)*A(s)g(s) ds. 
This implies that 
Jf — Hf =dAf + Ag = A(g +Af), 


and thus one has {f,g + Af} € Tmax. Furthermore, it is clear from the definition 
of f and Y (a, A) = I that 


f(a) = E $ Fa() f ' Y(s, 3)" A(s)g(s) ds 


b 
f(b) =Y (b, A) -37 + Fa() f Y (s, A)*A(s)g(s) ds. 
Since Eo(à) = —}JM(A)J = —4(1 — Y (b, A))(I + Y (b, A) “1, observe that 


sit Eo(A) = Y (b, AL + Y, A)T, 


-ÍJ + B(A) = (E +Y (0A) 


Thus, 
57 + BO) +Y (b, A) -37 + Fa() = 0, 
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and hence To{f,g + Af} = wa (F(a) + f(b)) = 0, which implies {f,g + Af} € Ao. 


Therefore, f = (Ao — A)~g and the resolvent of Ao is given by (7.7.2). 
Step 2. The kernel Ga(-,-, A) defined by 


role 


Galt, s, A) = A(t)? Golt, s, AA(s)?, (7.7.6) 
where the kernel Go(-,-, A) is given in (7.7.3), satisfies 
b b 2 
i | ||Ga (t, 8, A)||, ds dt < 00; (7.7.7) 


here ||-||> is the Hilbert-Schmidt matrix norm. In fact, from (7.7.3), (7.7.4), (7.7.5), 
and (7.1.5) it follows that 


[ [leses f f laatet saa: 


b pb 2 
<c f f |A(t)2 Y(t, VIEIY (s, X) A(s)? ||} ds dt. 


2 
2 ds dt 


To show that the right-hand side is finite, note that with Y(-,A) =(¥1(-,A) Ya(-,A)) 
one has 


b b b 
f laotvenza= f aone a f | A(t)? Ya(t, A)|" dt < 00, 


as the columns Yj(-, A) and Yo(-,A) of Y(-,A) are square-integrable with respect 
to A. Due to the identity ||Al|2 = ||A*||2, it follows that 


b _ r3 b i 2 
J renatka = f |A(s)2¥(s, A)||? dt < o0. 


Therefore, the kernel Ga is square-integrable with respect to the Lebesgue measure 
on [a,b] x [a,b] and hence (7.7.7) holds. Consequently, the integral operator TA, 
defined by 


b 
Taso = f Ga(t,s,A)f(s)ds, f € L?(2), (7.7.8) 


belongs to the Hilbert-Schmidt class in L?(2). 


Step 3. The operator (Ag — \)~! belongs to the Hilbert-Schmidt class or, equiva- 
lently, 


2 ((Ao — A) tui uj)| < o0, A€ (Ao); (7.7.9) 
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for some, and hence for any orthonormal basis (u;) in L4 (2). To see (7.7.9), observe 
that (A?u;) is an orthonormal system in L?(2) and that (7.7.2) and (7.7.6) give 


(o -Xmu = fal soll Go(t, s, \)A(s)u;(s) d s) a 
Pfs 


= (Ta Až ui, A? Uj) L2) 


E 


)“Ga(t, s, A) (A(s)? 2 u;(8)) ds dt 


where T, is the Hilbert-Schmidt operator (7.7.8) in L? (1) whose kernel is given by 
(7.7.6). Hence, by Step 2 it follows that (7.7.9) holds, which implies that (Ayg—A)~1 
is a Hilbert-Schmidt operator. 


Since the resolvent of the self-adjoint relation Ap is a Hilbert-Schmidt oper- 
ator, the spectrum of Ap is discrete. As the minimal relation Tmin has no eigen- 
values, the next statement follows immediately from Proposition 3.4.8. 


Theorem 7.7.4. Let {C?, To, T1} be the boundary triplet for Tmax as in Theo- 
rem 7.7.2. Then the operator part (Tmin )op is simple in LA (1) © mul Tmin - 


Theorem 7.7.4 together with the considerations in Section 3.5 and Section 3.6 
ensure that the Weyl function M in Theorem 7.7.2 contains the complete spectral 
data of Ag. In the present situation the eigenvalues of Ap coincide with the poles 
of the Weyl function and the multiplicities of the eigenvalues of Ag coincide with 
the multiplicities of the poles of M. 


Let {C?, To, l1} be the boundary triplet in Theorem 7.7.2 with corresponding 
y-field y and Weyl function M. The self-adjoint (maximal dissipative, maximal 
accumulative) extensions Ag C Tmax Of Tmin are in a one-to-one correspondence 
to the self-adjoint (maximal dissipative, maximal accumulative) relations © in C? 
via 


Ao = {{f,9} € Tmax : {To{f, 9}, Tiff. gt} € O} 


= {{f,g} € Tmax : f(a) + f(b), Jf (a) + JF()} € O}, (7.7.10) 


where f(a) and f(b) denote the boundary values of the unique absolutely contin- 
uous representative of f. Recall from Theorem 2.6.1 that for A € p(Ae) N p(Ao) 
the Krein formula for the corresponding resolvents reads 


= = a as 
(Ae = A)™} = (Ao = A) + YA)(O = MA) 7A. (7.7.11) 
Assume in the following that © is a self-adjoint relation in C?. Since the 


spectrum of Ag is discrete and the difference of the resolvents of Ag and Ae is 
an operator of rank < 2, it is clear that the spectrum of the self-adjoint relation 


7.7. Boundary triplets for the limit-circle case 541 


Ae is also discrete. Note that A € p(Ao) is an eigenvalue of Ae if and only if 
ker (Ə — M(A)) is nontrivial, and that 


ker (Ag — A) = 7(A) ker (© — M(A)). 


For the self-adjoint relation © one may use a parametric representation with the 
help of 2 x 2 matrices A and 8 as in Section 1.10 and give a complete description 
of the (discrete) spectrum of Ae via poles of a transform of the Weyl function M; 
cf. Section 3.8 and Section 6.3. 


In the following paragraph and corollary it is assumed for simplicity that the 
relation © in (7.7.10) is a self-adjoint 2 x 2 matrix. In this case the self-adjoint 
relation Ae in (7.7.10) is given by 


Ao = {{f,9} € Tmax : O(f(a) + f(b)) = -J f(a) + JF(O)} (7.7.12) 


and according to Section 3.8 the spectral properties of Ae can also be described 
with the help of the function 


AH (O- MA)’; (7.7.13) 


that is, the poles of the matrix function (7.7.13) coincide with the (discrete) spec- 
trum of Ao and the dimension of the eigenspace ker (Ao — A) coincides with the 
dimension of the range of the residue of the function in (7.7.13) at A. Now fix a 
fundamental matrix Y(-,A) by Y(a,A) = I as in Proposition 7.7.3. By Proposi- 
tion 7.7.3, the resolvent (Ap — A)~! in the Krein formula (7.7.11) is an integral 
operator. Since J + JM(A) = 2(1 + Y(b,\))7~!, the y-field and Weyl function in 
Theorem 7.7.2 are connected in the present situation via 


1 
sA) = Y (AJIM), ACC\R. 
YA) 5 (a A) (A)) \ 
One verifies that 
1 Cee 
—(I - Mays) f Y(s,A)*A(s)9(s) ds, g€ LX(2), 
v2 a 
and this implies that the second term on the right-hand side of (7.7.11) applied 
to g € L4 (2) can be written as 


¥(A)*g = 


1 E b 
gY GNU + JM(A))(O — M(A)) "UE — MA) f Y (s, A)*A(s)g(s) ds. 
Combining this expression with the entire part Go,e in (7.7.4) and the part Go, 


in (7.7.5) for (Ao — A), one sees that the resolvent of the self-adjoint extension 
Ag is an integral operator in L4 (2) of the form 


b 
(‘do -ATH = | Golt,s,A)A(s)a(s) ds, € plAe) NPA), (7.7.14) 


542 Chapter 7. Canonical Systems of Differential Equations 
where g € L4(2). The Green function Go(t, s, A) in (7.7.14) is given by 


Gelt, s, à) = Y (t,A) [37sen (s—t)+ Bo) Y (s, A)", (7.7.15) 


Eol) = -43 [MO EMA) - D(0- MATMA] (77.16) 


In the next corollary the Green function in (7.7.14) is further decomposed in the 
case that the self-adjoint relation © in C? is a self-adjoint matrix. 


Corollary 7.7.5. Leta and b be regular or quasiregular endpoints for the canon- 
ical system (7.2.3) and let {C°, To, T1} be the boundary triplet for Tmax in The- 
orem 7.7.2 with corresponding Weyl function M. Assume that the fundamental 
matriz Y (-, X) is fized by Y (a, A) = I, let © be a self-adjoint matrix in C?, and let 
Ae be the self-adjoint extension in (7.7.12). Then the Green function Ge(t, s, A) 
in (7.7.14) has the decomposition 


Go(t, s, å) = Go e(t, s, A) + Goi(t,s, A), 


where the entire part Go. is given by 


1 1 = 
Go(t, s, A) = Y(t, A) [57sen t) 4 Jes] Y(s,A)*, 
and i 
Go i(t, s, A) = Yo(t, A) e — m(ayy| Yo(s, A)*, 
where Yalt, A) = Y(t, A)(1 + JO). 
Proof. Since © is a self-adjoint 2 x 2-matrix, one sees that 
(MA) — J)(@ — MATMA) + J) 
=-M(å)- © + (© - J)(© -= M(d)) “(0+ J). 
Therefore, Fo(A) in (7.7.16) has the form 


1 
2 


LJO kiTa EG ma) ~] (1-0). 


Ee(A) al 0+(e-J\(O MQ) O+] 


The assertion now follows from this identity combined with (7.7.15). 


At the end of this section the assumption is that the endpoints a and b are 
in the general limit-circle case, so that the assumption that a and b are regular or 
quasiregular is abandoned. The transformation in Lemma 7.2.5 will be useful as 
for any Ao € R the solution matrix U(-, Ao) is now square-integrable with respect 
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to A. This implies that the transformed equation (7.2.20) is in the quasiregular 
case at a and b. Then most of the above results remain true once the (limit) values 
f(a) and f(b) are replaced by the limits in (7.4.6). The next proposition is the 
counterpart of Theorem 7.7.2. 


Proposition 7.7.6. Assume that a and b are in the limit-circle case and let Y (-, A) 
be a fundamental matrix. Let Ap in R, let U(-, ào) be a solution matrix as in 
Lemma 7.2.5, and consider the limits 


f(a) = lim U(t, Ao) F(E) and f(b) = lim U(t, ào) FH) 


for {f,g} € Tmax; cf. Corollary 7.4.8. Then {C?°, To, T1}, with 


Tofo} = Jala) +70) and Pho) = Ze (Fla) - FO), 
where {f,g} € Tmax, is a boundary triplet for (Tmin )* = Tmax - The corresponding 
y-field and Weyl function are given by 

4A) = V2¥(-,A)(¥ (a, A) + ¥(b,A)) "XE p(Ao), 


and 


M(A) = -J (Y (a, A) — Y (b, A)) (¥ (a, A) + ¥ (b, à)) 7", A € p(Ao), 


where Y(-,A)¢ = U(-,Ao) tY (-, AJo for ġ € C? and A € p(Ao). 
Proof. Recall that due to Corollary 7.4.9 the Lagrange formula takes the form 


ee ee a b 
KOJPO) — h(a)" Fla) = f (h(s)*A(s)g(s) = k(s)*A(s)f(s)) ds 


for {f,g}, {h,k} € Tmax. Now the same computation as in the proof of Theo- 
rem 7.7.2 shows that the abstract Green identity (2.1.1) is satisfied. The surjec- 
tivity of the map (To, r1)! : Tax —> C*, and the form of the y-field and Weyl 
function follow in the same way as in the proof of Theorem 7.7.2. 


7.8 Boundary triplets for the limit-point case 


Assume that the system (7.2.3) is real and definite, and assume that the endpoint a 
is in the limit-circle case and the endpoint 6 is in the limit-point case. A boundary 
triplet will be presented for Tmax = (Tmin )* and will be used to describe the self- 
adjoint extensions of Tmin. To make the presentation straightforward, the case 
where the endpoint a is regular or quasiregular is dealt with first. At the end of 
the section it will be explained what modifications are necessary if the endpoint a 
is in the limit-circle case. 


The symmetric relation Tmin = To will now be described when a is a regular 
or quasiregular endpoint and b is in the limit-point case. 
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Lemma 7.8.1. Assume that the endpoint a is regular or quasiregular and the end- 
point b is in the limit-point case. Then the minimal relation Tmin is given by 


Tmin = {{f,g} E Tmax : f(a) =(}, 


where f(a) denotes the boundary value of the unique absolutely continuous repre- 
sentative of f. 


Proof. According to Corollary 7.6.6 and Lemma 7.6.8, an element {f,g} € Tmax 
belongs to Tmin if and only if 


lim h(t)" J f(t) = 0 


for all {h, k} € Tmax . Since the endpoint a is regular or quasiregular this condition 
is the same as 


h(a)* J f(a) =0 


for all {h,k} € Tmax. Now observe that for any y € C? there exists {h,k} € Tmax 
such that h(a) = y. In fact, choose a solution Ju’— Hu = 0 such that u(a) = y and 
use Proposition 7.5.6 to modify u to a function h € L4 (2) which coincides with u in 
a neighborhood of a, vanishes in a neighborhood of b, and satisfies Jh’ — Hh = Ak 
with some k € L4 (2), that is, {h, k} € Tmax. Since y*J f(a) = 0 for all y € C’, it 
follows that f(a) = 0. 


Let the endpoint a be regular or quasiregular and let b be in the limit-point 
case. Then there exists for some, and hence for all A € C \ R, up to scalar multiples, 
one nontrivial solution of J f’—H f = AAf, which is square-integrable with respect 
to A at b and thus dimker (Tmax — A) = 1 for A € C \ R. This implies that the 
defect numbers are (1,1); cf. Corollary 7.6.3. In the next theorem a boundary 
triplet is provided in this case. To avoid confusion, recall that Y; (-, A) and Y2(-, A) 
are the columns of a fundamental matrix Y (-, A), whereas fı and fz stand for the 
components of the 2 x 1 vector function f. 


Theorem 7.8.2. Assume that the endpoint a is regular or quasiregular and that the 
endpoint b is in the limit-point case. Let Y(-,) be a fundamental matrix fixed by 
Y(a,A) =I. Then {C,V,Ti}, where 


To{f, g9} = fila) and Ti{f,g} = fo(a), 1556} E Taas 


is a boundary triplet for (Tmin )* = Tmax ; here fı (a) and fo(a) denote the boundary 
values of the components of the unique absolutely continuous representative of f. 
Moreover, if A€ C\R and y(-, A) is a nontrivial element in Ny (Tmax), then one 
has xı(a, A) Æ 0. For all A € C\R the corresponding y-field and Weyl function 
are given by 


(A) = Ya, A) + M(A)Y2(, A) and =M(A) = 
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Proof. Since the endpoint a is assumed to be regular or quasiregular, the elements 
{f.g}, {h,k} € Tmax have boundary values f(a), h(a) € C?. Due to Lemma 7.6.8, 
the Lagrange identity in Corollary 7.3.4 takes the form 


b 
(g,h)a — (f, k)a = f (h(s)*A(s)g(s) — k(s)* A(s) f(s)) ds 

= —h(a)“ J f(a) 

= fa(a)hı (a) — fı (a)h2(a) 

= (City, g}, To{h, k}) _ (Toff, g}, Tith, k}). 
Hence, the boundary mappings lo and [; satisfy the abstract Green identity 
(2.1.1). In the proof of Lemma 7.8.1 it was shown that for y € C? there exists 
{h,k} € Tmax such that h(a) = y, and so the mapping (To, r1)" : Tmax > C? is 
surjective. It follows that {C, To, I1} is a boundary triplet for (Tmin )* = Tmax- 

Due to the assumption that the endpoint b is in the limit-point case, each 

eigenspace Ny (Tmax ), À € C \ R, has dimension 1. Hence, fy € Ny (Tmax ) has the 


form fy, = {x(-,A)e, Ax(-, A)e} for some c € C, where x(-, A) is a nontrivial element 
in Ny (Tmax ), A € C \ R. It follows from Definition 2.3.1 and Definition 2.3.4 that 


WA) = {xa (a, A) xl Alef se EC}, AEC\R, 


and 


M(A) = {{x1(a, A)e, x2(a, A)c} :cE C}, AEC\R. 


Observe that xı(a, A) Æ 0 for A € C \ R, as otherwise \ € C \ R would be an eigen- 
value of the self-adjoint relation Ag = kero and y(-, A) would be a corresponding 
eigenfunction. Thus, one concludes that 


_ x(-, A) ani F — x2(a, À) 
(A) = ee d M(A) aCe, AEC\R. 


Note that x(, à) = a1¥i(-,A) + a2¥o(-,A) for some ay,ag € C and that the 
assumption Y (a, A) = I yields 


(eN) = xan = (8). 


ayil, A) + arYo(-, A) 
xı(a, A) 


establishing the formulas for the y-field and Weyl] function. 


This implies 


yA) = 


= Y,(-,A)+ M(A)Y2(, A), AEC\R, 


Note that the y-field and Wey] function corresponding to the boundary triplet 
{C, To, Pi} in Theorem 7.8.2 are defined and analytic on the resolvent set of the 
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self-adjoint relation Ag = kerIg. It follows in the same way as in Section 6.4 (see 
the discussion after the proof of Proposition 6.4.1) that the expressions for y and 
M in Theorem 7.8.2 extend to points in p(Ap) NR. 


In the next proposition the resolvent of the self-adjoint relation Ao is ex- 
pressed as an integral operator. 


Proposition 7.8.3. Assume that the endpoint a is regular or quasiregular and that 
the endpoint b is in the limit-point case. Let Y (-, A) be a fundamental matrix fixed 
by Y (a, A) = I. Let {C,Uo, 01} be the boundary triplet for Tmax in Theorem 7.8.2 
with corresponding Weyl function M. Then the self-adjoint relation Ao = ker To 
is given by 


Ag = ker To = {{f, 9} = Trax : fila) = O}, 


where f(a) denotes the boundary value of the first component of the unique abso- 
lutely continuous representative of f. The resolvent of Ao is an integral operator 


b 
((Ao — d)~4g) (t) =} Go(t, s, )A(s)g(s)ds, AEC\R, (7.8.1) 


where g € LA(2). The Green function Go(t, s, A) is given by 
Go(t, s, A) = Go,e(t, s, A) + Go,i(t, s, A), (7.8.2) 


where the entire part Go. is given by 


Si diege) VAA ee (7.8.3) 
i Yo(t, A)Y1 (s, A)*, s>t 
and 
Goalt, s, A) = Ya(t, AJM (A)Y2(s, X)". (7.8.4) 


Proof. To prove the identity (7.8.1), consider g € LÃ (1) and define the function 
f by the right-hand side of (7.8.1) with Go as in (7.8.2). In view of (7.8.3) and 
(7.8.4), this means that 


f(t) = (EA + Yet, MCA) | Y3(s, A)*A(s)g(s) ds 
3 (7.8.5) 


b 
+ Yo(t, A) f (Yi (s, A)* + M(A)*¥2(s, A)*) A(s)9(s) ds. 
t 
Observe that, indeed, the integral near b exists, since one has 


ye A) = Vil, A) + MAYC, A) € DA (2) 
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and g € L3 (1). It follows that the function f in (7.8.5) is well defined and abso- 
lutely continuous. Rewrite (7.8.5) in the form 


1 


f(t) =Y(t,A) (a A a (0 1)¥(s,A)*A(s)g(s) ds mee 


Then a straightforward calculation using the identity 


Gy (0 1)- (7) (1 M(Q)*) = (2, a) =-J (7.8.7) 


and (7.2.10) shows that f satisfies the inhomogenenous equation 
Jf! — Hf =dAf + Ag. (7.8.8) 


Moreover, one sees from (7.8.5) that f satisfies 


fla) = a r (Ya (s, X) + Ya(s, X)M(Q))*A(s)g(s) ds = ER . 


Now denote the function on the left-hand side of (7.8.1) by h = (Ag—)~1+g. Then 
it is clear that 


{h, Ah + g} = { (Ao — A)7"g,9 + A(Ao — A)" g} € Ao C Tmax, (7.8.9) 


so that h also satisfies (7.8.8). Moreover, by (7.8.9) and Proposition 2.3.2 one 
obtains 


hı (a) =To{h, Ah + g} = 0, 
h2(a) = T1{h, Ah + 9} = A)*9 = (9,70))a- 


Thus, for a fixed A € C \ R the functions h and f satisfy the same inhomogeneous 
equation (7.8.8) and they have the same initial value f(a) = h(a). Since the 
solution is unique, h = f. One concludes that (Ag — \)~'g is given by the right- 
hand side of (7.8.1). 


Note that there exist canonical systems whose Weyl functions are of the form 
M(X) = a+ BX where a € R and 6 > 0; cf. Example 7.10.4 for a special case. 
Hence, the functions M and Go, in (7.8.4) may be entire. 


Theorem 7.8.4. Assume that the endpoint a is regular or quasiregular and that the 
endpoint b is in the limit-point case. Then the operator part (Tmin )op is simple in 
the Hilbert space L4 (1) © mul Tmin - 
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Proof. Step 1. Let g € L4 (1) and define f = (Ao — A)~tg. Then it is clear that 
{f.g +Af} € Ao and one has 


ft) = -Y6 | Y (s, 1)*A(s)g(s) ds + Y (tA) laD (7.8.10) 


where Y(-,A) is the fundamental matrix fixed by Y (a, A) = J. In fact, it follows 
from Proposition 7.8.3 and its proof that f is given by (7.8.1) or, equivalently, by 
(7.8.6). Now on the right-hand side of (7.8.6) substract and add the term 


Y(t, A) (3) [ (1 M(X)*) ¥(s,4)*A(s)g(s) ds, 


and use (7.8.7) and y(-, A) = Yi(-, A) + M(A)¥a(-, A). This yields (7.8.10). 


Step 2. The multivalued part mul Tmin is given by 
(span {7(A) : A € C\ R}) = mul Tmin , (7.8.11) 


which, in view of Corollary 3.4.6, is equivalent to (Tmin )op being simple in the 
Hilbert space L4 (2) © mul Timin - 

The identity (7.8.11) will be verified by exhibiting the corresponding inclu- 
sions. For the inclusion (D) in (7.8.11), let g € mul Tinin. Since {0,9} € Tmin and 
{y(A), XV(A)} € Tmax for all A € C \ R one sees that 


(9, YA) )a = (9, Y(A))a — (0, AY(A))a = 0. 


Hence, g E€ mul Tmin is orthogonal to all y(A), AE C\R. 
For the inclusion (C) in (7.8.11), assume that g € L4 (2) is orthogonal to all 
(A), AE C\ R. Then it follows from (7.8.10) that 


t 


F(t) = ((Ao — A)71g) (t) = -Y (t, xa f Y (s, \)*A(s)g(s) ds. (7.8.12) 


a 


Clearly, f(a) = 0, so that, in fact, 


Fg + Af} € Tin . (7.8.13) 


Let h € Lå (1) have compact support, say in [a',b'] C 2. Then it follows from 
(7.8.12) that 


by pt 
((Ao — A)~"g, h)a = -f (/ h(t)* A(t)Y (t, A) JY (s, A)*A(s)9(s) as) dt 


and due to the structure of the double integral the integration takes place only on 
the square [a’, b’] x [a’, b’). 


7.8. Boundary triplets for the limit-point case 549 


Now consider a bounded interval 6 C R such that the endpoints of 6 are not 
eigenvalues of Aj. Then the spectral projection of Ao corresponding to the interval 
6 is given by Stone’s formula (1.5.7) (see also Example A.1.4), 


(EO); ha = tim SE f (Ao — (u +16) = (a — (u = i)a, h)ad 


Making use of the above integral for ((Ao — A)~!g,h)a one has that 


(E(5)g, h) seins ff p z(t, 8, u)A(s)g(s) ds dt du 


-imh f [ro wo fra s, u) dn) A(5)g(s) ds dt, 


F(t, s, p) = Y (t, p — ie) JY (s, u — ie)” — Y (t, u + ie) JY (s, w+ te)". 


where 


To justify the application of Fubini’s theorem above note that each of the functions 
sty A(s)g(s) and t= A(t)h(t) 


is integrable on [a’,b’], due to g,h € LA (a,b) and Lemma 7.1.4, and that the 
function 


(s,t, A) = Y(t, AJY (s, X)* —Y(t, )JY(s,A)*, 8,t € [a’,b'], AEK, 


where K C C is some compact set, is continuous and hence bounded on the set 
[a’, b'] x [a’, b'] x K. Since the mapping A => Y(t, A) is entire, it follows that 

lim | Fr (t,s, 4) du = 0 

el0 5 
and dominated convergence implies that (E(8)g, h)a = 0 for any h € L (0) with 
compact support. Therefore, E(d)g = 0 for any bounded interval ô with endpoints 
not in g,(Ao). With ô — R one concludes E(R)g = 0 and this implies g € mul Ao. 
Since {f,g + Af} € Ao and {0,g} € Ao, it follows that {f, Af} € Ao and hence 
f = 0, as \ € C \ R is not an eigenvalue of Ag. Since { f, g+Af} € Tmin by (7.8.13), 


one concludes {0, g} € Tmin, that is, g € mul Tmin . This shows the inclusion (C 
n (7.8.11). 


Let {C, To, r1} be the boundary triplet in Theorem 7.8.2. Then the self- 
adjoint extensions of Tmin are in a one-to-one correspondence to the numbers 
T E€ RU {ov} via 


A, = {{f, g} € Tmax : Til f,g} = TTo{ f, g}}- (7.8.14) 
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Note that Ao corresponds to T = oo. For a given T € RU {oo} one can transform 
the boundary triplet {C, To, I1} as follows: 


H-ak 7)(h) ae 


(see (2.5.19)), so that A, = kerT'G. Then, by (2.5.20), the y-field and Weyl function 
corresponding to the new boundary triplet are given by 


1 M(A 241 
m) = HEMO) and y(n) = POS 


T-M) =m AEC\R. (7.8.16) 


The Weyl function M, and the y-field y- are connected by 


MAA = y(u)“ (à), Au EC\R. 


Let Y(-,A) be a fundamental matrix fixed by Y (a, A) = T. In a similar fashion one 
can transform Y (-, A) to a fundamental matrix V(-, A) given by 


1 y i 

(Vi(-,A) Vo. A)) = (YG) YC, A)) TALI (2 a : (7.8.17) 
Note that V (a, \)*JV (a, A) = J holds; cf. (7.2.8) and (7.2.11). Due to this trans- 
formation the y-field y, can be written in terms of the new fundamental system 
as 

Yr (A) = YC, à) + M,(A)Va(-, A), 

which belongs to L4(2), while the second column of V(-, A) satisfies the (formal) 
boundary condition which determines A, = ker TG: 


V2(a, à) = rest (7) : (7.8.18) 


The next proposition is the counterpart of Proposition 7.8.3 for the self-adjoint 
extensions A,. 


Proposition 7.8.5. Assume that the endpoint a is regular or quasiregular and that 
the endpoint b is in the limit-point case. Let Y (-, A) be a fundamental matrix fixed 
by Y (a, A) = I. Let {C, Uo, Pi} be the boundary triplet for Tmax in Theorem 7.8.2. 
For 7 ER let A, be a self-adjoint extension of Tmin given by (7.8.14) and let M, 
be as in (7.8.16). Then the resolvent of A, is an integral operator 


b 
(A= d)~*9) (t) = f G,(t,s,A)A(s)g(s)ds, AEC\R, (7.8.19) 


where g € LA(2). The Green’s function G,(t,s,A) is given by 
G,(t, s, A) = Gre(t, s, A) + Gilt, s, À), (7.8.20) 
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where the entire part Gre is given by 


Gelt s, À) = Vilt, A)Va(s, à) , s<t, (7.8.21) 
Və ty A)Vi(s, A)*, s> ie 
and 7 
Grai(t, s, A) = Va(t, A)M;(A)Va(s, X)*. (7.8.22) 


Proof. The proof of Proposition 7.8.5 is similar to the proof of Proposition 7.8.3. 
In order to show the identity (7.8.19), consider g € LA (2) and define the function 
f by the right-hand side of (7.8.19). Then one has 


E (1A) + Volt, AM) f Va(s, X)"A(s)g(s) ds 
a (7.8.23) 


b 
EvEN f (6D HMAV 2") AC) ds 


and the same arguments as in the proof of Proposition 7.8.3 show that f is well 
defined, absolutely continuous, and satisfies the inhomogenenous equation 


JF =H] =dAf + Ag. (7.8.24) 


Moreover, one sees from (7.8.23) that f satisfies 


1 ee ia = ee ee 
Fa) = Fores (L) S 6D + vale DMA) Alas) as 
< W i < 
-A (1) Grd. 
and hence 
rfila)— fla) _» 4 fil@+rhla)_ 9 
a os ae =0 d ara = (9,97())a- 


Now denote the function on the left-hand side of (7.8.19) by h = (A; — A)7? 
Then A also satisfies (7.8.24) and from (7.8.15) and Proposition 2.3.2 one obtains 


Thi (a) — hala) 


TO = T5{h, Ah + 9} = 0, 
hı(a) + Thala T a ie = 
1( M z a ) =IT{h, Ah + g} =97(A)"9 = (g9, Y (A)Ja 


Thus, for a fixed A € C \ R the functions h and f satisfy the same initial value 
problem and hence it follows that h = f. Therefore, (A, — A)~1'g is given by the 
right-hand side of (7.8.19). 
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Let {C, ro, r1} be the boundary triplet for Tmax in Theorem 7.8.2 and con- 
sider the self-adjoint extension A, = kerI’,; cf. (7.8.14). Assume that the Weyl 
function M, corresponding to {C, T9, 17} has the integral representation 


VAOLAS E LS za) ied, (7.8.25) 


with a, € R, 8, > 0, and g, a nondecreasing function with 


1 
—— da,(t) < œ. 
[mawat oe 


Recall from Theorem 3.5.10 and Lemma A.2.6 that mul A, ©mul Tmin is nontrivial 
if and only if 6, > 0. 


Lemma 7.8.6. Let rT E€ RU {co} and let E,(-) be the spectral measure of the self- 
adjoint relation A,. For h € LA(2) with compact support define the Fourier trans- 


form f by : 
fw) = f Va(s,u)"A(s)f(s)ds, eR, 


where Vo(-, 41) is the formal solution in (7.8.17). Let o, be the function in the 
integral representation (7.8.25) of the Weyl function M,. Then for every bounded 
open interval 6 C R such that its endpoints are not eigenvalues of A, one has 


(E-()f, fa = f Fiu) Fe) do; (n). (7.8.26) 


Proof. Recall that (A, — A)~! is given by (7.8.19), where the Green function 
G,(t,s,A) in (7.8.20) is given by (7.8.21) and (7.8.22). Assume that the function 
h € L4 (2) has compact support in [a’, b’] C 2. Then 


((Ar — A)~ a= f roA (0( f ets AAG) ds) at 


for each À € C \ R, where, in fact, the integration takes place only on the square 
[a’, b’] x [a’, b’). 

Let 6 C R be a bounded interval such that the endpoints of 6 are not eigen- 
values of A;. Then the spectral projection of A, corresponding to the interval ô 
is given by Stone’s formula (1.5.7) (see also Example A.1.4) 


(E()f, a = lim | (Chr = (u Hie) = (Ar — (w= i) adu 


e}0 2ri 


EI [ows G,(t,s, u + ie) 
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Decompose the Green function in (7.8.20) as in (7.8.21) and (7.8.22). Since the 
function A ++ V(t, A) is entire, one verifies in the same way as in the proof of 
Theorem 7.8.4 that 


li n Greh 8, L 
I (f [rra eee) 


— Gre(t, s, u — ie))A(s) f(s) ds at) du = 0. 


Therefore, it remains to consider the corresponding integral with G+, which takes 
the form 


im Qi LL [A FOA) (Volt, u + ie)Mz(u + te) Vo(s, u — ie)* 


— Va(t, u — i€)M,(u — ie) V2(s, u + ie)*) A(s) f(s )dsat) 


-S i FOAE [ors M+) (u + i£) 


= (QM; (u — ie) A(s ) f(s) ds ar) dy, 
(7.8.27) 
where g;,, stands for the 2 x 2 matrix function 
gt, (n) = Vo (t, n) Va(s, n)*. 
For t,s € [a',b'] this function is entire in 7. For €o > 0 and A < B such that 
ô C (A,B) consider the rectangle R = [A,B] x [-ieo, ico]. Then the function 


{t,s,n} +4 gi s(n) is bounded on [a’, b'] x [a’,b'] x R, and since Ah € L1(a’,b’), it 
follows that for each fixed £ such that 0 < € < eg 


a ch [ f(t) AO) [lgu sM) (u + i6) = Gea Me) (u — iJ] A(s) A (8) ds dt) di 


= i f f No ao( f iost )utie)- aMi) du) A(s) ilo) dsdi 


By the Stieltjes inversion formula in Lemma A.2.7 and Remark A.2.10, one sees 


. 1 . . 
lim —— | [(91,sM;)(u+ i£) — (91,sMz)(u — i£)] du = fost dor(u) 
elO 2ri 5 5 


for all t,s € [a’,b’]. To justify taking the limit © | 0 inside the integral (7.8.27) 
one needs dominated convergence. For this purpose recall from Lemma A.2.7 and 
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Remark A.2.10 that there exists m > 0 such that for 0 < £ < £ọ one has 


ear + ie) — (94,sM+)(u — i£)] du 


< m sup{|ge,s(7)|, 19i s)| : t, 8 € [a’, 0], A € R}, 


(7.8.28) 


where R = [A, B] x [—i£o, i£o]. Since the functions 


{t, 5, n} > gt s(n) and {t, s,n} > Ji s(n) 


are bounded on [a’, b'] x [a’, b'] x R, it follows that the integral in (7.8.28), regarded 
as a function in {t,s} on [a',b'] x [a',b'], is bounded by some constant for all 
0 < e < e. Furthermore, Af € L!(a',b') implies that there is an integrable 
majorant for (7.8.27), and so dominated convergence and Fubini’s theorem show 
that 


b b 
OL Da= f f IAD f osti)da) Afl) ds at 
=f (f memacoscoy a) ( f VAA) ds) dorta) 


for every open interval ô such that the endpoints are not eigenvalues of A+. This 
gives the formula in (7.8.26). 


The next theorem is a consequence of Lemma 7.8.6 and Theorem B.2.3. 
Theorem 7.8.7. Letr € RU {co}, let Vo(-, u) be the formal solution in (7.8.17), 


and let a, be the function in the integral representation of the Weyl function M,. 
Then the Fourier transform 


a a 


b 
tef Fe | Vals, u)"A(s)f(s)ds, weR, 


extends by continuity from compactly supported functions f € L4(2) to a surjective 
partial isometry F from LA (2) to L3, (R) with ker F = mul A,. The restriction 
Fop : LA(t) © mul A, > Lie, (R) is a unitary mapping, such that the self-adjoint 
operator (Az)op in LA (1) © mul A; is unitarily equivalent to multiplication by the 
independent variable in L3, (R). 


Proof. It follows from Lemma 7.8.6 that the condition (B.2.2) is satisfied. Fur- 
thermore, for every u € R there exists a compactly supported function f € L4 (2) 
such that 


ee b 
fw = ‘i Vala, n)"A(6) f(a) do At. 


To see this, assume that for some u € R 


b 
1 Və(s, u)“ A(s) f(s) ds = 0 
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for all compactly supported f € L4 (1). This implies that Vz(s, p)* A(s) = 0 for 
a.e. s € (a,b). By definiteness one has V2(s, u) = 0 for a.e. s € (a,b), which is a 
contradiction. Therefore, condition (B.2.9) is satisfied and the result follows from 
Theorem B.2.3. 


In the next lemma the Fourier transform Fy, of the y-field in (7.8.16) corre- 
sponding to the boundary triplet {C, Tr, 07} is computed; this allows to identify 
the model in Theorem 7.8.7 with the model for scalar Nevanlinna functions in 
Section 4.3. 


Lemma 7.8.8. Let 7 € RU {oo} and let 7, be the y-field in (7.8.16). Then for all 
A E C\R one has almost everywhere in the sense of doz: 


[FAH = HER, 


where F is the Fourier transform from LA (2) onto Lig, (R) in Theorem 7.8.7. 


Proof. Recall first that for g € LA (2) and A € C \ R the function (A, — A)~'g is 
given by the identity (7.8.19), which holds for all ¢ € 2. In fact, the Green function 
G, in (7.8.19) is a 2 x 2 matrix function and the following notation will be useful: 


_ G,1(t, 8, A) 
Colts “a A 7 Gas S, x) , 


where each of these components is a 1 x2 matrix function. The fundamental matrix 
V(-,A) in (7.8.17) is written in the form 


(Vila) Vata) = (B09 vet) 


Now observe that 


Galt s, A) = (Vii (t, A) + M- (A)Vi2(t, A) V2(s,A)*, 8 <t, (7.8.29) 
a Via(t, A)yr(s, A)*, s>t, ~~ 
and 
fom (t : d) z (Vai (t, A) + M,(A)Vaa(t, r))Va(s, r)*, S<t, (7 8 30) 
al Voo(t, A)yr(s; A)*, s> t, E 


which follows easily from (7.8.21) and (7.8.22); cf. (7.8.23). Note also that 
Vij(-, A) = Viz), i,j =1,2, 
since the system is real (see Lemma 7.2.8), and that (7.2.10) implies the useful 


identity 
Vir (t, A) V22(t, A) = Var(t, A)Via(t, A) = 1, tE (7.8.31) 
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For A € C \ R one has 


7 Ja Graltss NA(s)9(s)d8\ _ (g, Gra(ty.d)*)a 
A, —2 ) = Co “Yas” 
Á es I? Gralt, s, AA(s)g(s) ds (6 Caan X 


Since the Fourier transform F : L4 (1) > LZ, (R) in Theorem 7.8.7 is a partial 
isometry with ker F = mul A,, it allows from (1.1.10) that 


i: 
E (Fg, FG, i(t, »A)") 12 dor ( 
((Ar = A)~*g) (4) = a ae 4 


Lio, (R 


(7.8.32) 


te Fg(u) [FG (t, s r)*] (u) do, (u) 
Ía Fg(u) [FG 2(t, i d)*] (u) do, (n) 


is valid for all g € (mul A,)+. It is clear that (7.8.32) is also true for all g € mul A,, 
since in this case (A, — \)~'g = 0 and Fg = 0. Therefore, (7.8.32) is valid for all 
g € L4 (1). Moreover, if g € LA (2) one has for almost all t € 2 


(a -A700 = f EEA solu) dou 
h” Valtu) 3H) Fg (uu ) do, (p) (7.8.33) 


hk” va Vet) Fg( u) do,(p) 


see (B.2.5). Furthermore, if Fg has compact support, then the right-hand side of 
(7.8.33) is absolutely continuous, and hence in this case the equality holds for all 
t € 2. Therefore, when Fg has compact support the right-hand sides of (7.8.32) 
and (7.8.33) are equal for all t € 2, and hence one has 
Vio(t, Voo(t, 
Viltu) _ [FG (t, AJ] (u) and Vatu) _ [FG 2lt, n ATG 
H— À H—À 
for all t € 2. These identities hold for all y € R \ Q(t), where the set Q(t) C R has 


do,-measure 0. Hence, (by replacing A with \ and taking conjugates) one has for 
all t € 2 and all u € R \ Q(t) 


Via c 2 = [FG, 1 (t, F r)*| (u) and Veo g n) 
H-A i H—À 


By means of (7.8.29), (7.8.30), (7.8.31), and (7.8.34) it is straightforward to 
verify that for all t € 2 and all u € R \ Q(t), 


= [FG,2(t,-,A)*](u). (7.8.34) 


— (vat, A)V22(t, u) == Vor(t, A)Vi2(t, u)) 
= Via (t, A) [FG;,2(t, +, A)*] (u) — Var(t, A) o s ADJ) (7.8.35) 
= F[Vi (t, A) Gr2(t, A)“ — Va (t, A) G A) 
= F[W (t, 5 A)| (u), 
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where the 2 x 1 matrix function W(-,-, A) is given by 


M,(A)Va(s,A), 8 <t, 


7.8.36 
ee or oe 


W(t, s, A) = l 


The above identity and a limit process will give the desired result. In fact, first 
observe that according to the definition of W(-,-, A) in (7.8.36) one has 


t 
Ine = f |A(s)2 Vi (s, A)|? ds + 0 as ta, 


and hence the continuity of F : LA(2) > LZ, (R) implies that 


|| [Fars A)] — [FWit,- >0 as toa. 


Mike, æ 


Now approximate a by a sequence tn € 1. Then there exists a subsequence, again 
denoted by tn, such that pointwise 


[Fre (-,A)] (u) = lim [FW(tn,,A)](u), HER\Q, 


n—- oo 
where Q is a set of measure 0 in the sense of do,. Observe that (7.8.35) gives 


1 


[FW (tn, sy A)| (u) = u—À (Vii(tn, A) V22(tn, u) = Vai(tn, A)Vi2 (ta; 1) 


for all u € R\ Q(tn). The limit on the right-hand side as n — oo gives 


1 1 
pa A)V22(a, u) — V21 (a, A) Vi2(a, 11) = por’ 


which follows from the form of the fundamental matrix (Vi (-,A) V2(-,A)) in (7.8.17). 
Hence, 


[For (-,A)] (u) = > HE R \ (av U att) ) 


n=1 


which completes the proof. 


Lemma 7.8.8 will be used to explain the model in Theorem 7.8.7 with the 
model for scalar Nevanlinna functions discussed in Section 4.3. Without loss of 
generality it is assumed that Tmin is simple; cf. Section 3.4. The Weyl function 
M» of the boundary triplet {C,0§,07} for Tmax has the integral representation 
(7.8.25). If 8 = 0, then the discussion in Chapter 6 following Lemma 6.4.8 applies 
in this case as well. Hence, assume 6 > 0 in (7.8.25). Then by Theorem 4.3.4 there 
is a closed simple symmetric operator S in Lio. (R) C such that the Nevanlinna 
function M, in (7.8.25) is the Weyl function corresponding to the boundary triplet 
{C, To, r1} for S* in Theorem 4.3.4. The y-field corresponding to {C, r9, r4} is 
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denoted by 7’ and it is given by (4.3.16). Furthermore, the restriction Aj corre- 
sponding to the boundary mapping If is a self-adjoint relation in Lie, (R)SC 
whose operator part (Aj)op is the maximal multiplication operator by the inde- 
pendent variable in Lio (R). By comparing with (4.3.16) one sees that, according 
to Lemma 7.8.8, the Fourier transform Fop from Al) © mul A, onto Dig (R) as 
a unitary mapping satisfies 


Fop P(A) = P'Y' (A), 


where P and P’ stand for the orthogonal projections from L4 (2) onto (mul A,)+ 
and from L3, (R) @C onto L3, (R) = (mul Aj)*. Recall that 


(I—P)yr(A) and (I= P’)y"(A) 


are independent of A and belong to mul A, and mul Aj, respectively; cf. Corol- 
lary 2.5.16. Hence, the mapping Fm from mul A, to mul Ag defined by 


Fm(I —P)ye(A) = 8? = (I — PY) 


is a one-to-one correspondence. In fact, Fm is an isometry due to Proposition 3.5.7. 
Define the mapping U from the space L4 (2?) to the model space L7, (R) © C by 


U= Foo 0 \ ((mulA,)+ = (mul Aj)+ 
0 Fm/’ \ mulA, mul Ag J` 


Then it is clear that U is unitary and that 


Uy (A) = y (A). 


Hence, by Theorem 4.2.6, it follows that the boundary triplet {C, r9, TI} for Tmax 
and the boundary triplet {C, r6, r1} for S* are unitarily equivalent under the 
mapping U, in particular, one has 


(Aj)ou = Fop(AropF, and Ag =UA,U™!. 


At the end of this section the case where the endpoint a is in the limit- 
circle case and the endpoint 6 is in the limit-point case is briefly discussed. In 
a similar way as in the end of Section 7.7 one makes use of the transformation 
in Lemma 7.2.5. The next proposition is the counterpart of Theorem 7.8.2; it is 
proved in the same way. 


Proposition 7.8.9. Assume that a is in the limit-circle case and that b is in the 
limit-point case. Let Ao in R, let U(-, ào) be a solution matriz as in Lemma 7.2.5, 
and consider the limit 


f(a) = lim U(t, Ao)" SE) 
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for {f, 9} € Tmax; cf. Corollary 7.4.8. Then {C,V,Ti}, where 


Toff} = fila) and Tiffg}= fala), {f,9} € Tmax, 

is a boundary triplet for (Tmin)* = Tmax. Let Y(-,A) be a fundamental matrix 
fixed in such a way that Y (-, X) = U(-,A9)~1Y(-, A) satisfies Y (a, A) = I. Then for 
all A€ C\R the y-field y and Weyl function M corresponding to {C, T0, T1} are 
given by 

X2(a, à) 

Xı (a, à) ? 

where X(+, A) = U(-,A0) 7 x(-,A) and x(-, A) is a nontrivial element in Ny (Tmax )- 


(A) = ¥i(-,A) + M(A)¥a(-,A) and M(A)= 


7.9 Weyl functions and subordinate solutions 


Consider the real definite canonical system (7.2.3) on the interval 1 = (a,b) and 
assume that the endpoint a is regular and that the endpoint b is in the limit-point 
case. Let {C, To, r1} be the boundary triplet for Tmax in Theorem 7.7.2 with 
y-field y and Weyl function M. The spectrum of the self-adjoint extension 


Ao = ker To = {{f,g} ETid faila) =0} 


will be studied by means of subordinate solutions of the equation Jy'— Hy = Ay. 
The discussion in this section is parallel to the discussion in Section 6.7. 


It is useful to take into account all self-adjoint extensions of Tmin. As in 
Section 7.8, there is a one-to-one correspondence to the numbers 7 € RU {oo} as 
restrictions of Tmax via 


A, = {{f, 9} € Tmax : Tif{f,g} = Toff. gt}, (7.9.1) 


with the understanding that Ao corresponds to T = oo. As before, let the bound- 
ary triplet {C,T}, TĪ} be defined by the transformation (7.8.15) with the Weyl 
function and -field given by 

_ 147M) T241 


M,(A) = —— (A) = ———__ , A R. 9.2 
0) = roy md A= NTI) AEC\R. (7.92) 
Recall that the Weyl function and the 7-field are connected via 


M,(A) = M,(u)* 
à= 


= Y(U)“ Yr (A), A BEC \ R. (7.9.3) 


The transformation (7.8.15) also induces a transformation of the fundamental 
matrix Y(-,A) with Y (a, A) = I as in (7.8.17): 


(ViA) Vad) = (GA) nea) aos (2 a (7.9.4) 
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Recall that 

Yr(A) = Val, A) + Mz(A)V2(-, A) 
is square-integrable with respect to A, while the second column of V (-, A) satisfies 
the (formal) boundary condition which determines A+; cf. (7.8.18). 


In the next estimates it is more convenient to work in the semi-Hilbert space 
£4 (2) rather than in the Hilbert space L4 (2). In fact, for each x > a the notation 
£4 (a,x) stands for the semi-Hilbert space with the semi-inner product 


F=] "g(t" A@f(é) dt, f.g € £4 (a,2), 


and the seminorm corresponding to (-,-), will be denoted by ||- ||.,; here the index 
A is omitted. Hence, for fixed f,g € £4 (a,c), a < c < b, the function x > (f,9)x 
is absolutely continuous and 


d * 

ag hi D)e = 9(2) Ale) f(a) (7.9.5) 
holds almost everywhere on (a,c). 
Definition 7.9.1. Let A € C. Then a solution A(-,) of Jh’ — Hh = AAR is said to 


be subordinate at b if 


lim 
z>b ||k(-, A)|le 


for every nontrivial solution k(-,A) of Jk’ — Hk = AAk which is not a scalar 
multiple of h(-, A). 


=0 


The spectrum of the self-adjoint extension Ap will be studied in terms of 
solutions of the canonical system Jy’— Hy = €Ay, £ € R, which do not necessarily 
belong to £4 (a,b). Observe that if a solution h(-,€) of Jy’ — Hy = ¿Ay belongs 
to £4 (a,b), then it is subordinate at b since b is in the limit-point case, and hence 
any other nontrivial solution which is not a multiple does not belong to £4 (a, b). 


By means of the fundamental system (Vi(-,A) Vo(-,A)) in (7.8.17) define for 
any À € C and h € £4 (a,x), a < x < b, 


t 
(H(A)h)(t) = Vi (t, » | V2(s, A)*A(s)h(s) ds 
t 
= vea f Vi (s, A)*A(s)h(s) ds, t € (a,x). 
Thus, H(A) is a well-defined integral operator and it is clear that the function 
H(A)h is absolutely continuous. Using the identity (7.2.10) for V(-, A) (which holds 
because V (a, A)* JV (a, A) = J) one sees in the same way as in (7.2.14)—(7.2.16) 
that f = H(A)h satisfies 
Jf’ —Hf =\Af+Ah, f(a) =0. 
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In particular, H(A) maps £4 (a, x) into itself. It follows directly that for A, u € C 


one has 
Vi A) — Vil w) = A-WHOAWVC, Hw), i=1,2, (7.9.6) 


since the functions on the left-hand side and the right-hand side both satisfy the 
same equation Jy’ — Hy = Ay + (A — u)AV;(-, u) and both functions vanish at 
the endpoint a. 


Lemma 7.9.2. Let a < x < b and leth € £4(a,x). Then the operator H(A) satisfies 
IHO] < 2M, ANTE UVa, Alk Alle 
for each z >a. 
Proof. The definition of H(A) may be written as 
(H(A)h)(t) = Vi(t, A)go(t, A) — Vo(t, A)gu(t, A), (7.9.7) 


with the functions g;(-, A), i = 1,2, defined by 


t 
gilt, A) =) V;(s, A)*A(s)h(s) ds. 
The Cauchy-Schwarz inequality and Corollary 7.2.9 show that 
l6 NI < VEGANE = IvA i= 1,2. (7.9.8) 


Multiplying (H(A)h)(t) in (7.9.7) on the left by the matrix A(t)2, using the in- 
equality |a + b|? < 2(|a|? + |b|?), and using (7.9.8) one obtains 
A0)? (HAA) 
t)? Vi (t, A)|? [g2(t, A)? + [AH V2, AIP l6, A1) 
t)? Vi (t, A)? [V26 AJIRIAIÈ + AŒ)? Vale, AY? Ma, ANRIA) 


D 


Integration of this inequality over (a, x) and (7.9.5) lead to 
IKM <2 f (AvE NIA 
+A Vale, YPM, AIAI) at 
=2 [ (5 MONIRIVCGAN) tne a 
< aha f (F MENIRIVGAIE) a 


which implies the desired result. 


562 Chapter 7. Canonical Systems of Differential Equations 


Since the system is assumed to be definite on 2 = (a,b), there is a compact 
subinterval [a, 3] such that the system is definite on [a, 3] and hence on any interval 
(a,x) with x > 8. This implies that for x > 8 both functions 


z> ||ViC-,A)lle and aes |[VaC-, Alle 


have positive values; cf. (7.5.1) and Lemma 7.5.2. 


Lemma 7.9.3. Let € €R be a fixed number. The function «+ €,(x,€) given by 
V2e-(#,E)Vi(-,E)llellVa, Olle =1, 2 > B, 
is well defined, continuous, nonincreasing, and satisfies 


lim ¢,(x,€) =0. 
a—b 


Proof. It is clear that ¢,(x,€) > 0 is well defined due to the assumption that 
x > B. Note that z > ||[ViC-, Ellel| V26, Ells is continuous and nondecreasing. The 
assumption that b is in the limit-point case implies that not both V,(-,€) and 
Va(-,€) belong to L4 (1). Thus, the limit result follows. 


The function x > €,(x,€) appears in the estimate in the following theorem. 


Theorem 7.9.4. Let M, be the Weyl function in (7.9.2) corresponding to the bound- 
ary triplet {C,TG,07}. Assume that € € R and let €-(x,£) be as in Lemma 7.9.3. 
Then fora<B<a<b 


L M68 
do ~ Vil, lle 
where do = 14+2(Vv2+ V24+v2). 
Proof. Assume that € € R and let £ > 0. Define the function w(-,&,¢) by 
For any a < x < b this leads to 
IVC Ella ME + ée)| = Va Olle] < WG. £ elle 
or, equivalently, when 8 <z <a 


Vale re WGSole 
Vil Sle ~ (Va, Sle 
The term on the right-hand side of (7.9.10) will now be estimated in a suitable 


way. First note that it follows from (7.9.6) that for A € C and u € C\R one 
obtains 


|M; (E + te, (a, €))| < do, 


|M, (€ + ie)| (7.9.10) 


Vi(-,A) + Mz (u) V2(, A) = y(u) = (A = H(A); u). (7.9.11) 
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Applying the identity in (7.9.11) with A = € and pu = € + ie one sees that 


p(l, éE) ma Ae 3 + ie) = ieH(E)y7(-, E + ie), 


which expresses the function w(-,€,¢) in (7.9.9) in terms of the y-field y+. Hence, 
it follows from Lemma 7.9.2 that 


IWC £ elle < (1+ V2e|U, Elle V26 Elle) l6 E+ i£)llz- 
Therefore, the right-hand side of (7.9.10) is estimated by 


(1+ V2e|Vil-, llel V26 Elle) lye € + te) lla 
Vil Sle 


_ 14+ v2e |V HllellVal 
(IVa, S llel Val-, lle) 


Bie] Br 


Olle ||V2(-,§) 


Now observe that ||y-(-,€ +7e)||2 < |lyr(-,€ +2€)||, and it follows from (7.9.3) that 


PASS F ie)|le- 


Im M, (£+ ie) — T + ie)| 
E T E f 


llr. €+ ie)lle < y 

Thus, for any £ > 0 and 6 < x < b one obtains the inequality 
MASOIE 
[Vis S) lle 

< L+ V2EIMC Oll Olle (ee 

~ (IMC, llall Olle)? IMC, Elle 


Now for € € R and 8 < a < b choose € = ¢,(z,€) in this estimate. This choice 
minimizes the first factor on the right-hand side to 25/4. Hence, the nonnegative 
quantity 


|M; (£ + te)| | 


role 


M(E + ie)1) 


Was lle 


Q |M, (E + ie, (2, €))| 


satisfies the inequality 
Q- 1| < 2/4Q3 


or, equivalently, Q?—2Q +1 < 4V2Q. Therefore, 1/do < Q < do, which completes 
the proof. 


The following result is now a direct consequence of Theorem 7.9.4. 


Theorem 7.9.5. Let M be the Weyl function corresponding to the boundary triplet 
{C, To, Pi} and let £ € R. Then the following statements hold: 
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(i) If rT ER, then the solution Y\(-,€) + TY2(-,&) of the boundary value problem 
Jf'-Hf =EAf,  fo(a) =rThila), 
which is unique up to scalar multiples, is subordinate if and only if 


lim M(E +ie) =r. 


(ii) If r = œœ, then the solution Yo(-,€) of the boundary value problem 
Jf'-Hf =€Af, fila) =0, 


which is unique up to scalar multiples, is subordinate if and only if 


him M(E + ie) = œ. 


Proof. Since x ++ €,(x,&) is continuous, nonincreasing, and has limit 0 as z > b, 
one obtains the identity 


lim M,(€ + ie) = lim M- (£ + ie-(z,£)). 


(i) Assume that 7 € R and note that 


1 
V2(-,€) = —=— (Y1 (E) + TY2(., 
als) = (16,8) + 7%0648) 
by (7.9.4). It will be shown that |M,(€ + ic)| + oo for e | 0 if and only if the 
solution V2(-,€) is subordinate. To see this, assume first that |M, (€ + ig)| > oo. 
Then, by Theorem 7.9.4, it follows that 


— [VE Olle 
lim —————— = 0. 7.9.12 
Pb VAG dll ee 
Hence, for any c1,c2 € R, cı Æ 0, one obtains from (7.9.12) that 
KASI 


=0, (7.9.13) 


lim 


a+b ||c1 V1 (; E) + caVal-, E)llæ 


and therefore the solution V2(-,€) is subordinate. Conversely, assume that V2(-, €) 
is subordinate, so that (7.9.13) holds for all c1, cg € R, cı Æ 0. Then clearly (7.9.12) 
holds, and therefore it follows from Theorem 7.9.4 that |M, (E + ie)| => oo. 

It is a consequence of (7.9.2) that for £ | 0 one has 


IM,(E+ie)| 300 = M(E+ie) >r. 


This equivalence leads to the assertion for 7 € R. 


(ii) The case T = oo can be treated in the same way as (i). 
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The self-adjoint extension Aj = ker To of Tmin is given by 
Ao = {{f, 9} € Tmax : fila) = 0}; (7.9.14) 
cf. (7.9.1). The boundary condition 
fi(a) =0 (7.9.15) 
plays a central role in the following definition, which is based on Theorem 7.9.5; 


cf. Definition 6.7.6. 


Definition 7.9.6. With the canonical system J f’— Hf = €Af, £ € R, the following 
subsets of R are associated: 


(i) M is the complement of the set of all € € R for which a subordinate solution 
exists that does not satisfy (7.9.15); 
(ii) Mac is the set of all € € R for which no subordinate solution exists; 


(iii) Ms is the set of all € € R for which a subordinate solution exists that satisfies 
(7.9.15); 


(iv) Msc is the set of all € € R for which a subordinate solution exists that satisfies 
(7.9.15) and does not belong to LA (2); 


(v) M, is the set of all € € R for which a subordinate solution exists that satisfies 
(7.9.15) and belongs to L4 (2). 


It is a direct consequence of Definition 7.9.6 that 
R= M° U Mac U Ms, M= Mac OU Ms, and Ms = Mec O My, 
where U stands for disjoint union. 


Let the Weyl function M of the boundary triplet {C, To, I1 } have the integral 
representation 


MA)=a+ 84 Ls : ) aot), (7.9.16) 


where a € R, 8 > 0, and the measure o satisfies 


1 
——— da(t) < ~; 
[manO 


cf. Theorem A.2.5. The following proposition is based on Corollary 3.1.8, where 
minimal supports for the various parts of the measure ø in the integral represen- 
tation of M are described in terms of the boundary behavior of the Nevanlinna 
function M. The proof of Proposition 7.9.7 is the same as the proof of Proposi- 
tion 6.7.7 and will not be repeated. 
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Proposition 7.9.7. Let M be the Weyl function associated with the boundary triplet 
{C, To, r1} and let o be the corresponding measure in (7.9.16). Then the sets 


M, Mac, Ms, Msc, Mp, 
are minimal supports for the measures 
O, Oac, Os, Osc, Op, 


respectively. 


The minimal supports in Proposition 7.9.7 are intimately connected with the 
spectrum of Ag. For the absolutely continuous spectrum one obtains in the same 
way as in Theorem 6.7.8 the following result, where the notion of the absolutely 
continuous closure of a Borel set from Definition 3.2.4 is used. Similar statements 
(with an inclusion) can be formulated for the singular parts of the spectrum; cf. 
Section 3.6. 


Theorem 7.9.8. Let Ao be the self-adjoint relation in (7.9.14) and let Mac be as in 
Definition 7.9.6. Then 
Tacl Ao) = cloSac(Mac). 


7.10 Special classes of canonical systems 


In this section two particular types of canonical systems are studied. First it is 
shown how a class of Sturm-Liouville problems, which are slightly more general 
than the equations treated in Chapter 6, fit in the framework of canonical systems. 
In this context the results from the previous sections can be carried over to Sturm- 
Liouville equations. The second class of canonical systems which is discussed here 
consists of systems of the form (7.2.3) with H = 0. In this situation a simple 
limit-point /limit-circle criterion is provided. 


Weighted Sturm-—Liouville equations 


Let 2 C R be an open interval. Let 1/p,q,r,s € £L. (2) be real functions, assume 


r(t) > 0 for almost all t € 2, and define the 2 x 2 matrix functions H and A by 


_ (~-t) —s(t) an 2 r(t) 0 
mo = (“29 T d A(t) G 2 (7.10.1) 


respectively. Let the 2 x 2 matrix J be as in (7.2.2). If the vector functions f and 
g satisfy the canonical system J f’ — H f = Ag, then their first components f = fı 
and g = gı satisfy the weighted Sturm-Liouville equation 


= (gly + ofl + af =rg, where pl = př + sf), (7.10.2) 
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and, since f € AC(z), it follows that f, fl] € AC(x). Conversely, if f, fll! € AC(2) 
and f,g satisfy (7.10.2), then the vector functions 


f= (jh) a s= (6), 


satisfy the canonical system (7.2.3) with the coefficients given by (7.10.1). Since 
the functions 1/p,q,r,s are assumed to be real, the system Jf’ — Hf = Ag is 
real. Moreover, the canonical system corresponding to (7.10.1) is definite, when 
any solution f of Jf’ — Hf = 0 which satisfies Af = 0 vanishes or, equivalently, 


—fotafit+sfe=0, fitsfi-—(/p)fe=0, rfi=0 > f=0. 


In accordance with the definition of definiteness for canonical equations, the 
Sturm-Liouville equation (7.10.2) is said to be definite if 


—(fHly + sf + of =0, rf =0 f=0. 


In particular, the Sturm—Liouville equation (7.10.2) is definite if the weight func- 
tion r is positive on an open interval. 

The matrix function A in (7.10.1) induces the spaces £4 (2) and L4 (2). With 
the weight r it is natural to introduce the space £2(2) of all complex measurable 
functions y for which 


[lelrPr(s)as= folre) ds < oo 


The corresponding semi-inner product is denoted by (-,-), and the corresponding 
Hilbert space of equivalence classes of elements from £2(2) is denoted by L2(1). It 
is clear that the mapping R defined by 


p= ($) ek pect 


is an isometry with respect to the semi-inner products, thanks to the identity 


(Ff = fitter 008) (0) 9) (AQ) a= ate 


Furthermore, this mapping is onto, since each function in £2(2) can be regarded as 
the first component of an element in £4 (2) with the understanding that the second 
component can be any measurable function. Therefore, the mapping R induces a 
unitary operator, again denoted by R, from L4 (2) onto L?(2). 

Assume now that the system or, equivalently, the Sturm—Liouville equation is 
definite. In the Hilbert space L4 (2) there are the preminimal relation Tọ, minimal 
relation Tmin, and maximal relation Tmax associated with the canonical system 
Jf'-—Hf =Ag: 

To C To E= Tmin C Tomax = (Tmin ae 
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Likewise, one can define corresponding relations in the Hilbert space L?(z). The 
maximal relation Jmax is defined as follows: 


Tmax = {{f,g} € L20) x 120) : (Pf) + sf) + gf = rg}, 


in the sense that there exist representatives f and g € £2(2) of f and g, respec- 
tively, such that f € AC(2), pf! € AC(2), and (7.10.2) holds. It is clear that 
the definiteness of the canonical system or, equivalently, of the equation (7.10.2) 
implies that each element f E€ dom Jmax has a unique representative f such that 
f € AC(2), pf! € AC(x); cf. Lemma 7.6.1. The preminimal relation Jọ and the 
minimal relation Jmin are defined by 


To= Tif g} € Tmax : f has compact support } and Tmin = To. 
It is not difficult to see that the mapping R defined by 


R{f,g} = {Rf, Ro}, {fg} € LAQ) x LAG), 


takes Tmax one-to-one onto Tmax , including absolutely continuous representatives, 


and that with {f, g} = R{f,g} and {b,£} = R{h, k}: 
(g, h)a a (f, k)a = (g, b). — (f, tz 15; g}, {h, k} € Tones (7.10.3) 


Similarly, R takes To one-to-one onto Jo and hence R takes Tmin One-to-one onto 
Jinin $ 

In the Hilbert space L2(1) the relations Jo, Tmin, and Tmax associated with 
the Sturm-Liouville equation (7.10.2) satisfy 


Jo = To = Jenin Cc Snas = (Tain j": 


Furthermore, R maps ker (Tmax — A) one-to-one onto ker (Tmax — A). Since the 
functions p, q, s, and r are real, it follows that the defect numbers of Tmin and 
Jmin are equal. Let {9,ro,I 1} be a boundary triplet for Tmax and let Tmax be 
the corresponding maximal relation for the Sturm-Liouville operator. Then the 
mappings Ij and T} from Tmax to J given by 


off.9} =Toff.g} and Tiff,g}=Tilf.g}, {fg} = REG}, (7.10.4) 


form a boundary triplet for Tmax; cf. (7.10.3). The boundary triplet {9, T0, r1} 
and the one in (7.10.4) have the same Weyl function. 

Via the above identification, the discussion and the results for canonical 
systems with regular, quasiregular, and singular endpoints in Section 7.7 and Sec- 
tion 7.8 remain valid for weighted Sturm—Liouville equations of the form (7.10.2). 
Note that in the special case where s(t) = 0 and r(t) > 0 for almost all t € 2 the 
Sturm-Liouville expression (7.10.2) coincides with the Sturm—Liouville expression 
studied in Chapter 6. 
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Special canonical systems 


This subsection is devoted to the special class of canonical differential equations 
which have the form 


Jf’ =rAf + Ag (7.10.5) 


on an open interval 1 = (a,b), i.e., the class of canonical systems of the form 
(7.2.3) with H = 0. It will be assumed that the system is real and definite on 
2. Here definiteness means that the identity A(t)e = 0 for some e € C? and all 
t € 2 implies e = 0. Note that Lemma 7.2.5 shows that any real definite canonical 
system of the form (7.2.3) can be transformed into the form (7.10.5) with a possible 
real shift of the eigenvalue parameter. For this class of equations the limit-point 
and limit-circle classification at an endpoint can be characterized in terms of the 
integrability of the function A. 


Theorem 7.10.1. Let the canonical system (7.10.5) be real and definite, and let the 
endpoint a be regular. Then there is the alternative: 


(i) A is integrable and the endpoint b is in the limit-circle case; 


(ii) A is not integrable and the endpoint b is in the limit-point case. 


Proof. By assumption, the canonical system (7.10.5) is real and definite, and the 
endpoint a is regular. If A is integrable on 2, then b is quasiregular, which implies 
that b is in the limit-circle case; see Corollary 7.4.6. Therefore, it suffices to show 
that if A not integrable, then b is in the limit-point case. Hence, assume that A 
is not integrable at b, so that 


oo = f |A(s)|ds < [ tr A(s) ds, (7.10.6) 


where the estimate |A(s)| < tr A(s) follows from (7.1.6). In order to show that 
the endpoint 6 is in the limit-point case one must verify that 


lim h(t)" J f(t) = 0 


for all {f, g}, {h, k} € Tmax; cf. Lemma 7.6.8. Since the limit on the left-hand side 
exists due to Lemma 7.6.4, it suffices to verify the weaker statement 


liminf h(t)*J f(t) =0 (7.10.7) 

tb 
for all {f, g}, {h,k} € Tmax. According to Corollary 7.6.6 and the von Neumann 
formula in Theorem 1.7.11, it then suffices to prove (7.10.7) for elements of the 


form f = us + vp and h = up + vp, where 


{us, Aus}, {un, Aun} < Tmax and {us, uf}, {Un, Lup } = Tomax 
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with A and yp in different half-planes. Finally, by polarization, it is clearly sufficient 
to show that 
lim inf FOJIA =0 (7.10.8) 
— 


for f = u +v, where {u, Au}, {v, uv} € Tmax. The proof of (7.10.8) is carried out 
in five steps. 


Step 1. Let u be a solution of the homogeneous equation Jy’ = \Ay which satisfies 
u € £4 (2). Then 


u(t) = u(a) +f J~*A(s)u(s) ds. (7.10.9) 


Hence, it follows from (7.10.9) as in Lemma 7.1.4 that 


ble 


< |u(a)| +A ( i Alas) (f Actas). 
< |u(a)| + [A| (f asjas) lulla. 


Due to the estimate |A(s)| < tr A(s) one obtains 


i 
2 


Ju(t)| < |u(a)| + JA] (J tr A(s) ds) llulla. (7.10.10) 


It is clear that for a solution v of the homogeneous equation Jy’ = wAy which 
satisfies v € £4 (1) one obtains the similar inequality 


lu(t)| < |v(a)| + [xl (f aas) llulla. (7.10.11) 


Step 2. Let u and v be as in Step 1 with A and p in different half-planes. Due 
to the assumption f? tr A(s) ds = œ in (7.10.6), one can choose to > a so large 


that fi tr A(s) ds > 1 for t > to. Then it follows from the estimates (7.10.10) and 
(7.10.11) that 


1 


ut) < ( [ raw) as) (|u(a)| + [Al full), > to, 


WOLS (f Alas)  (o(a)|+ lalla), #2 to: 
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Consequently, for f = u + v, 


IFO < Cy (f tr A(s) is) n tet; (7.10.12) 


where Cy = |u(a)| + |A| llulla + lv(a)| + [eI lella. 
Step 3. Define the 2 x 2 matrix function Ap by 


Ao(t) = {ead tr A(t) #0, 


ŽI, tr A(t) = 0, 


for almost every t € 2. Since tr A(t) = 0 implies A(t) = 0 (see (7.1.6)), one has 
A(t) = (tr A(t))Ao(t). Then Ao is nonnegative and 


where the functions a and 6 are nonnegative with a + ô = 1, and the function 8 
is real. Define the matrix function A, by 


=| a (sen B)a2 5 ). (7.10.13) 
~ (sgn B)a2 5? 5 ; 


then A, is nonnegative. Moreover, since a363 > (sgn 3) it follows that the matrix 


2 a 28 — (sgn bJa? 8? 
2AA = (55 on flak} 5 ) 


is nonnegative. Therefore, A; (t) < 2Ao(¢) and one has the estimate 
(tr A(t)) A(t) < 2(tr A(t))Ao(t) = 2A(#) (7.10.14) 


for almost every t € 2. 


Step 4. It will be shown that 


t 


lim inf | FADH f 


tr A(s) is =0 (7.10.15) 
tb a 
for f € £4 (2) and, in particular, for f = u + v as in Step 2. In fact, assume that 
(7.10.15) does not hold. Then there exist a < a’ < b and € > 0 such that for all 


t>a’ 
t 


e < f(t)*Ai(t) f(t) f tr A(s) ds 


a 
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or, equivalently, 


tr A(t) . . 
ENT A < FEAS tr AG). (7.10.16) 


Integration of the right-hand side of (7.10.16) together with (7.10.14) lead to 


b b 
a f(t)*Ax(t) f(t) tr A(t) dt < 2f f(t)" A(t) f(t) dt < 00, 


while integration of the left-hand side of (7.10.16) gives 


b b t 
tr A(t d 
mo dt =e 1 — (108 f tr A(s) as) dt = oo, 
a’ f tr A(s) ds a’ dt a 


due to (7.10.6). This contradiction shows that (7.10.15) is valid. 


Step 5. It will be shown that for f = u +v as in Step 2 the limit in (7.10.15) 
implies the limit in (7.10.8). It is helpful to introduce the notation 


D(A) 


so that |p|? = f*Aı f; cf. (7.10.13). Then the limit result (7.10.15) can be written 
as 


N= 


y = ((sgn B)a 


t 
lim inf [eo f tr A(s) as| =0. (7.10.17) 
tb ü 
Observe that the term f*Jf in (7.10.8) is given by 
fF*If = 2ilm (fofi). (7.10.18) 


To estimate the term |Im (f2f1)| note that, by the definition of the function y, 
fip=(senB)o?fifito? fife and foy =(senB)o? fafi +5? fafa. 
This yields the identities 
Im (fap) = ô7Im (Fi f2) and Im(f2y) = (sgn 8)a? Im (Fa fi). 
Therefore, it is clear that 
5? |Im (F1 f2)| = [Im (Fu)! < [fil lel (7.10.19) 


and 

aè |Im (F2 f1)| = [Im (Fay)! < |2 lel: (7.10.20) 
Since a + ô = 1, one has a < 4 if and only if 6 > Z. Note that x > 4 if and only 
if 1//z < V2, so it follows from (7.10.18) and (7.10.19)—(7.10.20) that 


2V2 ll fal; 


a> 1 
Puti< 2 3) 
PINS) leit, o> 2. 
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Therefore, if t > to, then (7.10.12) implies that 


2 


FIFO) SVICI ( f wad), >to 


Combined with (7.10.17) this shows that (7.10.8) is satisfied. 
The next corollary follows from Theorem 7.10.1 and (7.1.6). 


Corollary 7.10.2. Let the canonical system (7.10.5) be real and definite, and let the 
endpoint a be regular. Assume that A is trace-normed in the sense that tr A = 1. 
Then the following alternative holds: 


(i) ifb € R, then the limit-circle case prevails; 


(ii) ifb = œ, then the limit-point case prevails. 
Next two simple examples for trace-normed canonical systems are discussed. 


Example 7.10.3. Let 2 = (—1,1) and define the matrix function A by 


aw) = (4 Ne t € (-1,0), aw) = (0 7? t € (0,1). 


A measurable function f = (fi, f2)! belongs to £4 (2) if and only if 


0 1 
l |fi(t)|? dt< and f | fo(t)|? dt < 00, 
=ï 0 


and for f, g € £3 (2) the semi-inner product is given by 
0 1 
Hoas f KOROH | RORE d 
-1 0 


Hence, an element f € £4(2) has A-norm 0 if and only if 


en) ~ a) for a.e. t € (-1,0) 


(35) 7 Gy for a.e. t € (0,1), 


where f on (—1,0) and fı on (0,1) are completely arbitrary complex measurable 
functions. 

It is straightforward to see that the regular canonical system Jf’ = Ag is 
definite. Hence, in the Hilbert space L4 (1) the maximal relation 


Tmax = {{f,9} € LAC) x LAC) i JF = Ag} 


and 
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is well defined and for each { f, g} € Tmax the equivalence class f contains a unique 
absolutely continuous representative such that Jf’ = Ag; cf. Lemma 7.6.1. In fact, 
an absolutely continuous function f = (fı, f2)! satisfies Jf’ = Ag with g € L4 (0) 
if and only if 


e . or a.e = 
(0) 7 ars) a 


1 ' 2(s) ds 
i) 7 G n (s) ) for a.e. t € (0,1) 


for some constants 71, Y2 E C. From the equality 


J (40 - HEO (1 -(2:)) ae=o 


it follows that f = (fi, f2)' and (71,72)' are in the same equivalence class in 
LA (2). Therefore, 


and 


dim (dom Tnax ) = 2, 


and the functions y = (1,0)! and w = (0,1)' form an orthonormal system in 
dom Tmax - Furthermore, it follows from the representation of Tmin in Lemma 7.7.1 
that {f,g} € Tmin if and only if 


0 1 
11 =0, y2=9, J gı (t) dt = 0, f g2(t) dt = 0. 
=j 0 
Hence, 
dom Tinin = {0} and mul Tin = (dom Tmax )*, 


and 
mul Trax = (dom Tain a = LA (2). 


The boundary mappings in Theorem 7.7.2 are given by 
1 0 
1 { 21+ Jo g2(t) dt 1 (Jo, m(t) dt 


To{f, g} = — and Tı{f,g9} = — 
nae v2 272 + f°, g(t) dt ee v2 Jo, go(t) at 


In order to compute the y-field and Weyl function corresponding to the boundary 
triplet {C?, ro, Ti} fix a fundamental system by Y(—1, A) = Z. Then 


Y(t, A) = ea X J for a.e. t € (—1,0), 


2 
Y A) = ( — o for a.e. t € (0,1). 
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Hence, it follows from Theorem 7.7.2 that the y-field y and the Weyl function M 
are given by 


v2 (2 =x 1 2 —d? 
In particular, the poles of M are {—2,2} and hence the spectrum of Ap consists 
of the eigenvalues 2 and —2 which both have multiplicity 1. 
The next example is a variant of Example 7.10.3 in the limit-point case. 


Example 7.10.4. Let 2 = (—1,00) and define the matrix function A by 


aw) = (4 ae t € (1,0), a= (o n t € (0,00). 


As in Example 7.10.3, a measurable function f = (fi, f2)" belongs to £3 (2) if and 
only if 


0 co 
J |fi(t)|? dt< and f | fo(t)|? dt < 00. 
=i 0 


The semi-inner product and the elements with A-norm 0 are as in Example 7.10.3, 
except that the interval (0,1) has to be replaced by (0, co). Furthermore, the canon- 
ical system Jf’ = Ag is definite and in the limit-point case; cf. Corollary 7.10.2. 
Hence, the maximal relation 


Tmax = {{f,9} € LAO) x LAO) : Jf’ = Ag} 


is well defined in Z4 (1). In a similar way as in Example 7.10.3 it follows that an 
absolutely continuous function f = (fi, f2)! € LA(2) satisfies Jf’ = Ag with 
g € LX(2) if and only if 


(209) z (o a PS for ae. t € (=1,0) 


(20) D (” 1 e Karte Go 


hold for some constant yı € C. The functions f = (fi, f2)! and (%,0)' are in 
the same equivalence class in L4 (2) and therefore 


and 


dim (dom Tmax ) = 1, 


and dom Tmax is spanned by the function ọ = (1, o)T. It follows from Lemma 7.8.1 
that {f,g} € Tmin if and only if 


0 
7% =0 and f mtiat =o. 


=1 
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Hence, dom Tmin = {0}, and mulTinin and mul Tax are related as in Exam- 
ple 7.10.3. 
The boundary mappings in Theorem 7.8.2 are given by 


0 


iio: cat HAS J a(t) at 


To compute the y-field and Weyl function corresponding to the boundary triplet 
{C, To, T1} use the fundamental system 


Y(t,d) = Ea n 1) for a.e. t € (—1,0), 


32 
Yt A= ( pans 1 D for a.e. t € (0,00). 


Clearly, not both colums of Y(-,A) belong to L4 (2), but the function x(-, A) 
given by 


1 1 
ee for a.e. t € (—1,0), @ for a.e. t € (0,00), 


belongs to LA(2) and satisfies Jy’(-, A) = AAy(-, A). Hence, by Theorem 7.8.2, the 
y-field y and the Weyl function M are given by 


yl, A) = YC¢,A) R and M(A) =A. 
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Chapter 8 


Schrodinger Operators on 
Bounded Domains 


For the multi-dimensional Schrödinger operator —A + V with a bounded real po- 
tential V on a bounded domain 2 C R” with a C?-smooth boundary a boundary 
triplet and a Weyl function will be constructed. The self-adjoint realizations of 
—A +V in L?(Q) and their spectral properties will be investigated. One of the 
main difficulties here is to provide trace mappings on the domain of the maxi- 
mal realization, in such a way that the second Green identity remains valid in an 
appropriate form. It is necessary to introduce and study Sobolev spaces on the 
domain Q and its boundary ðQ, which will be done in Section 8.2; in this context 
also the rigged Hilbert spaces from Section 8.1 arise as Sobolev spaces and their 
duals. The minimal and maximal operators, and the Dirichlet and Neumann trace 
maps on the maximal domain will be discussed in Section 8.3, and in Section 8.4 
a boundary triplet and Weyl function for the maximal operator associated with 
—A + V is provided. The self-adjoint realizations, their spectral properties, and 
some natural boundary conditions are also discussed in Section 8.4. The class of 
semibounded self-adjoint realizations of -A + V in L?(Q) and the correspond- 
ing semibounded forms are studied in Section 8.5. For this purpose a boundary 
pair which is compatible with the boundary triplet in Section 8.4 is provided. 
Orthogonal couplings of Schrödinger operators are treated in Section 8.6 for the 
model problem in which R” decomposes into a bounded C?-domain Q, and an 
unbounded component Q_ = R” \ Q4. Finally, in Section 8.7 the more general 
setting of Schrödinger operators on bounded Lipschitz domains is briefly discussed. 


8.1 Rigged Hilbert spaces 


In this preparatory section the notion of rigged Hilbert spaces or Gelfand triples 
is briefly recalled. For this, let 6 and § be Hilbert spaces and assume that 6 
is densely and continuously embedded in 9, that is, one has 6 C § and the 
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embedding operator 4 : 6 — § is continuous with dense range and kerz = {0}. 
In the following the dual space 9’ is identified with 9, but the dual space 6’ of 
antilinear continuous functionals is not identified with 6. Instead, the isometric 
isomorphism 


J:6'—> 6, g's Ig, where (Jg',g)e=9'(9), 9 €6, (8.1.1) 


is written explicitly whenever used. In fact, in this section the continuous (antilin- 
ear) functionals on 6 will be identified via the scalar product in §. In the following 
usually the notation 

(9, 9)6'x6 := g'(9) (8.1.2) 


is employed for the (antilinear) dual pairing in (8.1.1), and when no confusion can 
arise the index is suppressed, that is, one writes (g’,g) = g'(g) for (8.1.2). 


In the above setting the dual operator of the embedding operator 1:6 > ġ 
is given by 
U:5S6', (Wh)(g)=(hig)s, GE, (8.1.3) 


and in terms of the pairing (-,-) this means 
(t'h, g) = (h, tg)5, hEH, gE 6. (8.1.4) 


Since the scalar product (-,-)s5 is antilinear in the second argument one has 
(wh, Ag) = Alh, g) for A € C, and hence v’h is indeed antilinear. Observe that 
the dual operator v’ in (8.1.3) is continuous since + is continuous. Moreover, from 
the identity ker 1’ = (ran ¿)+* it follows that c’ is injective, and the range of 1’ is 
dense in 6’ since ker,” = (ranv’)+e’ and v=" as G is reflexive. Thus, 


6546! with ranı C H dense and ranı’ C 6’ dense, 


and since 6 can be viewed as a subspace of 9, and § can be viewed as a subspace 
of 6’, instead of (8.1.4) also the notation 


(h, g) = (h.g), hES, g€6, (8.1.5) 


will be used. The present situation will appear naturally in the context of Sobolev 
spaces later in this chapter. First the terminology will be fixed in the next defini- 
tion. 


Definition 8.1.1. Let 6 and be Hilbert spaces such that 6 is densely and con- 
tinuously embedded in §. Then the triple 16,6, 6'} is a called a Gelfand triple 
or a rigged Hilbert space. 


Assume now that {6, 9, 6’} is a Gelfand triple. Since the embedding operator 
t : 6 > H is continuous, one has ||g||5 < C||g||6 for all g € 6 with the constant 
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C = |\c|| > 0. Moreover, as 6 is a Hilbert space it follows from Lemma 5.1.9 that 
the symmetric form 


tlgi, 92] = (g1, 92)6, dom t = 6, 


is densely defined and closed in § with a positive lower bound. Hence, by the 
first representation theorem (Theorem 5.1.18) there exists a unique self-adjoint 
operator T with the same positive lower bound in 9, such that domT C domt 
and 

(g1,92)6 = tg. 92] = (T91, 92)5, gı E€ domT, g2 € È. 


Moreover, if R := T?, then the second representation theorem (Theorem 5.1.23) 
implies dom R = domt and 


(91, 92)6 = tlg1, 92] = (Roi, Rg2)5, g1, 92 E dom R = 6. (8.1.6) 


Note that R is a uniformly positive self-adjoint operator in §. 
In the next lemma some more properties of the Gelfand triple {6, 5, 6’} and 
the operator R are collected. 


Lemma 8.1.2. Let {6,5,6'} be a Gelfand triple, let J : 6’ + 6 be the isometric 
isomorphism in (8.1.1), and let R be the uniformly positive self-adjoint operator 
in H such that (8.1.6) holds. Then the following statements hold: 


(i) The Hilbert space 6’ coincides with the completion of 5 equipped with the 
inner product (R71, R7}-)ġ. 


(ii) The operators 14 = R : 6 > H andi_ = RI: G' + H are isometric 
isomorphisms such that 
(t-g, t49) = (9',9), ge 6,7 E6. (8.1.7) 


(iii) For all h € H one has -h = Roth. 

(iv) For allh E€ 9 and g E€ & one has t4t_h=h and t_tig = 9. 

(v) The operator R~? can be extended by continuity to an isometric operator 
R=: 6! > 6 which coincides with the isometric isomorphism J: 6! + 6. 


Proof. (i) Consider an element g’ € 6’ and assume, in addition, that g’ € 5. Then 
one has 
volo Kol. Ug asl 


lIg‘ller = sup = sp = 
ses\{o} lale — gew qo} lale — sesto} IIglle 


where (8.1.2) was used in the second equality, and g’ € § and (8.1.5) were used 
in the last step. Since R is uniformly positive, one has R7! € B(S), and using 
(8.1.6) one obtains 


R71 'R R71 "h 
kies s (Rg, Rg)s| _ e (Rtg, h)s| 


= |Ro*g'lIs- 
ge6\{oy — Rall nes\{oy} likllo | Is 
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Therefore, ||g’||e: = ||R-+g’||5 for all g’ € § C G’ and as § is dense in 6’ with 
respect to the norm ||- ||g-, one concludes that 6’ coincides with the completion 
of § with respect to the norm ||R7!- ||øġ- 


(ii) Observe that by the definition of 14 and (8.1.6) one has 


le+glls = IlRølis = ligls, 9 €6 = dom: =domR, 


and hence 1, : 6 + H is isometric. Moreover, since R is bijective, it follows that 
L, is an isometric isomorphism. Similarly, for g’ € 6’ one has 


Il--9'lls = |RIg'Il5 = |IJ9'lle = Ilg'ller, 


where in the last step it was used that J : 6’ > G is an isometric isomorphism. In 
order to check the identity (8.1.7), let g' € 6’ and g € 6. Then (8.1.6) and (8.1.1) 
imply 

(0-9, t4.9)5 = (RIg', Rg)s = Ig’, 9)6 = (9',9)- (8.1.8) 


(iii) Let g' € H C 6’ and g € 6. By (8.1.5), one has 


(9'9) = (9,9) = (R7™'g', Rg)o = (RG! t4-9)5 
and comparing this with (8.1.8) it follows that Rtg’ =._g’ for all g' € $. 


(iv) By the definition of 14 and (iii) it is clear that 140_-h = RRth = h. Similarly, 
t_t4g = t- Rg = R-'Rg =g for g € & by (iii). 


(v) For h € § one has ||R~7Al|6 = ||R-tAll5 = |Ik||s; by (8.1.6) and (i), and since 
§ is dense in 6’, it follows that R? admits an extension to an isometric operator 
R-?: 6’ + 6. Moreover, for h € H it follows from the definition of ¿— in (ii) and 
(iii) that 

RIh=t.-h=R +h, and hence Jh = R~7h. 


Thus J and the restriction R~? of R? coincide on the dense subspace 9 C 6’. 
This implies J = R7?. 


Now a different point of view is taken on Gelfand triples. In the next lemma it 
is shown that the powers Rê for s > 0 of a uniformly positive self-adjoint operator 
R in 9 give rise to Gelfand triples with certain compatibility properties. 


Lemma 8.1.3. Let H be a Hilbert space and let R be a uniformly positive self-adjoint 
operator R in H. Let s > 0 and equip 6, := dom Rê with the inner product 


(h,k)e, := (Rh, R’k)s, h,k € dom R*. (8.1.9) 
Then ©; C 6, for allt > s > 0 and the following statements hold: 


(i) {6,,9, 64} is a Gelfand triple and the assertions in Lemma 8.1.2 hold with 
R, 6, and ©’ replaced by R*, 6,, and 61, respectively. 


sS? 
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(ii) If t4 : 61 > H and i : 6 > H denote the isometric isomorphisms corre- 
sponding to the Gelfand triple 161, H, 61} such that 


(g's, t4g9g)5 = (9 exe, g €S1,9€ G1, 
then their restrictions 
t4 = R: 6:41 76, and i- = R':6,5 Gs41, S20, (8.1.10) 


are isometric isomorphisms such that t4t-g = g for g E€ 6, and t-il = 1 
forl E€ Ös41. 


Proof. (i) For s > 0 the self-adjoint operator R* is uniformly positive in § and 
hence 6, = dom R° equipped with the inner product (8.1.9) is a Hilbert space 
which is dense in §. Moreover, from R~* € B(S) and (8.1.9) one obtains that 


gis = || R° Rgl 


s < RIIE gls =k illlglle.,, g E 6s, 


which shows that the embedding 6, — § is continuous. Therefore, if 64 denotes 
the dual of 6,, then {6,, 5, 64} is a Gelfand triple. Comparing (8.1.9) with (8.1.6) 
shows that the operator R° plays the same role as the representing operator of 
the inner product in (8.1.6). Hence, the assertions of Lemma 8.1.2 are valid with 
R, 6, and 6’ replaced by R°, 6s, and 64, respectively. 


S? 


(ii) Let s > 0 and consider | € 6,4; = dom R**1. It follows from (8.1.9) that 


| Rllle, = |R°Rllly = |R] 


j= Elles 


and hence 44 = R: 6541 — 6s is isometric. In order to verify that this mapping 
is onto let k € 6,. Then k € 8, and as R is bijective, there exists | € dom R 
such that RI = k. Therefore, l = R~'k and as k € 6, = dom R° one concludes 
l € dom RH! = 6,41. This shows that 1. = R : 6541 + G, is an isometric 
isomorphism for s > 0. A similar reasoning shows that 1. = RT! : 6, > 6.41 
is an isometric isomorphism for s > 0. The remaining assertions 141g = g for 
g E€ 6, and t_v4l = l for l € G41 follow immediately from (8.1.10). 


8.2 Sobolev spaces, C?-domains, and trace operators 


In this section Sobolev spaces on R”, open subsets Q C R”, and on the boundaries 
OQ of C?-domains are defined and some of their features are briefly recalled. 
Furthermore, the mapping properties of the Dirichlet and Neumann trace map on 
a C?-domain Q are recalled and the first Green identity is established. 


For s > 0 the scale of L?-based Sobolev spaces H*(R") is defined with the 
help of the (classical) Fourier transform F € B(L?(R")) by 


A(R") := {f € LR”): (1+ |-)?)?Ff E P(R”)} 
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and H*(R”) is equipped with the natural norm 
Ifllesa@ny =|]A+1-P)?F Fl pean, FEHR”), 
and corresponding scalar product 
dmg = (0+ PFO P FI) agy fg © BOR"). 


Then the space H*(IR”) is a separable Hilbert space for every s > 0 and one has 
H°(R") = L?(R"). It is also useful to note that the space C§°(IR”) is dense in 
H®(R®) for all s > 0. Since the Fourier transform is a unitary operator in L?(R”), 
it is clear that 


R=F 14+ |6P yrs 


is a uniformly positive self-adjoint operator in L7(IR”) such that dom R = H1(R”). 
Furthermore, for each s > 0 one has 


as se eee 


and hence R5 for s > 0 is also a uniformly positive self-adjoint operator in L? (R”) 
such that dom R° = H*(R"). Note that the scalar product in H*(R") satisfies 


(f, 9) HR») = (Rf, Rg) L2(Rn); fig € A(R"), 


for all s > 0. In particular, R plays the same role as the operator R in (8.1.6) 
and &* plays the same role as the operator R* in (8.1.9). Hence, R*, s > 0, 
gives rise to a Gelfand triple {H*(R”), L?(R”), H~*(R")}, where H~*(IR”) denotes 
the dual space consisting of continuous antilinear functionals on H*(R"). From 
Lemma 8.1.3 it is now clear that the restrictions R : H*++(R") > H°(R”) and 
R! : H8(IR") + H*+!(R") are isometric isomorphisms for s > 0. 


For a nonempty open subset Q C R” and s > 0 define 
H*(Q) := {f € L?(Q) : there exists g € H*(R”) such that f = glo} 
and endow this space with the norm 


sien i. ant oe € H*(Q). 8.2.1 
IFE o) -n \lgll aR») f (Q) ( ) 


f=gla 


The space H*(Q) is a separable Hilbert space; the corresponding scalar product 
will be denoted by (-,-)#7«(q)- For s > 0 the space C®(Q) := {yla : p € CF (R”)} 
is dense in H*(Q). The closure of C° (Q) in H*(Q) is a closed subspace of H*(Q); 
it is denoted by 


HEO) = OR(Q O, (8.2.2) 


In order to define Sobolev spaces on the boundary 02 of some domain 2 C R” 
assume first that ọ : R°~! — R is a C?-function. The vectors in R"~! will be 
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denoted by a! = (a1,...,%n-1)' € R?! and the notation (2’,2,,)' is used for 
(a1,-..,%n)' € R”. Then the domain 


Qg := {(2', £n)! ER” : £n <ale)} (8.2.3) 
is called a C?-hypograph and its boundary is given by 
Oe = { (a, plr) ER": a’ € R”1}. 


For a measurable function h : 0Qg, — C the surface integral on Ng is defined as 
f hirie | h(a’, &(a")) V1 4 Vo@)P de’, (8.2.4) 
INg Rr-1 


If 1g denotes the characteristic function of a Borel set B C Ng, then the surface 
integral in (8.2.4) induces a surface measure 


o(B) = I. 1p do. (8.2.5) 


This surface measure also gives rise to the usual L?-space on Ng, which will be 
denoted by L?(0Q4). Furthermore, for s € [0,2] define the Sobolev space of order 
s on Ng by 


H (3N) := {h € L’ (ONg) : x! 4 h(x’, d(2’)) € H*(R")$ 
and equip H*(0Q4) with the corresponding Hilbert space scalar product 
(h, k)Hs(324) = (hE, (-)), kE AC) ysa h, k € H*(O0Q¢). (8.2.6) 
Note that the operator Vs : H*(0Q4) + H*(R"~') that maps h € H*(0Q4) to 
the function z’ 4 h(x’, 6(2’)) € H*(R"?) is an isometric isomorphism. 


In the next step the notion of C?-hypograph is replaced by a bounded domain 
with a C?-smooth boundary, that is, the boundary is locally the boundary of a 
C?-hypograph. 
Definition 8.2.1. A bounded nonempty open subset Q C R” is called a C?-domain 


if there exist open sets U;,...,U; C R” and (possibly up to rotations of coordi- 
nates) C?-hypographs 01,...,Q; C R” such that 


1 
anc | )U; and NU; =N; FH leek 
j=l 
Let Q c R” be a bounded C?-domain as in Definition 8.2.1. Then the bound- 


ary 0Q C R” is compact and there exists a partition of unity subordinate to the 
open cover {U;} of OQ, that is, there exist functions n; € C (R”), j = 1,...,1, 
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with supp 7; C U; such that 0 < nj(x) < 1 for all x € R” and eS nj (a) = 1 for 
all x € OQ. For a measurable function h : OQ — C the surface integral on 02 is 
defined as 


l 
f r= 2 f WEED GENEE ae’ 


where the C?-functions ¢; : R"~' — R define the C?-hypographs Q; as in (8.2.3) 
and the possible rotation of coordinates is suppressed. This surface integral induces 
a surface measure and the notion of an L?-space L?(0Q) in the same way as in 
(8.2.4) and (8.2.5). In the present setting the Sobolev space H*(0Q) for s € [0,2] 
is now defined by 


H*(Q) := {h € L? (ƏN) : njh € H°(0N;), j =1,..., 0} 
and is equipped with the corresponding Hilbert space scalar product 


th 
(h, k) as(ə9) = X (nh, ngk)us(an,), h,k € H° (89). (8.2.7) 


j=1 


It follows from the construction that H*(0Q) is densely and continuously embed- 
ded in L? (3N) for s € [0, 2]. Furthermore, since ƏN is a compact subset of R”, the 
embedding 

H'(0Q) — H*(AQ), 0<s<t<2, (8.2.8) 


is compact; see, e.g., [774, Theorem 7.10]. 

For later purposes it is convenient to use an equivalent characterization of 
the spaces H° (OQ) via interpolation; cf. [573, Theorem B.11]. More precisely, as in 
(8.1.6) it follows that there exists a unique uniformly positive self-adjoint operator 
Q in L? (ƏN) such that 


dom Q = H? (ƏN) and (h, k) H2(ə9) = (Qh, Qk) 12(aq) (8.2.9) 


for all h,k € H?(0Q). It can be shown that the spaces H*(0Q) coincide with the 
domains dom Q*/? for s € [0,2] and that (Q°/?-, Q°/?-);2(9q) defines a scalar prod- 
uct and equivalent norm in H*(0Q). The dual space of the antilinear continuous 
functionals on H*(0Q) is denoted by H~*(0Q), s € [0,2]. Then one obtains the 
following statement from Lemma 8.1.2 and Lemma 8.1.3. 


Corollary 8.2.2. Let Q C R” be a bounded C?-domain and let s € [0,2]. Then the 
following statements hold: 


(i) {H°(0Q), L?(0Q), H7 (ƏN)} is a Gelfand triple and the assertions in Lem- 
ma 8.1.2 hold with R, 6, and 6' replaced by Q*/?, H*(AQ), and H~*(AQ), 
respectively. 
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(ii) If cu, : H/?2(0Q) > L?(0Q) and v_ : H-/2(9Q) —> L?(AQ) denote the 
isometric isomorphisms from Lemma 8.1.2 (ii) corresponding to the Gelfand 
triple {H*/?(0Q), L?(0Q), H~!/2(0Q)} such that 

(t_, +P) 12(a9) = (9, Y) H-1/2(9Q) x H1/2(9Q) 


holds for p € H~‘/?(AQ) and y € H*/?(0Q), then for s € [0,3/2] their 
restrictions 

t = Q™* : HHN) + H” (3N) 
and 

1 = Q74 : H*(8Q) > HT! (aN) 
are isometric isomorphisms such that t41-6 = @ for @ € H"(ƏNQ) and 
t-t4X = X for x € H*t!/2(Q); here Q is the uniformly positive self-adjoint 
operator in (8.2.9). 


Assume now that Q C R” is a bounded C?-domain as in Definition 8.2.1. 
The weak derivative of order |a| of an L?-function f is denoted by D® f in the 
following; as usual, here a € Nọ stands for a multiindex and |a| = a; +-+- + an. 
Then for k € No one has 


H*(Q) = {f € L’ (Q) : D°f € L?(Q) for all a € NG with |a| < k} 


and 


IIfllk:= $O D° flra fE HO), (8.2.10) 


la|<k 
is equivalent to the norm on H*(Q) in (8.2.1); cf. [573, Theorem 3.30}. Recall also 
that for k € N there exists Ck > 0 such that the Poincaré inequality 
lfl < Ck $ ID° flea), f € HG (2), (8.2.11) 
jal=k 


is valid. In particular, for f € C (Q) and k = 2, integration by parts and the 
Schwarz theorem give 


XO D° fla) = X (D°, D? freo) 


ļaļ=2 Ja|=2 


and this equality extends to all f € H%(Q) by (8.2.2). As a consequence one 
obtains the following useful fact. 
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Lemma 8.2.3. The mapping f > ||Af||z2(9) is a norm on Hj(Q) which is equiv- 
alent to the norms ||- ||2 and || - || 72(Q) in (8.2.10) and (8.2.1), respectively. 


Let again Q C R” be a bounded C?-domain and denote the unit normal 


vector field pointing outwards of OQ by v. The notion of trace operator or trace 
map and some of their properties are discussed next. Recall first that the mapping 


ceM)a fr [fioo lea} € H°/?(8Q) x H/?(A0) 
extends by continuity to a continuous operator 
H? (Q) > f 6 {wf mf} € H?/?(aQ) x H*/?(aQ), (8.2.12) 
which is surjective; here 
Tp : H?(Q) > H? (aN) (8.2.13) 
denotes the Dirichlet trace operator and 
Ty : H? (Q) > H+? (aN) (8.2.14) 


denotes the Neumann trace operator. In particular, for all f € C% (Q) one has 


X of 
tof =flag and mf = oH lon, 


respectively. With the help of the trace operators one has another useful charac- 
terization of the space H@(Q) in (8.2.2), namely, 


HÈ) = { f 69) : mf = mf =0}. (8.2.15) 


It will also be used that the Dirichlet trace operator tp : H?(Q) + H?/2 (əN) 
admits a continuous surjective extension 


ro) : HQ) = H"? (89), (8.2.16) 
which, in analogy to (8.2.15), leads to the characterization 
HEQ) = {f € HHQ): rP f =0}. (8.2.17) 
Recall next that for f € H?(Q) and g € H! (Q) the first Green identity 


(—Af, 9)r2(a) = (Vf, Vg)re@;c7) — (f, C iuga (8.2.18) 
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holds. Note that Tyf, Tog € H'/?(0Q) by (8.2.14) and (8.2.16). If, in addition, 
also g € H?(Q), then one concludes from (8.2.18) the second Green identity 


(-Af, 9) 1219) — (f, -Ag)12(@) = (Tof; TING) 22(00) — (TNS TDG) L2(aQ); (8-2.19) 


which is valid for all f,g € H?(Q). 

In the next lemma it will be shown that the Neumann trace operator Ty 
in (8.2.14) admits an extension to the subspace of H+(Q) consisting of all those 
functions f € H+(Q) such that Af € L?(Q), and it turns out that the first Green 
identity (8.2.18) remains valid in an extended form. Here, and in the following, 
the expression Af is understood in the sense of distributions. If, in addition, one 
has that Af € L?(Q), then Af is a regular distribution generated by the function 
Af € L?(Q) via 


(AF) = [ ANE) Ede, p E CLN). (8.2.20) 


Q 


Lemma 8.2.4. For f € H!(Q) with Af € L?(Q) there exists a unique element 
p € H72 (8N) such that 


(—Af, g)L2(9) = (VÍ, Vg) L2(Q;c”) = (9, to EET (8.2.21) 
holds for all g € H'(Q). In the following the notation rh) f := y will be used. 


Proof. Notice that there exists a bounded right inverse of rs) in (8.2.16), that is, 
there is a bounded operator n : H'/?(9Q) + H'(Q) with the property 


yp =o, = pe H(A). 
For a fixed f € H'(Q) such that Af € L?(Q) define the antilinear functional 
y : H/2(9Q) > C by 
pb) = (VF, Vib) race) + (Af, nh) € H? (00). (8.2.22) 
Then one has 


lo(h)| < IVF llz2ca:cry|| Va llz2(a;cr) + lAl lnla 
< C|lnv|| ana) 
< C"|lY ll a129) 


with some constants C, C” > 0, and hence y € H~!/2(0Q). Thus, (8.2.22) can also 
be written in the form 


(2, P) 4-1/2 (a9) x H1/2(00) = (VF, Vint) z2(a;0en) + (AF, mb) 12(a); (8.2.23) 


where Y € H? (8N). Now let g € H! (Q) and set go := g — nt g. Then it follows 
from the characterization of the space H¢(Q) in (8.2.17) that go € Hg(Q), and 
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hence (8.2.2) shows that there is a sequence (gm) C C§°(Q) such that gm — go in 
H +(Q). It follows that 


(Vf, V90)12(a:0n) = lim (Vf, V9m)12(a:c") 
= ~ lim (Af, Im) L29) 
= —(Af, go) 12(a) 
and one obtains, together with (8.2.23) (and with w = 7h 9), that 
(Vi, Va) rze) = (Vf, V (g0 +0759) rzon) 
= —(Af, go)r2(9) + (VF, Tis o)ra 


a a) 
= (Af, Jo) L2(2) T (yg, Tp E daitany a (Af, NTD 9) r20) 


— a) 
= (-Af, 9) L2(9) al (p, TS 9) g-1/2(09)x H1230)" 


This shows that p € H712 (ƏN) in (8.2.22)-(8.2.23) satisfies (8.2.21). 
It remains to check that y € H~!/?(0Q) in (8.2.21) is unique. Suppose that 
1,02 E€ H~/?(AQ) satisfy (8.2.21). Then 


(1) = 
(p1 — p2, Tp 9) H-1/2(00)x H1/2(00) =0 


for all g € H!(Q). As 7) : H1(Q) + H*/?(0Q) is surjective it follows that 
pı — p2 = 0 and hence yg in (8.2.21) is unique. 


Remark 8.2.5. The assertion in Lemma 8.2.4 and its proof extend in a natural 
manner to all f € H+(Q) such that —Af € H'(Q)*. In this situation there still 
exists a unique element y € H~!/?(0Q) such that (instead of (8.2.21)) one has 
the slightly more general first Green identity 


(Af, 9) aye x11) = (VA, Vojan — (9.759) y-1/2(09) xH12/2(00) 


for all g € H+(Q); ef. [573, Lemma 4.3}. 


8.3 Trace maps for the maximal Schrodinger operator 


The differential expression —A + V is considered on a bounded domain Q, where 
the function V € L®(Q) is assumed to be real. One then associates with —A + V 
a preminimal, minimal and maximal operator in L?(Q), which are adjoints of 
each other. Furthermore, the Dirichlet and Neumann operators are defined via the 
corresponding sesquilinear form and the first representation theorem, and some 
of their properties are collected. In the case where 2 is a bounded C?-domain it 
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is shown in Theorem 8.3.9 and Theorem 8.3.10 that the Dirichlet and Neumann 
trace operators in the previous section admit continuous extensions to the maximal 
domain; this is a key ingredient in the construction of a boundary triplet in the 
next section. 


Let n > 2, let Q C R” be a bounded domain, and assume that the func- 
tion V € L®(Q) is real. The preminimal operator associated to the differential 
expression —A + V is defined as 


To =—-A+V, dom To = Cp? (0). 
It follows immediately from 


(Tof, f)rx0) = (VF, VS) reer + (Vf, f), f € dom To, 


that Ty is a densely defined symmetric operator in L? (Q) which is bounded from 
below with v_ := essinf V as a lower bound, so that Tọ — v_ is nonnegative. 
Actually, for f € dom To one has 


((To = wag, F) ro = (Vf, VS) LQ”) als (V = v=)f: F) ra 2 IV Flia») 
and hence, by the Poincaré inequality (8.2.11), 
(To = v-)f, F) para) = CMF? = CIF) (8.3.1) 


with some constant C > 0. This shows that Tọ — v_ is uniformly positive. 
The closure of Ty in L? (Q) is the minimal operator 


Tar = —A + V, dom Tai = HG (Q). (8.3.2) 


In fact, using Lemma 8.2.3 and the fact that V € L°(Q) one obtains that the 
graph norm 
I- Ilze) + [|Tmin - Izz) 

is equivalent to the H?-norm on the closed subspace HR (Q) of H?(Q). Hence, Tmin 
is a closed operator in L?(Q) and it follows from (8.2.2) that To = Tmin. Therefore, 
Tmin is a densely defined closed symmetric operator in L?(Q) and Tmin — v- is 
uniformly positive. 

Besides the preminimal and minimal operator, also the maximal operator 
Tmax associated with —A + V in L?(Q) will be important in the sequel; it is 
defined by 


Trax = =A 4 V, 


dom Tmax = {f € L?(Q) : -Af + Vf € LO}. (8.3.3) 


Here the expression Af for f € L?(Q) is understood in the distributional sense. 
Since V € L®(Q), it is clear that f € L?(Q) belongs to dom Tmax if and only 
if Af € L?(Q), that is, the (regular) distribution Af is generated by an L?- 
function; cf. (8.2.20). Observe that H?(Q) C dom Tmax, and it will also turn out 
that H?(Q) 4 dom Tmax- 


590 Chapter 8. Schrödinger Operators on Bounded Domains 


Proposition 8.3.1. Let To, Tmin, and Tmax be the preminimal, minimal, and maz- 
imal operator associated with -A + V in L?(Q), respectively. Then To = Tmin, 
and 

(Train )* = Tnax and Taim = (Trass) (8.3.4) 
Proof. It has already been shown above that To = Tmin holds. In particular, 
this implies T = (Tmnin)“* and thus for the first identity in (8.3.4) it suffices to 
show Tù = Tmax. Furthermore, since multiplication by V € L°°(Q) is a bounded 
operator in L? (Q), it is no restriction to assume V = 0 in the following. Let 
f € domTj and consider Tj f € L?(Q) as a distribution. Then one has for all 
p € CF (Q) = dom To 


(TEF) = (To f, P)re) = (f, Top) = (f, -Ap)r) = CAF), 


and hence —Af = Tj f € L?(Q). Thus, f € dom Tmax and Tnaxf = Të f. Con- 
versely, for f € dom Tmax and all y € C§°(Q) = dom To one has 


(Tov, f) = (Ay, f)r = (p, AS) 129), 


that is, f € dom Të and Tf = —Af = Tmax f. Thus, the first identity in (8.3.4) 
has been shown. The second identity in (8.3.4) follows by taking adjoints. 


In the following the self-adjoint Dirichlet realization Ap and the self-adjoint 
Neumann realization Ay of —A + V in L?(Q) will play an important role. The 
operators Ap and Ay will be introduced via the corresponding sesquilinear forms 
using the first representation theorem. More precisely, consider the densely defined 
forms 


tolf, g] = (Vf, V9)r2(;cr) + (V f, g)L2@), domtp = Hi (9), 


and 


tui fg] = (VF, V9)re(;c») + (VF, 9)r2(); domty = H*(Q), 


in Z?(Q). It is easy to see that both forms are semibounded from below and 
that v_ = essinfV is a lower bound. The same argument as in (8.3.1) using the 
Poincaré inequality (8.2.11) on dom tp = H4(Q) implies the stronger statement 
that the form tp — v_ is uniformly positive. Furthermore, it follows from the 
definitions that the form (V-, V-)z2(Q;c») defined on Hg (Q) or H'(Q) is closed in 
L?(Q); cf. Lemma 5.1.9. Since V € L®(Q), it is clear that the form (V-,-);2(q) is 
bounded on L?(Q) and hence it follows from Theorem 5.1.16 that also the forms 
tp and ty are closed in L?(Q). Therefore, by the first representation theorem 
(Theorem 5.1.18), there exist unique semibounded self-adjoint operators Ap and 
Ay in L?(Q) associated with tp and ty, respectively, such that 


(Apf,9)r2(@) = tol fg] for f € dom Ap, g € domtp, 


and 
(Anf, g)L2(9) = tf, g] for f € dom An, g € dom ty. 


8.3. Trace maps for the maximal Schrödinger operator 591 


The self-adjoint operators Ap and Ay are called the Dirichlet operator and Neu- 
mann operator, respectively. In the next propositions some properties of these 
operators are discussed. 


Proposition 8.3.2. Assume that Q C R” is a bounded domain. Then the Dirichlet 
operator Ap is given by 


Apf=—-Af+Vf, 


dom Ap = {f € Hj(Q): -Af +V f € L?()}, (8.3.5) 


and for all A € p(Ap) the resolvent (Ap—A)~! is a compact operator in L? (Q). The 
Dirichlet operator Ap coincides with the Friedrichs extension Sp of the minimal 
operator Tmin in (8.3.2). In particular, Ap —v_ is uniformly positive. Furthermore, 
if Q C R” is a bounded C?-domain, then the Dirichlet operator Ap is given by 


Apf=-Af+Vf, 


H 7 (1) (8.3.6) 
dom Ap = {f € H'(Q) : -Af +V f € L7(Q), Th’ f = 0}. 


Proof. Observe that for f € dom Ap and g € CF (N) C dom tp one has 


(Anf, 9)rz) = tolf, g] = (VF, Va) recer) + (VF, 9)re = (-AF +V EO), 


where —Af + Vf is viewed as a distribution. Since this identity holds for all 
g € CE (N) and Ap is an operator in L? (Q) it follows that 


-Af +Vf = Af € P(Q). 


Therefore, Ap is given by (8.3.5). In the case that Q C R” has a O?-smooth 
boundary the form of the domain of Ap in (8.3.6) follows from (8.3.5) and (8.2.17). 

Next it will be shown that for A € p(Ap) the resolvent (Ap — A is a 
compact operator in L?(Q). For this observe first that 


(Ap — A)7? : L720) > HUQ), AE p(Ap), (8.3.7) 


is everywhere defined and closed as an operator from L?(Q) into Hi (Q). In fact, 
if fn > f in L?(Q) and (Ap — à)! fn > h in AZ (Q), then (Ap — A)! fn > h in 
L?(Q), and since the operator (Ap — A)~! is everywhere defined and continuous in 
L?(Q), it is clear that (Ap — \)~!f = h. Hence, the operator in (8.3.7) is bounded 
by the closed graph theorem. By Rellich’s theorem the embedding H¢(Q) > L?(Q) 
is compact, and it follows that (Ap — A)~1, \ € p(Ap), is a compact operator in 
T?(Q). 

It remains to verify that Ap is the Friedrichs extension Sp of Tmin = To or, 
equivalenty, the Friedrichs extension of To; cf. Lemma 5.3.1 and Definition 5.3.2. 
For this, consider the form ty, [f, 9] = (Tof, 9) 12(q), defined for f,g € dom To, and 
note that 


trolf.g] = (V F, Va) r2a,.cr) + (VF, 9) L2(a), dom tr, = C0 (9). 
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Observe that fm —t,, f if and only if fm > f in L?(Q) and (V fm) is a Cauchy 
sequence in L?(Q;C”). Hence, fm +t, f implies fm — f in the norm of H*(Q), 
and so f € H4(Q) by (8.2.2). Therefore, by (5.1.16), the closure of the form ty, is 
given by 


nlf, g) = im, trolfm Im] = (VF, Vg)r2;c7) + (VF, g9)r20), 


where f,g € Hé(Q) and fm tr, fs Im tr, 9- Hence, tr, = tp, and since by 
Definition 5.3.2 the Friedrichs extension of To is the unique self-adjoint operator 
corresponding to the closed form ty,, the assertion follows. 


In order to specify the Neumann operator Ay, the first Green identity and 
the trace operators 75) : H1(Q) + H'/2(8Q) and 7) : H1(Q) + H-*/2(AQ) will 
be used; cf. Lemma 8.2.4. For this reason in the next proposition it is assumed that 
Q c R?” is a bounded C?-domain. It is also important to note that the Neumann 
operator Ay below differs from the Krein—von Neumann extension and the Krein 
type extensions in Definition 5.4.2; cf. Section 8.5 for more details. 


Proposition 8.3.3. Assume that Q C R” is a bounded C?-domain. Then the Neu- 
mann operator Ayn is given by 


Anf =-Af+Vf, 


8.3.8 
dom Ay = { f € H1(Q): -Af + Vf € P(O), Pf =0}, ae 


and for all A € p(Ay) the resolvent (Ax — A)~! is a compact operator in L?(Q). 


Proof. In a first step it follows for f € dom Ay C H1(Q) and all g € C§°(Q) in 
the same way as in the proof of Proposition 8.3.2 that 


(Anf, 9)12(9) = tn[f, 9] = (VS, Va) n2(0,0%) + (VS. 9) L2@) = (Af + VF)(9), 


and hence Anf = (-A+V)f € L7(Q). In particular, for f € dom Ay one has 
f € H'(Q) and —Af € L?(Q), so that Lemma 8.2.4 applies and yields 


(Anf: 9) 22(9) = tnIf, g] 
= (Vf, Vg) rz(Q;c7) + (V f, 9) 12 (a) 
( ) 
1 1) 
= ((-A + Vif, 9) 21o) + (re F, TÉ 9) H-1/2(00)x H1230) 
for all g € dom ty = H! (Q). As Anf = (~A + V) f, one concludes that 


(1) ¢ 0) 
(N FTD 9) -1/2(99) x H12 (80) =0 forall g € H’ (Q). 


Since n) : H! (Q) + H'/2(8Q) is surjective, it follows that r4} f = 0. This implies 
the representation (8.3.8). 
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To show that the resolvent (Ayn — \)~! is a compact operator in L? (Q) one 

argues in the same way as in the proof of Proposition 8.3.2. In fact, the operator 
(An — A)7} : 120) + H’ (Q), A € p(An), 


is everywhere defined and closed, and hence bounded by the closed graph theorem. 
Since Q C R” is a bounded C?-domain, the embedding H! (Q) —> L? (Q) is compact 
and this implies that (Ayn —A)~1, \ € p(An), is a compact operator in L? (Q). 


It is known that functions f in dom Ap or dom Ay are locally H?-regular, 
that is, for every compact subset K C Q the restriction of f to K is in H?(K). The 
next theorem is an important elliptic regularity result which ensures H?-regularity 
of the functions in dom Ap or dom Av in (8.3.6) and (8.3.8), respectively, up to the 
boundary if the bounded domain © is C?-smooth in the sense of Definition 8.2.1. 


Theorem 8.3.4. Assume that Q C R” is a bounded C?-domain. Then one has 
Apf =—-Af+Vf, dom Ap = Tf € H?’ (Q) :tTof = 0}, 


and 


Anf =-Af+Vf, domAn = {f € H?(Q): wf = 0}. 


Note that under the assumptions in Theorem 8.3.4 the domain of the Dirichlet 
operator Ap is H? (Q) N H4(Q); cf. (8.2.17). The direct sum decompositions in 
the next corollary follow immediately from Theorem 1.7.1 when considering the 
operator T = —A + V, dom T = H?(Q), and taking into account that Ap C T 
and Ay C T. 


Corollary 8.3.5. Assume that Q C R” is a bounded C?-domain and denote by 
Tp : H?(Q) > H3 (8N) and ty : H?(Q) > H? (8N) the Dirichlet and Neumann 
trace operator in (8.2.13) and (8.2.14), respectively. Then for A € p(Ap) one has 
the direct sum decomposition 


H?(Q) = dom Ap + {fx € H?(Q) : (-A+V) fy = Afa} 


> (8.3.9) 
= ker Tp + {fy € H?(Q): (-A+V) fy S= Afa}, 
and for A € p(An) one has the direct sum decomposition 
H?(Q) = dom Ay + {fy € H?(Q): (~A +V) fa =A 
(Q) nt+{fr (Q): ( Jfa fr} (8.3.10) 


= ker ty + {fy E€ H?(Q): (-A+V) fy = Af}. 


As a consequence of the decomposition (8.3.9) in Corollary 8.3.5 and (8.2.12) 
one concludes that the so-called Dirichlet-to-Neumann map in the next definition 
is a well-defined operator from H?/?(9Q) into H1/?(0Q). 


Definition 8.3.6. Let Q C R” be a bounded C?-domain, let Ap be the self-adjoint 
Dirichlet operator, and let tp : H?(Q) > H°/?(0Q) and ty : H?(Q) > H! (8N) 
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be the Dirichlet and Neumann trace operator in (8.2.13) and (8.2.14), respectively. 
For À € p(Ap) the Dirichlet-to-Newmann map is defined as 


D(X) : HP (OQ) > H! (8N), tof, | mf, 
where fy € H? (Q) is such that (~A +V) fa = Af). 


Note that for A € p(Ap)M p(An) both decompositions (8.3.9) and (8.3.10) 
in Corollary 8.3.5 hold and together with (8.2.12) this implies that the Dirichlet- 
to-Neumann map D(A) is a bijective operator from H3/?(0Q) onto H*/?(0Q). 

A further useful consequence of Theorem 8.3.4 is given by the following a pri- 
ori estimates. 


Corollary 8.3.7. Assume that Q C R” is a bounded C?-domain and let Ap and Ay 
be the Dirichlet and Neumann operator, respectively. Then there exist constants 
Cp > 0 and Cy > 0 such that 


Il flla2cay < Co (lfl) + |Apfllz2(@y), f € dom Ap, 


and 


lIgllz2(a) < Cn (lgliz) + lAngllz2ay), g € dom Ay. 
Proof. One verifies in the same way as in the proof of Proposition 8.3.2 that for 
à € p(Ap) the operator (Ap — A)~! : L?(Q) > H?(Q) is everywhere defined 
and closed, and hence bounded. For f € dom Ap choose h € L?(Q) such that 
f = (Ap —A)7th. Then 
|| fll 2a) = [(Ap — à) hlao) < Cllhllz2¢ay = Clio — A) Flle) 


for some C > 0 and Cp > 0, and the first estimate follows. The second estimate 
is proved in the same way. 


The next lemma is an important ingredient in the following. 


Lemma 8.3.8. Let Tmax be the maximal operator associated to —A +V in (8.3.3). 
Then the space C°°(Q) is dense in dom Tinax with respect to the graph norm. 


Proof. Since V € L®(Q) is bounded, the graph norms 


2 1/2 1/2 
(Il lz) + ||Tmax - IIZ2(a)) and (||- lz) +A- IIZ2(ay) 


are equivalent on dom Tmax, and hence it is no restriction to assume that V = 0. 
Now suppose that f € dom Tmax is such that for all g € C™(Q) 


0 = (f,9) 12a) + (AF, Ag) r2(a)- (8.3.11) 


Then (8.3.11) holds for all g € C§°(Q), so that 0 = (f + A? f)(g), where f + A?f 
is viewed as a distribution. As f € L?(Q), one concludes that 


A?f =-f E€ LQ). (8.3.12) 
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Next it will be shown that 
Af € H3(). (8.3.13) 


In fact, choose an open ball B such that Q C B and let h € CF (B). Let 
Ap =—-A,  domAp = H?(B)N AA (B), 


be the self-adjoint Dirichlet Laplacian in L?(B); cf. Theorem 8.3.4. Since B is 
bounded, one has 0 € p(Ap) by Proposition 8.3.2. As h € C§°(B), elliptic regular- 
ity yields Anth € C™(B) and hence (A5*h)lo € C™(Q) for the restriction onto 
Q. Denote by f and Af the extension of f and Af by zero to B. Then it follows 
with the help of (8.3.11) that 


(A5 f, h)rz(8) = (F, Ap h)rxB) 
= (f, (AD h)la) paca) 
= - (Af, A(A5*h)la) 
= (-Af,h)1(B) 


holds for h € CS°(B). This yields -Af = Ap'f € H?(B). Moreover, as Af 
vanishes outside of Q it follows that Af € HÊ(Q), that is, (8.3.13) holds. 

Now choose a sequence (Yk) C C§°(Q) such that yg > Af in H? (Q). Then, 
by (8.3.12) 


12(2) 


0 < (AF, Af)re) = lim (Yk, Af) ra(a) = lim (Ave, f)r2(9) 
=(A’f, f)@ = — (f, f)rz@ <9, 


that is, f = 0 in (8.3.11). Hence, C°°(Q) is dense in dom Tmax with respect to the 
graph norm. 


The following result on the extension of the Dirichlet trace operator onto 
dom Tmax is essential for the construction of a boundary triplet for Tmax- 


Theorem 8.3.9. Assume that Q C R” is a bounded C?-domain. Then the Dirichlet 
trace operator Tp : H?(Q) > H3/?(AQ) in (8.2.13) admits a unique extension to 
a continuous surjective operator 


7p : dom Tmax > H~'/?(90), 
where dom Tmax is equipped with the graph norm. Furthermore, 
ker Tp = ker Tp = dom Ap. 
Proof. In the following fix À € p(Ap) and consider the operator 


Y :=—m(Ap — A)7! : £7(0) > H? (89). (8.3.14) 
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Since (Ap — A)T} : L?(Q) + H?(Q) is everywhere defined and closed, it is clear 
that (Ap —A)7! : L?(Q) — H?(Q) is continuous and maps onto dom Ap. Hence, it 
follows from Theorem 8.3.4 and (8.2.12) that Y € B(L?(Q), H!/2(0Q)) in (8.3.14) 
is a surjective operator. 

Next it will be shown that 


ker T = Ny (Tmax) ”, (8.3.15) 


where Ny (Tmax) = ker (Tmax — A). In fact, for the inclusion (C) in (8.3.15), assume 
that E 
Th = -m (Ap — àA) th = 0 


for some h € L? (Q). Then it follows from Theorem 8.3.4 that 
(Ap a xy € dom Ap N dom Ay 


and hence (Ap — A)~'h € dom Tinin by (8.2.15) and (8.3.2). For fy € Ny (Tmax) 
one concludes, together with Proposition 8.3.1, that 


(fa, h) r2(9) = (fr, (Tmin — X)(Ap E A)T'A) p09) 
= (Taas T A) fx, (Ap = AJR) p20) 
0, 


which shows h € 9t,(Tmax)+- For the inclusion (>) in (8.3.15), let h € Ny (Tmax): 
Then h € ran (Tinin — A), and hence there exists k € dom Tinin = HA (Q) such that 


h = (Tmin — A)k. It follows that 


Th = —tn(Ap = A) th = —Ty(Ap = y (Trin — A)k = —Tnk = 0, 
which shows that h € ker Y. This completes the proof of (8.3.15). 

From (8.3.14) and (8.3.15) it follows that the restriction of Y to Ny (Tmax) 
is an isomorphism from 9t\(Tmax) onto H'/?(9Q). This implies that the dual 
operator 

Y : H7"? (8N) > FO) (8.3.16) 
is bounded and invertible, and by the closed range theorem (see Theorem 1.3.5 
for the Hilbert space adjoint) one has 


ran Y’ = (ker Y)+ = Ny (Tmax). 


The inverse (Y’)~! is regarded as an isomorphism from N (Tmax) onto H71? (8N). 
Now recall the direct sum decomposition 


dom Tnax = dom Ap +My (Triias) 


from Theorem 1.7.1 or Corollary 1.7.5, and write the elements f € dom Tmax 
accordingly, 
f=fo+ fy, fo €domAp, fa € Ny(Tmax). 
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Define the mapping 
7p : dom Tnax > H~/?(AQ), fh Df = (TNA. (8.3.17) 


Next it will be shown that Tp is an extension of the Dirichlet trace operator 

Tp : H?(Q) > H?/?(aQ). For this, consider Y € ran tp = H*/?(AQ) c H71/?(aN) 
and note that by (8.3.9) and (8.2.12) there exists a unique f, € H?(Q) such that 

(-A+V)f, =Afy and mph =y. (8.3.18) 
Let h € L?(Q) and set k := (Ap —A)71h. Then, by (8.3.14), the fact that Tpk = 0, 
and the second Green identity (8.2.19), 

(Y"y, h)r2(a) = (p, Th) p-1/2(90)x H1/2(00) 
= (4, Th) 5209) 
J)-1 

=~ (y, TN (Ap = A) h) L2(aQ) 

= — (Tp fa, Tuk) 52(aa) + (TN fa, TOK) £2 (00) 

= -—((-A T V) fa, k) pa) T (Fx, (=A F V)k) p29) 

= —(Afy, k)rz(9) + (fa, Ank) 12 (a) 

= (fr, (Ap = r)k) L?(Q) 

= (fy, h) 12:9); 
and thus Y’y = fy. Hence, the restriction of Y’ to H?/?(8Q) maps y € H? (ƏN) 
to the unique H?(Q)-solution fy of the boundary value problem (8.3.18), that is, 
to the unique element fy E€ Ny (Tmax) N H?(Q) such that tp f, = y. Therefore, 
(Y)! maps the elements in 9t)(Tnax) N H?(Q) onto their Dirichlet boundary 
values, that is, 

(Y’)-t fy = tof for fy E My (Tinax) i H? (Q). 
By definition 7p fp = 0 = Tpfp for fp € dom Ap. Therefore, if f € H?(Q) is 
decomposed according to (8.3.9) as 
f = fo + Jig fo E dom Ap, fr E My (Tnax) N H?’ (Q), 
then 
Tf =7(fot+ fa) = (TA = wh = mf, 
so that 7p in (8.3.17) is an extension of 7p. Note that by construction 7p is 
surjective. Furthermore, the property ker 7p = ker Tp is clear from the definition. 
It remains to show that 7p in (8.3.17) is continuous with respect to the graph 
norm on dom Tmax. For this, consider f = fp + fy € dom Tmax with fp € dom Ap 
and fy E Ny (Tmax), and note that 
fy = f g fo = f = (Ap > Ae ice = A) fp 
=f- (Ap E A)T (Tnax = r)f. 
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Since (Y’)~! : Ny (Tnax) > H~!/?(0Q) is an isomorphism and hence, in particular, 
bounded, one has 
lõ flla-1209) = IN fallaz—a/2(aa) 
< Cllfrllz2@) 
< C(I fllz2@) + I|(4p — A)7* (Tmax — A) fll z2(@)) 
< C" (| fllz2(a) a0 Il (Tmax = A) fllz2(@)) 
< C" (lf llz2(@) + llTmax flle) 


with some constants C,C’,C” > 0. Thus, 7p is continuous. The proof of Theo- 
rem 8.3.9 is complete. 


The following result is parallel to Theorem 8.3.9 and can be proved in a 
similar way. 


Theorem 8.3.10. Assume that Q C R” is a bounded C?-domain. Then the Neu- 
mann trace operator Ty : H?(Q) + H"? (ƏN) in (8.2.14) admits a unique erten- 
sion to a continuous surjective operator 


Ty : dom Timax + H~*/?(89), 
where dom Tmax is equipped with the graph norm. Furthermore, 
ker Ty = ker TN = dom Ayn. 


As a consequence of Theorem 8.3.9 and Theorem 8.3.10 one can also extend 
the second Green identity in (8.2.19) to elements f € dom Tmax and g € H?(Q). 


Corollary 8.3.11. Assume that Q C R” is a bounded C?-domain, and let 
Tp : dom Tnax > H~'/?(aQ) and Tx : dom Tmax > H-3/2(aQ) 
be the unique continuous extensions of the Dirichlet and Neumann trace operators 
Tp : H?(Q) > HP (aN) and ty: H?(Q) > H! (aN) 


from Theorem 8.3.9 and Theorem 8.3.10, respectively. Then the second Green iden- 
tity in (8.2.19) extends to 


(TinaxS, 9) L2(9) E (f, Tmax9) L2(Q) 
= (Tp f, TNI) H-1/2(a0)x H1/2(a0) — (TNS, TDG) H-3/2(90) x H3/2(a9) 
for f € dom Tmax and g € H?(Q). 


Proof. Let f € dom Tmax and g € H? (Q). Since C%(Q) is dense in dom Tmax with 
respect to the graph norm by Lemma 8.3.8 and C°(Q) c H?(Q) c dom Tmax, 
there exists a sequence (fn) C H? (Q) such that fa > f and Tmaxfn > Tmax f 
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in L?(Q). Moreover, Tp fn > Tpof in H~'/?(0Q) and twfn > Tf in H~3/2(0Q), 
because Tp and 7y are continuous with respect to the graph norm. Therefore, with 
the help of the second Green identity (8.2.19), one concludes that 


(Tmax f, 9) 12(Q) = (f; Tmaxg)L2(9) 


= dim (Tmax fn: 9) 12(2) = Jim (fn, Tmax9) £2(2) 
= lim [(tD fn; TN) L2(09) — (TN fn» TOY) L2(00) 
= lim [(7D fn, TNG) 


noo 


H-1/2(8Q) x H1/2(9Q) T (TN fn, TDI) H-3/2 (99) x H3/2(09) | 


= (nf, TN 9) H-1/2(9Q) x H4/2(aQ) — (nf, TD 9) H-3/2(8Q) x H3/2 (AQ); 


which completes the proof. 


Note that, by construction, there exists a bounded right inverse for the ex- 
tended Dirichlet trace operator 7p (see (8.3.16)—(8.3.17)) and similarly there exists 
a bounded right inverse for the extended Neumann trace operator Ty. This also 
implies that the Dirichlet-to-Neumann map in Definition 8.3.6 admits a natural 
extension to a bounded mapping from from H~'/?(8Q) into H~*/?(8Q). 


Corollary 8.3.12. Assume that Q C R” is a bounded C?-domain and let Tp and Tx 
be the unique continuous extensions of the Dirichlet and Neumann trace operators 
from Theorem 8.3.9 and Theorem 8.3.10, respectively. Then for A € p(Ap) the 
Dirichlet-to-Neumann map in Definition 8.3.6 admits an extension to a bounded 
operator 


D(A): H7¥/?(80) > H-3/2(80), Dhe Tha, 
where fy E€ Ny (Tmax). 
For later purposes the following fact is provided. 


Proposition 8.3.13. The minimal operator Tmin in (8.3.2) is simple. 


Proof. Since Ap is a self-adjoint extension of Tmin with discrete spectrum, it suf- 
fices to check that Tmin has no eigenvalues; cf. Proposition 3.4.8. For this, assume 
that Timin f = Af for some A € R and some f € dom Tmin. Since dom Tmin = H@(Q), 
there exist (fk) € CE (Q) such that fk + f in H? (Q). Denote the zero extensions 
of f and fp to all of R” by f and fp, respectively. Then fk > f in L? (R”) and for 
all h € CF (R”) and a € Nj such that |a| < 2 one computes 


f(£)D“h(x)dz = lim fr(x)D“h(x)dz 


Rr k- 00 Rn 
=(-1)!*| lim | (D°f,)(x)h(a)dx 
k-o0o Rn 


= (<1)! lim | (D* fx)(x)h(x)dax 


k>œ Jo 
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= (-1)/4! “fy (x)h(a)dx 
(ale! f Nhad 
=f DA@neax, 


where (Dof) denotes the zero extension of D“ f to all of R”. It follows from this 
computation that 


a Pe 


D“f = (D° f) € L’(R”), — jal <2, 
and hence f € H? (R”). Furthermore, if V € L® (R?) denotes some real extension 
of V, then (—A + Vf = Af and since f vanishes on an open subset of R”, the 
unique continuation principle (see, e.g., [652, Theorem XIII.63]) implies f =0, so 
that f = 0. Therefore, Tinin has no eigenvalues and now Proposition 3.4.8 shows 
that Tmin is simple. 


8.4 A boundary triplet for the maximal 
Schrodinger operator 


In this section a boundary triplet {Z?(0Q),(,11} for the maximal operator Tmax 
in (8.3.3) is provided under the assumption that Q C R” is a bounded C?-domain. 
The corresponding Weyl function is closely connected to the extended Dirichlet- 
to-Neumann map in Corollary 8.3.12. As examples, Neumann and Robin type 
boundary conditions are discussed, and it is also explained that there exist self- 
adjoint realizations of -A + V in L?(Q) which are not semibounded and which 
may have essential spectrum of rather arbitrary form. 


Recall from Corollary 8.2.2 that 
{H*/?(0Q), L?(00), H~*/2(00)} 


is a Gelfand triple and there exist isometric isomorphisms ¿+ : H*2 (00) > L? (0N) 
such that 


(P, V) H-1/2(a9) x H1/2(a0) = (l-9, +V) r299) 


holds for all y € H~!/?(0Q) and y € H!/2 (ƏN). For the definition of the boundary 
mappings in the next proposition recall also the definition and the properties of the 
Dirichlet operator Ap (see Theorem 8.3.4), as well as the direct sum decomposition 


dom Tmax = dom Ap + Ny (Tmax), (8.4.1) 


which holds for all 7 € p(Ap). In particular, since Ap is semibounded from below, 
one may choose 7 € p(Ap) OR in (8.4.1). Further, let ty : H?(Q) > H'/?(0Q) be 
the Neumann trace operator in (8.2.12) and let 7p : dom Tmax > H~'/?(0Q) be 
the extension of the Dirichlet trace operator in Theorem 8.3.9. 
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Theorem 8.4.1. Let Q C R” be a bounded C?-domain, let Ap be the self-adjoint 
Dirichlet realization of —A + V in L?(Q) in Theorem 8.3.4, fix n € p(Ap) NR, 
and decompose f € dom Tmax according to (8.4.1) in the form f = fp + fn, where 
fo € dom Ap and fy E€ Ny(Lmax). Then {L° (8N), To, r1}, where 


Tof =t-tTof and Vif = -t4 fD, f = fo + fn € dom Tmax, 
is a boundary triplet for (Tmin)* = Tmax such that 
Ao=4Ap and A= Tmin + Ny (Tmax). (8.4.2) 


Proof. Let f,g € dom Tmax and decompose f and g in the form f = fp + fy and 
9 = gD + gy with fp, gp € dom Ap C H?(Q) and fy, gy € Ny(Tmax). Since Ap is 
self-adjoint, 


(Tmax fD: gD)r2(0) = (Ap fp, 9p) 12(@) = (fp, Ad gp)r2(0) = (fp, Tmax 9D) L29) 
and since 77 is real, one also has 
(Tmax fn: 9n) L20) = (NF: Inr) = (fn: 9m) £22) = (fn, Tmax Jn) L2(2): 
Therefore, one obtains 
(Tmax f 9) L29) z (6 Tmax g)L2(9) 
= (Tmax( fD + fn), gD + In) 12(9) a (fo + fn Tmax (gp + 9n)) L20) 
= (Tmax tn: 9D) b2(@) a (Tmax fo, In) L2(Q) 
= (fm Twax gD) L2(9) _ (fo. Trax In) L2(2) : 
Let Tyn be the extension of the Neumann trace to dom Tmax from Theorem 8.3.10. 
Then it follows together with Corollary 8.3.11 and tp fp = Tpgp = 0 that 
(Trae fp gD)L2(9) = (fn: Tmax 9D) £2(Q) 
= (TD fn; TNID) H-1/2(09) x H1/2(a0) — (TN fn» TDID) H-3/2(a2) x H3/2 (AQ) 


= (TD fn, TNID) H-1/2(9Q) x H1/2(8Q) 


and 
(Tmax fD, In) L2(9) = (fo. Tmax9n) L2(Q) 
= (TD ÍD, TNIn) H3/2(a9) x H-3/2(a0) — (TN fD, TOGn) H1/2(a0) x H-1/2(8Q) 
= — (TN ÍD, TDGn) H1/2(89) x H-1/2(90)- 
Hence, 


(Tmax f, 9)12(a) — (f, Tmaxg) L2 (9) 
= (TD fn, TNID) H-1/2(89)x H1/2(09) — (TN ÍD, TDIn) H1/2(89)x H-1/2(9Q) 


= (1-7 fn, L+TNID) 12/99) a (v4 7 fp, tT 9n) 1229) 
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and, since fp, gp € ker Tp = ker 7p according to Theorem 8.3.9, one sees that 


(Tmax f, g)L2(9) = (f; Tmax9) L2(Q) 


z (_7of, L+TN9D) 12(90) = (t+ JD; t-79) z200) 


= (—v47N fp, 1-7pg) L(ƏQ) (t-f, —t+TN9D) 1209) 
= (T1 f, Tog)zz(09) — Tof, Tig) 1290) 


for all f,g € dom Tmax, that is, the abstract Green identity is satisfied. To verify 
the surjectivity of the mapping 


(e) : dom Tnax > L2(8Q) x L?(80), (8.4.3) 
let y,w € L?(ðN) and consider tp € H~/?(0Q) and —ızty € H*/?(9Q). 
Observe that by (8.2.12) the Neumann trace operator Ty is a surjective mapping 
from {h € H? (Q) : tph = 0} onto H!/2(8N), that is, ty : dom Ap > H'/?(0Q) is 
onto, and hence there exists fp € dom Ap such that ty fp = =. Next recall 
from Theorem 8.3.9 that the extended Dirichlet trace operator 7p maps dom Tmax 
onto H~!/?(9Q) and that ker7p = ker rp = dom Ap. Hence, it follows from the 
direct sum decomposition dom Tmax = dom Ap + N, (Tmax) that the restriction 
Tp : My(Lmax) > H-*/?(aQ) is bijective, in particular, there exists fy E€ Ny (Tmax) 
such that Tp fn = Z1. Now it follows that f := fp + fy € dom Tmax satisfies 


Tof =e_Tpf = t_To Sn = 1t = 


and 

Tif =T fo = 7 Y = Y, 
and hence the mapping in (8.4.3) is onto. Thus, {L° (ôN), o, I1} is a boundary 
triplet for (Tmin)* = Tmax, as claimed. 

From the definition of [9 and ker7p = kertp = dom Áp it is clear that 
dom Ap = kerTọo, and hence the self-adjoint extension corresponding to Io coin- 
cides with the Dirichlet operator Ap, that is, the first identity in (8.4.2) holds. It 
remains to check the second identity in (8.4.2). For this let f = fp + fy € kerTi, 
which means tyfp = 0. Thus, fp € domTmin by (8.2.15) and it follows that 
Ay C Tin F Niy (Tmax). The inclusion Tmin FR, (Tmax) C A, is clear from the 
definition of T1. This leads to the second identity in (8.4.2). 


Remark 8.4.2. The boundary triplet {L° (ðN), To, r1} in Theorem 8.4.1 is closely 
related to the boundary triplet {9t, (Tmax), Lo, r4} in Corollary 5.5.12, where 


of = tn and Tif = Py, (Tmax) (AD = n) fp, Í _ fo + tn E dom Tmax- 


In fact, one has ker 9 = ker IQ and ker T; = ker T}, and hence 


(rt) (U wa) (r) 
ri 0 Wa) ii 
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with some 2 x 2 operator matrix W = (Wij); j=1 as in Theorem 2.5.1, see also 
Corollary 2.5.5. In the present situation it follows from Theorem 8.3.9 and (8.4.1) 
that the restriction 1-Tp : 9t,(Tmax) > L? (ƏN) is bijective and one concludes 
Wi, = (t_Tp)7!. Now the properties of W imply that W22 = (1_7p)*. 


With the help of the extended Dirichlet-to-Neumann map in Corollary 8.3.12 
one obtains a more explicit description of the domain of the self-adjoint operator 
A; in (8.4.2). 


Proposition 8.4.3. Let Q C R” be a bounded C?-domain, let Ap be the self-adjoint 
Dirichlet realization of -A+V in L?(Q), and fix n € p(Ap) NR. Moreover, let 


D(n) be the extended Dirichlet-to-Neumann map in Corollary 8.3.12. Then the 
self-adjoint extension A, of Tmin in (8.4.2) is defined on 


dom A; = {f € dom Tmax : Inf = D(f}. (8.4.4) 


In the case that n < m( Ap), where m(Ap) denotes the lower bound of Ap, the op- 
erator A; coincides with the Krein type extension Sk n of Tmin in Definition 5.4.2. 
In particular, if m(Ap) > 0 andn = 0, then Aı = Sx,o is the Krein-von Neumann 
extension of Tmin- 


Proof. It is clear from Theorem 8.4.1 that 
dom A; = kerT, = { f = Jp + fy € dom Tmas: TNSD = 0}. 


Let 7y be the extension of the Neumann trace Ty to the maximal domain in 
Theorem 8.3.10. Then the boundary condition ty fp = 0 can be rewritten as 
Tf = Trfn, where f = fp + fy € domTmas- With the help of the extended 
Dirichlet-to-Neumann map 


D(n) : H"? (ƏN) =} H=? (89), Tola = TN În» fn = My (Tmax); 
one obtains Ty fy = D(n)ivfn = D(n)7pf, which implies (8.4.4). 

If 7 € R is chosen smaller than the lower bound m(Ap) of Ap, then it follows 
from the second identity in (8.4.2), Lemma 5.4.1, and Definition 5.4.2 that the 
Krein type extension SK», = Tmin Ey (Tnax) of Tmin and A; coincide. In the 
special case m(Ap) > 0 and 7 = 0 one has A; = Skx,o, which is the Krein-von 
Neumann extension of Tmin; cf. Definition 5.4.2. 


In the next proposition the y-field and the Weyl function corresponding to 
the boundary triplet {L (ƏN), To, T1} in Theorem 8.4.1 are provided. Note that 
for f = fp + fn decomposed as in (8.4.1) one has 


Tof = t-f = t-TD fn, 


as ker īp = ker Tp = dom Ap by Theorem 8.3.9. It is also clear from (8.4.1) that 
To is a bijective mapping from N, (Tmax) onto L? (3N). 
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Proposition 8.4.4. Let {L° (8N), To, T1} be the boundary triplet for (Tmin)* = Tmax 
in Theorem 8.4.1 and let fy(p) be the unique element in N (Tmax) such that 
Tofn(y) = p. Then for all X € p(Ap) the y-field corresponding to the boundary 
triplet { L? (3N), To, T1} is given by 


Ae = (T+ (A= n) (An = A)™) fale), p € L? (09), (8.4.5) 


and falp) := y(A)p is the unique element in Ny(Tmax) such that To fal) = ¢. 
Furthermore, one has 


y(A)* = -147n(Ap å), A€ p(Ap). (8.4.6) 


The Weyl function M corresponding to the boundary triplet {L° (8N), To, r1} is 
given by 
M()p = (1-AJamlAn -AJE fe), p € £?(00). 


In particular, y(n)y = f,(y) and M(n)p =0 for all p € L? (8N). 
Proof. Since by definition y(n) is the inverse of the restriction of To to Ny (Tmax), 
it is clear that y(n) = fn(p), where fy(p) is the unique element in Ny (Tmax) such 
that Tof;(y) = y. Both (8.4.5) and (8.4.6) are consequences of Proposition 2.3.2. 
In order to compute the Weyl function note that 
IAJE = fal) + (A = m) (An = A)" fn) 
is decomposed in (A — 9)(Ap — A)~* fy (p) € dom Ap and f(y) € Ny(Tmax), and 
hence by the definition of I; it follows that 
M(A)g =Try()e = =T [A = n) Ao = )* A) 
= (n — AJT (An — A) fale). 


The assertion M(n)y = 0 for all y € L? (ðN) is clear from the above. 


The Weyl function M in Proposition 8.4.4 is closely connected with the 
Dirichlet-to-Neumann map D(A) and its extension D(A), A € p(Ap), in Defini- 
tion 8.3.6 and Corollary 8.3.12. This connection will be made explicit in the next 
lemma. First, consider f = fp + fy € domTmax as in (8.4.1). In the present 
situation one has 


tip = N fo = TNS — TNS n- 


Hence, making use of D(n)7p fn = TNfn (see Corollary 8.3.12) and the identity 
ker Tp = dom Ap, it follows that 


mfp = tf — DMT fn = FNS — DMS. (8.4.7) 
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Lemma 8.4.5. Let M be the Weyl function corresponding to the boundary triplet 
in Theorem 8.4.1 and let D(A), A € p(Ap), be the extended Dirichlet-to-Neumann 
map in Corollary 8.3.12. Then the regularization property 


ran (D(n) — D(A)) c H*/?(aQ) (8.4.8) 
holds and one has 
M(A)p = t4 (Dn) - DA), p € 17(0), (8.4.9) 
and 
M(AJp = 4 (D(n) — D(A)) t9, y € H? (8N), (8.4.10) 


Proof. For y € H712 (8N) choose fy € Ny (Tmax) such that 7p fa = Y or, equiva- 
lently, Tofa =v. Decompose fy in the form fy = fÒ + fy, with fA € dom Ap 
and fy E Ny (Tmax). Then one computes 


(Din) - DAY = DM f -ifa = -r fÀ, (8.4.11) 


where (8.4.7) was used in the last step for f = fy. Since fà € dom Ap C H? (Q), 
the regularization property (8.4.8) follows from (8.2.12). From (8.4.11) one also 
concludes that 


1 (Din) = DAL Tof = -T fÀ = T1 f, 


and since M(A)lof, = Tif, by the definition of the Weyl function, this shows 
(8.4.9). 

It remains to prove the second assertion (8.4.10). For this note that the 
restriction of v=! : L?(0Q) > H71? (ƏN) to H?(Q) is an isometric isomorphism 
from H?(0Q) onto H?/?(9Q) by Corollary 8.2.2. Furthermore, it follows from the 
definition that the extended Dirichlet-to-Neumann map D(A) coincides with the 
Dirichlet-to-Neumann map D(A) on H°/?(0Q). With these observations it is clear 
that (8.4.10) follows when restricting (8.4.9) to H?(0). 


Remark 8.4.6. The boundary mappings in Theorem 8.4.1 and the corresponding 
y-field and Weyl function depend on the choice of 7 € p(Ap) AR and the decom- 
position of f € dom Tmax as f = fE + fn; observe that also fp = f € dom Ap 
depends on 7. Suppose now that the boundary mappings are defined with respect 
to some other 7 € p(Ap) MR and decompose f accordingly as f = ft + fy. If 
Td, T? denote the boundary mappings in Theorem 8.4.1 with respect to 7, and 
eae w denote the boundary mappings in Theorem 8.4.1 with respect to 7’, then 


one has 
i = I 0 Tg 
(7) = EN i @ ; (8.4.12) 
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In fact, that r7 f =T8f for f € dom Tmax is clear from Theorem 8.4.1, and for 
the remaining identity in (8.4.12) it follows from Lemma 8.4.5 that 


=M(y TRF ATES = e (D) = DM) IIS +I 
(D(n' tof — DMT f) -rm fB 
(Dn To fy — D)o fn) — fE 


(Tn fw — Tn fn) — +T fD 


a 

a 
= by 
4 
= TSB — £8) — rfn 


=T" f. 


Finally, note that the y-fields and Weyl functions of the boundary triplets in 
Theorem 8.4.1 for different 7 and 7’ transform accordingly; cf. Proposition 2.5.3. 


Next some classes of extensions of Tmin and their spectral properties are 
briefly discussed. Let {L° (ƏN), To, T1} be the boundary triplet in Theorem 8.4.1 
with corresponding y-field y and Weyl function M in Proposition 8.4.4. According 
to Corollary 2.1.4, the self-adjoint (maximal dissipative, maximal accumulative) 
extensions Ag C Tmax Of Tmin are in a one-to-one correspondence to the self- 
adjoint (maximal dissipative, maximal accumulative) relations © in L?(0Q) via 


dom Ag = { f € dom Tmax : {Tof, Tif} € O} 


a (8.4.13) 
= Tf € dom Tmax : {t-Tpf, —t4TN fp} € O}. 
If © is an operator in L? (ƏN), then the domain of Ae is given by 
dom Ag = { f € dom Tras: Ol_Tp = —14TN fD}. (8.4.14) 


Let © be a self-adjoint relation in L?(0Q) and let Ao be the corresponding 
self-adjoint realization of -A + V in L?(Q). By Corollary 1.10.9, © can be repre- 
sented in terms of bounded operators A,B € B(L?(0Q)) satisfying the conditions 
A*B = B*A, AB* = BA*, and A*A + B*B = I = AA* + BB* such that 


O = {{Ay, Bo} : p € L°(0M)} = {{4, W} : AY = Bry}. 
In this case one has 
dom Ae = { f € dom Tnax : —A*t4TN fo = B*i-Tf}, 
and for A € p(Ae) N p(Ap) the Krein formula for the corresponding resolvents 
(de = 9)" = (An = 4) + y(A) (0 = MQ) A)" 
= (Ap -A)T + (AA(B— MAJA) A) 


(8.4.15) 
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holds by Theorem 2.6.1 and Corollary 2.6.3. Recall that in the present situation the 
spectrum of Ap = Ap is discrete by Proposition 8.3.2. According to Theorem 2.6.2, 
A € p(Ap) is an eigenvalue of Ae if and only if ker (© — M(A)) or, equivalently, 
ker (B — M(A)A) is nontrivial, and that 


ker (Ao — A) = 7(A) ker (© — M(A)) = 7(A)A ker (B — M (A)A). 


Although Q is a bounded C?-domain, it will turn out in Example 8.4.9 that the 
spectrum of Ae is in general not discrete, and thus continuous spectrum may be 
present. It then follows from Theorem 2.6.2 and Theorem 2.6.5 that \ € p(Ap) be- 
longs to the continuous spectrum o,(A@) (essential spectrum o¢s3(A@) or discrete 
spectrum oq(Ao)) of Ae if and only if 0 belongs to oe(© — M(A)) (dess(O — M(A)) 
or gg(O — M(A))). 

For a complete description of the spectrum of A@ recall that the symmetric 
operator Tmin is simple according to Proposition 8.3.13 and make use of a trans- 
form of the boundary triplet {L° (ƏN), To, T1} as in Chapter 3.8. This reasoning 
implies that is an eigenvalue of Ao if and only if A is a pole of the function 


d+ Me(d) = (A* + B*M(A)) (B* — A*M(A)) 


It is important to note in this context that the multiplicity of the eigenvalues of 
Ag is not necessarily finite and that the dimension of the eigenspace ker (Ae — à) 
of an isolated eigenvalue A of Ae coincides with the dimension of the range of 
the residue of Mo at à. Furthermore, the continuous and absolutely continuous 
spectrum of Ae can be characterized as in Section 3.8, e.g., one has 


Tacl Ao) = U closac({x € R : 0 < Im (Mo(z + i0)y, P) L209) <oo}). 
pe L?(dQ) 


In the special case that the self-adjoint relation © in L? (ðN) is a bounded opera- 
tor the boundary condition reads as in (8.4.14) and according to Section 3.8 the 
spectral properties of the self-adjoint operator Ao can also be described with the 


help of the function 
1 


AH (O-M(A)) -. 


The general boundary conditions in (8.4.13) and (8.4.14) contain also typical 
classes of boundary conditions that are treated in spectral problems for partial 
differential operators, as, e.g., Neumann or Robin type boundary conditions. In 
the following example the standard Neumann boundary conditions are discussed. 
Note that the Neumann operator does not coincide with the Krein type extension 
Sk,» or the Krein—von Neumann extension Sko of Tmin in Proposition 8.4.3. 


Example 8.4.7. Let {L° (ƏN), To, T1} be the boundary triplet in Theorem 8.4.1 
and choose 7 € p(Ap) MR in (8.4.1) in such a way that also 7 € p(An), where 
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Ayn denotes the Neumann realization of —A + V in Proposition 8.3.3 and The- 
orem 8.3.4. Since both self-adjoint operators Ap and Ay are semibounded from 
below (or both have discrete spectrum), such an 77 exists. In this situation it follows 
that the Dirichlet-to-Neumann map 


D(n) : H3/?(0Q) > H? (8N) 


in Definition 8.3.6 is a bijective mapping. Furthermore, 14 : H12 (89) + L?(0Q) 
is bijective and the restriction of 2" : L?(0Q) > H~'/?(AQ) to H?(AQ) is an 
isometric isomorphism from H?(0Q) onto H*/?(9Q) according to Corollary 8.2.2. 
Hence, it is clear that 


Oy := 14D(n)ta!, dom Oy := H? (8N), (8.4.16) 


is a densely defined bijective operator in L? (8N). Furthermore, for y € H? (əN) 
and y) = Zt € H?/? (ƏN) it follows from Corollary 8.2.2 that 


(14 D)o, p) L2 (8N) = (44 D(n)4, 1Y) L2(aQ) = (D(n)¥, w)12(a): (8.4.17) 


Now choose fy € H?(Q) such that (-A+V)f, = nf, and tofy = Y, which is 
possible by (8.3.9) and (8.2.12). Then it follows from Definition 8.3.6 and the first 
Green identity in (8.2.18) that 


(D(n)v, ) 12 (aa) = (D(n) 7 fn: To In) ra (a9) 
= (TN fns TD fn) £2 (02) 
= |V falli2(ascn) + (Afr: fn) 22) 
= |Vfnlli2ca.ce) + (V — 0) fn fn) 220): 


so that (D(7)w, )r2(ag) E€ R and hence (Ong, Y)72(aa) € R by (8.4.16)—(8.4.17) 
for all y € H?(0Q). It follows that the bijective operator Oy is symmetric in 
L? (ƏN), and hence Oy is an unbounded self-adjoint operator in L?(0Q) such that 
0 € p(On). 

The self-adjoint realization of —A + V in L?(Q) corresponding to the self- 
adjoint operator Oy in (8.4.16) is denoted by Ao,. A function f € dom Tmax 
belongs to dom Aø, if and only if 


(8.4.18) 


Tof = l_Tof € dom On and Tif = OnTof. 
Note that «_7pf € dom Oy forces 7pf € H3/?(0Q) and hence f € H?(Q) and 


Tof = tof by (8.2.12) and Theorem 8.3.9. It then follows from (8.4.7) and (8.4.16) 
that the boundary condition [; f = OnTof takes on the form 


t4D(n)tof —+4tNf = —t4tN fo =Tif = Ono f = ++D(n)twf, 
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that is, tyf = 0. Hence, it has been shown that dom Ae, C H?(Q) and that 
Tyf = 0 for all f € dom Ao,,. Therefore, Ag, C An and since both operators are 
self-adjoint one concludes that Ae, = An. 

Note also that by (8.4.16) and Lemma 8.4.5 one has 


(On — MQ) 9 = t4 Digit = t4 (D(n) — DAJ = t4 DANI 


for y € H?(0Q) and A € p(Ap). Hence, it follows that Oy — M()) is a bijec- 
tive operator in L?(0Q) for all A € p(Ap) N p(An) which is defined on H?(0Q). 
Therefore, (8.4.15) implies that the resolvents of Ap and Ay are related via 


(An = A)T} = (Ap = A)T H AL- DOA) GY)", 


where y is the y-field corresponding to the boundary triplet {2° (8N), To, T1} in 
Proposition 8.4.4. 


The next example is a generalization of the previous example from Neumann 
to local and nonlocal Robin boundary conditions. 


Example 8.4.8. Let {L° (ðN), To, I1} be as in the previous example and fix some 
n € p(Ap) N p(An) NR. Then the operator Oy = 14.D(n)r=* in (8.4.16) is an 
unbounded self-adjoint operator in L? (ƏN) with domain H? (ƏN), and 0 € p(Oy). 
Assume that 

B : H?P(0Q) > H? (8N) (8.4.19) 
is compact as an operator from H3/2 (8N) into H'/?(0Q) and that B is symmetric 
in L?(3N), that is, (BV, Y)rz(ə9) € R for all y € dom B = H3/2(9Q). Then it 
follows that 

t4 B2 : H? (8N) > L? (8N) 
is compact as an operator from H?(ƏN) into L? (ƏN) and as in (8.4.17) one sees 
that ¿B12 is symmetric in L? (3N). Consider the operator 


Opg := 4 (D(n) — B).=' = On —14Bi2', dom@g = H?(dQ), (8.4.20) 


and observe that the symmetric operator 1} B12! is a relative compact perturba- 
tion of the self-adjoint operator Oy in L?(0Q), that is, the operator 


ta Bu Oy 


is compact in L? (ƏN). It is well known from standard perturbation results (see, 
e.g., (652, Corollary 2 of Theorem XIII.14]) that in this case the perturbed operator 
Op is self-adjoint in L?(09). 

The self-adjoint realization of —A + V in L?(Q) corresponding to the self- 
adjoint operator Og in (8.4.20) is denoted by Aep. It is clear that a function 
f € dom Tmax belongs to dom Ae, if and only if 


Tof =i- f €domO@g and Tif = OpTof. (8.4.21) 
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In the same way as in Example 8.4.7 the fact that +- Tpf € dom Opg implies that 
f € H?(Q) and 7pf =7pf, and the boundary condition rı f = Oglof takes the 
explicit form 


t4D(n)tof — tmf =Tif = Onlof = t4 (D(n) - B)mf, 


that is, ty f = Brpf. Conversely, if f € H?(Q) is such that mf = Brpf, then 
f satisfies (8.4.21) and hence f € dom Ao,. Thus, it has been shown that the 
self-adjoint operator Ae, is defined on 


dom Ae, = {f € H?(Q): mf = Brpf}. 
In the same way as in the previous example one obtains 
Oz — M(A) = (D(A) — B) Zt 
and hence for all A € p(Ap) N p(Ao,) one has 
(Aos — A)T} = (An — A)T! + yA- (D(A) — B) FA)". 


Finally, note that a sufficient condition for the operator B in (8.4.19) to be 
compact is that B : H°/?(9Q) + H!/?+:(ƏN) is bounded for some e > 0, or that 
B : H°/2-©'(8Q) — H"?(ƏN) is bounded for some e’ > 0, since the embeddings 
H/2+€(8Q) G H'/2(8Q) and H3/2(0Q) G H3/2-© (ƏN) are compact by (8.2.8). 


In the next example it is shown that the (essential) spectrum of a self-adjoint 
realization Ao of —A + V can be very general, depending on the properties of 
the parameter ©. In particular, the self-adjoint realization Ag may not be semi- 
bounded. 


Example 8.4.9. Let n E€ p(Ap) MR, consider an arbitrary self-adjoint operator = in 
the Hilbert space N, (Tmax) = ker (Tmax—7), and assume that 7 € p(&). Denote by 
Pn, the orthogonal projection in L?(Q) onto N, (Tmax) and let um, be the natural 
embedding of N, (Tnax) into L?(Q). 

Let {L° (3N), To, l1} be the boundary triplet in Theorem 8.4.1 with corre- 
sponding +-field and Weyl function in Proposition 8.4.4. Note that M (n) = 0 and 
that both 


Py, y(n) : L?(aQ) > N, (Tmax) and y(n)" om, Ny (Tmax) > L?(aQ) 
are isomorphisms. It follows that 
© := (7(n)*em,,) (E — n) (Px, 1(n)) 


is a self-adjoint operator in L?(0Q) with 0 € p(O) and 


=1 


0-1 = (Px, vn) (E-) 1 (y(n)*im,) (8.4.22) 
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Let Ae be the corresponding self-adjoint realization of —A +V in (8.4.13)-(8.4.14) 
defined on 
dom Ag = { f € dom Tma : Ol_Tp = —14 TN fp}. 


Since M(7) = 0 and 7 € R, Krein’s formula in (8.4.15) takes the form 


(Ao — n)! = (Ap = 0) 71 + y(n) Otn)" 


= (Ap A)! + Ca o) 


where the block operator matrix is acting with respect to the space decomposition 
L?(Q) = Ny (Tnax) B (Ny (Tmax))+. Using (8.4.22) one then concludes that 


(Ao = n)™* = (An — 9) + g pO ) . 


In particular, since (Ap — 7)~! 


that 


is compact, well-known perturbation results show 


Tess ((Ao a ny *) = ða E ~~ n=) U {0}, 


and hence Cess(Ao) = Cess (2). 


8.5 Semibounded Schrodinger operators 


The semibounded self-adjoint realizations of —A + V, where V € L®(Q) is real, 
and the corresponding densely defined closed semibounded forms in L? (Q) are 
described in this section. For this purpose it is convenient to construct a boundary 
pair which is compatible with the boundary triplet in Theorem 8.4.1 and to apply 
the general results from Section 5.6. Under the additional assumption that V > 0, 
the nonnegative realizations of —A + V and the corresponding nonnegative forms 
in L?(Q) are discussed as a special case. In this situation the Kren—von Neumann 
extension appears as the smallest nonnegative extension. 


Let Q C R” be a bounded C?-domain and let Ap be the self-adjoint Dirichlet 
realization of —A + V. It is clear from Proposition 8.3.2 that Ap coincides with 
the Friedrichs extension of the minimal operator Tmin in (8.3.2) and that Ap 
is bounded from below with lower bound m(Ap) > v_, where v_ = essinfV. 
Furthermore, the resolvent of Ap is compact since the domain Q is bounded. 
Therefore, the following description of the semibounded self-adjoint extensions of 
Tmin is an immediate consequence of Proposition 5.5.6 and Proposition 5.5.8. 


Proposition 8.5.1. Let Q C R” be a bounded C?-domain, let {L7(0Q),T,T1} be 
the boundary triplet for (Tmin)* = Tmax from Theorem 8.4.1, and let 
Ag =—A +V, 
dom Ao = { f € dom Tmax : {T0f, Tif} € O}, 
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be a self-adjoint extension of Tmin in L?(Q) corresponding to a self-adjoint relation 


© in L?(OQ) as in (8.4.13). Then 
Ae is semibounded <= © is semibounded. 


Recall also from Section 8.3 that the densely defined closed semibounded 
form t4, corresponding to Ap is defined on H4(Q). Now fix some 7 < m(Ap), use 
the direct sum decomposition 


dom Tnax = %y (Tmax) + dom Ap = 0, (Tmax) + (H?(Q) N Hg (Q)) (8.5.1) 


from (8.4.1) and Proposition 8.3.2, and consider the corresponding boundary 
triplet {£7(0Q),T,P1} for (Tmin)* = Tmax in Theorem 8.4.1 given by 


Tof =t_-tpf and Tif =—-v,7tmfp, (8.5.2) 


where f = fn + fo € domTmax with fn E 9t,(Tmax) and fp E dom Ap; cf. 
(8.5.1). It is clear that Ag = Ap coincides with the Friedrichs extension of Tmin 
and A; = Tmin F Niy (Tmax) coincides with the Krein type extension Sk, of Tmin; 
cf. Definition 5.4.2. In order to define a boundary pair for Tmin corresponding to 
Ai = Sk,n, consider the densely defined closed semibounded form tsx „ associated 
with S_,, and recall from Corollary 5.4.16 the direct sum decomposition 


dom tsy, = Ny(Tmax) + dom ta, = Ny (Tmax) + Ho (N) (8.5.3) 


of dom ts,.,,- Comparing (8.5.1) and (8.5.3) one sees that dom Tmax C dom tsp., 
and that the domain of the Dirichlet operator Ap in (8.5.1) is replaced by the 
corresponding form domain in (8.5.3). The functions f € dom tsx, „ will be written 
in the form f = fy + fr, where fy € Ny(Tmax) and fr € dom t4p = Hj (Q). Now 
define the mapping 


A:domts,.,, > P69), fro Af =t_Tpfy. (8.5.4) 


It will be shown next that {L° (3N), A} is a boundary pair that is compatible with 
the boundary triplet {L (3N), o, l1} in the sense of Definition 5.6.4; although 
the main part of the proof of Lemma 8.5.2 is similar to Example 5.6.9, the details 
are provided. 

Lemma 8.5.2. Let Q C R” be a bounded C?-domain and let Ap be the self-adjoint 
Dirichlet realization of —A + V with lower bound m(Ap). Fix n < m(Ap), let 
{L° (ƏN), To, T1} be the corresponding boundary triplet for (Tmin)* = Tmax from 
Theorem 8.4.1, and let A be the mapping in (8.5.4). Then {L?(0Q), A} is a bound- 
ary pair for Tmin corresponding to the Krein type extension Sr „ which is compat- 
ible with the boundary triplet {L> (3N), To, T1}. Moreover, one has 


(Tmax f, 9) 12(9) = tsk nlf 9] + Tif, Ag) L209) (8.5.5) 


for all f € dom Tmax and g € dom ts,.,,- 
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Proof. According to Lemma 5.6.5 (ii), it suffices to show that for some a < 7 the 
mapping A in (8.5.4) is bounded from the Hilbert space 


Dts, y-a = (dom fakas (, tsa) 


to L?(0Q) and that A extends the mapping To in (8.5.2). In the present situation 
it is clear that the compatibility condition A; = Sx, is satisfied. 

In order to show that A is bounded fix some a < n, recall first from (5.1.7) 
that the Hilbert space norm on Dts a is given by 


Flies -a = tSic.n [f] E all f\lZ2(a); f € dom tsy, z Disg -a 


It follows from Theorem 8.3.9 that the restriction -7p : Ny (Tmax) > L? (ƏN) is 
bounded and hence for f = fy + fr € domts,.,,, decomposed according to (8.5.3) 
in fyn E Ny(Tmax) and fr € dom ty,, one has the estimate 


AF IIZ2(a0) = le-7fall72(aa) < Clalit) (8.5.6) 
Now the orthogonal sum decomposition 
dom tsk, = Na (Tmax) Disg „—a dom tap (8.5.7) 
from Corollary 5.4.15 will be used. To this end, define 
fa = (T+ (a = n)(An = a)™*) fn 


and note that f = fa+hp with fa E€ Na(Tmax) and hp = fn — fa + fr € dom tap. 
Then one has 


tn = (I+ (n= a)(Ap = ny" \ fa 


and Proposition 1.4.6 leads to the estimate 


m(Ap) —a 
< ——— |a ; 8.5.8 
lfallzz@) < Cae Il fall z2() (8.5.8) 
Furthermore, it follows from (5.1.9) and the orthogonal sum decomposition (8.5.7) 
that 


(n— alifaa < [Malley a SMa a + lr -a= IF Rey 0 


From this estimate, (8.5.6), and (8.5.8) one concludes that A : His. -a > L? (aN) 
is bounded. 

From the definition of A in (8.5.4) and the decompositions (8.5.1) and (8.5.3) 
it is clear that A is an extension of the mapping To in (8.5.2). Moreover, by 
construction, the condition A; = S,, is satisfied. Therefore, Lemma 5.6.5 (ii) 
shows that {L° (N), A} is a boundary pair for Tinin corresponding to Sk,» which 
is compatible with the boundary triplet {L (3N), o, l1}. The identity (8.5.5 
follows from Corollary 5.6.7. 
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The next theorem is a variant of Theorem 5.6.13 in the present situation. 


Theorem 8.5.3. Let Q C R” be a bounded C?-domain, let Ap be the self-adjoint 
Dirichlet realization of —A +V with lower bound m(Ap), and fix n < m(Ap). Let 
{L?(0Q),T 0,01} be the boundary triplet for (Tmin)* = Tmax from Theorem 8.4.1 
and let {L° (ƏN), A} be the compatible boundary pair in Lemma 8.5.2. Furthermore, 
let © be a semibounded self-adjoint relation in L?(0Q) and let Ao be the corre- 
sponding semibounded self-adjoint extension of Tmin in Proposition 8.5.1. Then 
the closed semibounded form we in L? (ƏN) corresponding to © and the densely 
defined closed semibounded form ta, corresponding to Ae are related by 


tae (f, g] = tsi, (f, g] + we [Af, Ag], 


; (8.5.9) 
domt4, = { f E€ domts,,, : Af € dom we }. 


For completeness, the form t4, in Theorem 8.5.3 will be made more explicit 
using Corollary 5.6.14. First note that, by the definition of the boundary map A 
in (8.5.4) and the decomposition (8.5.3), one can rewrite (8.5.9) as 

tho lf; 9] = tsx, lf: 9] + wolt—To fn, ¢-TDIn]; (8.5.10) 
dom tag = {f = fn + fr € dom tsy. „ : t-TD fyn € domwe }. _ 


If m(@) denotes the lower bound of the semibounded self-adjoint relation © and 
u < m(@) is fixed, then the closed semibounded form t4, in (8.5.9)—(8.5.10) 
corresponding to Ae is given by 
io a ia 
tas (f, g] = Sin f, g] ag ((Oop = u) 2 t_Tp fn (Oop _ u) 2 L-TDIn) 12 (a0) 
+ u (1-7 fn, L-TD9n) L2(89) > 
domt4e = {f = fy + fr € domts,, : t-7p fy € dom (Oop — u)? }; 


as usual, here Oop denotes the semibounded self-adjoint operator part of © acting 
in L?(0Q)op = dom @. In the special case where Oop E€ B(L?(0Q)op) one has 


tse [f g] — tS.» ke g] + (Oop t-TD Ín, t-7D9n) z209) 
dom t4o = {f =f, + fr € domtg,, :t_Toj, € dom Oop }, 
and if © € B(L?(09)), then 
tao he g] = tS» If, g] FF (Oc Tp fm '-7D9n) r2(99)' dom tag = dom Si. : 


Recall also from Corollary 5.4.15 that the form ts, „ can be expressed in terms of 
the form tap and the resolvent of Ap. 


Finally, the special case V > 0 will be briefly considered. In this situation the 
minimal operator Tmin and the Dirichlet operator Ap are both uniformly positive 
and hence in the above construction of a boundary triplet and corresponding 
boundary pair one may choose 7 = 0. More precisely, Theorem 8.4.1 has the 
following form. 
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Corollary 8.5.4. Let Q C R” be a bounded C?-domain, let Ap be the self-adjoint 
Dirichlet realization of -A+V in L?(Q) with V > 0, and decompose f € dom Tmax 
according to (8.4.1) with n = 0 in the form f = fp + fo, where fp E€ dom Ap and 
fo € ker Tmax- Then {L7(0Q),T0,T1}, where 


Iof =t-tof and Tif =—t4tnfp, f = fo + fo € dom Tmax, 
is a boundary triplet for (Imin)* = Tmax such that 
Ag = Ap and Ay — Lets + Np (Taa) 


coincide with the Friedrichs extension and the Kreïn-von Neumann extension of 
Tmin, respectively. 


It is clear from Proposition 8.4.4 that for all A € p(Ap) the q-field and Weyl 
function corresponding to the boundary triplet { L? (8N), ro, r1} in Corollary 8.5.4 
have the form 


(Ay = (I+ A(Ap —A)™) foly), p € L7(AN), 


and 
M(A)y = —t47NXAp — A)" foly), v € L7(0Q), (8.5.11) 


respectively, where fo(y) is the unique element in No(Tmax) with the property 
that To fo(y) = 1- fole) = ¢. 

The next proposition is a variant of Proposition 8.5.1 for nonnegative exten- 
sions. 


Proposition 8.5.5. Let Q C R” be a bounded C?-domain, assume that V > 0, 
and let {L> (3N), Lo, T1} be the boundary triplet for (Tmin)* = Tmax from Corol- 
lary 8.5.4. Let 


Ao =-—A +V, 
dom Ao = { f € dom Tmax : (lof, lif} € O}, 


be a self-adjoint extension of Tmin in L?(Q) corresponding to a self-adjoint relation 


© in L? (ƏN) as in (8.4.13). Then 
Ao is nonnegative <+> © is nonnegative. 


Proof. Note that the Weyl function M in (8.5.11) satisfies M(0) = 0 and that 
Tmin is uniformly positive. Therefore, if Ao is a nonnegative self-adjoint extension 
of Tmin, then Proposition 5.5.6 with x = 0 shows that the self-adjoint relation © 
in L?(0Q) is nonnegative. Conversely, if © is a nonnegative self-adjoint relation 
in L?(0Q), then it follows from Corollary 5.5.15 and Ay = Sx.9 > 0 that Ao is a 
nonnegative self-adjoint extension of Tmin- 
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In the nonnegative case the boundary mapping A in (8.5.4) is given by 
A:domts,, > L7(09), f Af =t- fo, (8.5.12) 
where one has the direct sum decomposition 
dom tsx o = No(Tmax) + dom ta, = No(Tmax) + H (9N), 


and according to Lemma 8.5.2 {L? (3N), A} is a boundary pair that is compatible 
with the boundary triplet {L° (89), To, T1} in Corollary 8.5.4. 

In the nonnegative case a description of the nonnegative extensions and their 
form domains is of special interest. In the present situation Corollary 5.6.18 reads 
as follows. 


Corollary 8.5.6. Let Q C R” be a bounded C?-domain, let Ap be the self-adjoint 
Dirichlet realization of —A + V with V > 0, let {L7(0Q),To,T1} be the bound- 
ary triplet for (Tmin)* = Tmax from Corollary 8.5.4, and let {L?(0Q), A} be the 
compatible boundary pair in (8.5.12). Then the formula 


1 as 2 = 
taolf,9] = tsxolf, 9] + (Oop -7D fo, Oĉp t-T90) 12(a0)° 
T 
dom t4, = {f = fo + fr € dom tsx,o H L_Tp fo = dom Oép i, 


establishes a one-to-one correspondence between all closed nonnegative forms tag 
corresponding to nonnegative self-adjoint extension Ae of Tmin in L?(Q) and all 
closed nonnegative forms we corresponding to nonnegative self-adjoint relations O 


in L?(0Q). 


8.6 Coupling of Schrodinger operators 
The aim of this section is to interpret the natural self-adjoint Schrédinger operator 


A=-A+YV, dom A = H?(R”), (8.6.1) 


in L?(R”) with a real potential V € L°°(IR”) as a coupling of Schrödinger operators 
on a bounded C?-domain and its complement, that is, A is identified as a self- 
adjoint extension of the orthogonal sum of the minimal Schrödinger operators on 
the subdomains and its resolvent is expressed in a Krein type resolvent formula. 
The present treatment is a multidimensional variant of the discussion in Section 6.5 
and is based on the abstract coupling construction in Section 4.6. 


Let Q} C R” be a bounded C?-domain and let Q- := R” \ Q, be the 
corresponding exterior domain. Since € := 0Q_ = OQ, is C?-smooth in the sense 
of Definition 8.2.1, the term C?-domain will be used here for Q_, although Q_ 
is unbounded. In the following the common boundary € is sometimes referred 
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to as an interface, linking the two domains 24 and Q_. Note that one has the 
identification 
LR”) = 17(4) @ L7(0_). (8.6.2) 


Consider the Schrödinger operator A = —A + V, dom A = H?(R®), in (8.6.1) 
with V € L®(R”) real. Since the Laplacian —A defined on H?(R”) is unitarily 
equivalent in L?(R") via the Fourier transform to the maximal multiplication 
operator with the function x +> |z|?, it is clear that —A, and hence A in (8.6.1), 
is self-adjoint in L?(R"). Moreover, for f € C§°(IR") integration by parts shows 
that 


(Af, finery = (VS, VA) reper) + (VE, A) Lepr) = v—|If lizer») 


where v_ = essinfV. As C@°(IR”) is dense in H?(R"), this estimate extends to 
H?(R"). Therefore, A is semibounded from below and v_ is a lower bound. 

The restriction of the real function V € L®(Q) to Q4 is denoted by V} 
and the same +-index notation will be used for the restriction f+ € L?(Q4) 
of an element f € L?(R”). The minimal and maximal operator associated with 
—A + V} in L?(Q4) will be denoted by T+, and Tt, respectively, and the self- 
adjoint Dirichlet realization in L?(Q.,) will be denoted by A}; cf. Proposition 8.3.1, 
Proposition 8.3.2, and Theorem 8.3.4. For the minimal operator 


Ton =-A+V_, domTy,, = HEQ), 


and the maximal operator 
Traz =-A+ V 
dom Ty, = { f- € L’?(Q_): -Af_+V_f-_ € L?(Q_)}, 


on the unbounded O?-domain one can show in the same way as in the proof of 
Proposition 8.3.1 that ({i,)* = Toas and Tui, = (Tmax). Furthermore, since 
Q_ has a compact C?-smooth boundary, it follows by analogy to Theorem 8.3.4 
that the self-adjoint Dirichlet realization Ap corresponding to the densely defined 


closed semibounded form 
tolf ag | = (Vf ,Vg )1£2(@_;C”) + (V_f-,9-)12(@_); dom tp = H(9Q-), 


via the first representation theorem (Theorem 5.1.18) is given by 


Ap =-A+V_, domA5 ={f_ € H?(Q_):75 f- =0}, 


where 7, denotes the Dirichlet trace operator on Q_; cf. (8.2.13). The operator A5 
is semibounded from below and v_ = essinf V is a lower bound. In contrast to the 
Dirichlet operator AS, the resolvent of Ap is not compact since Rellich’s theorem 
is not valid on the unbounded domain Q; cf. the proof of Proposition 8.3.2. Note 
also that the Dirichlet trace operator tg : H?(Q_) > H?/?(@) and Neumann 
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trace operator Ty : H?(Q_) + H'/?(@) have the same mapping properties as on a 
bounded domain. Moreover, both trace operators admit continuous extensions to 
dom Tas in Theorem 8.3.9 and Theorem 8.3.10. With the identification (8.6.2) 
it is clear that the orthogonal sum 


~ (A 0 
Ap = ( i a (8.6.3) 


is a self-adjoint operator in L? (R”) with Dirichlet boundary conditions on €. The 
goal of the following considerations is to identify the self-adjoint Schrödinger oper- 
ator A in (8.6.1) as a self-adjoint extension of the orthogonal sum of the minimal 
operators T%in and to compare A with the orthogonal sum Ap in (8.6.3) using a 
Krein type resolvent formula. 

From now on it is assumed that 7 < essinfV is fixed, so that, in particular, 
n € p(Ad) N p(Ap) NR. Consider the boundary triplet {£7(C), r}, TI} for Tt, 
in Theorem 8.4.1, that is, 


To f+= t-f and IT f,=—tyNfo4, f+ € dom Tiax 


where f} = fp,4 + fn,+ with fp,+ € dom AŻ and fy,+ € Ny (Tax). In the same 
way as in the proof of Theorem 8.4.1 one verifies that {L?(€),I9 , Ty}, where 


Io f-=+-7pf—- and TIJ- = -—ti4TūẸN fp,- f- € dom Tax 


where f_ = fp,- + fn,- with fp,- € dom Ap and fn,- € Ny (Tinax), is a boundary 
triplet for Tax such that dom Ap = kerr. The -fields and Weyl functions 
in Proposition 8.4.4 corresponding to the boundary triplets {L° (C), r, TÝ} are 
denoted by y+ and M+, respectively. 


In analogy to Section 4.6, the orthogonal coupling of the boundary triplets 
{L7(e), r,r] } and {L?(€), r3, Ty} leads to the boundary triplet 


{17(€) @ L7(€),To,T1} (8.6.4) 

for the orthogonal sum Tmax := Triax © Thay of the maximal operator TE y, where 
~ lof ) f f " 

To= ( ee pat Per. Fale fy fee dom Tis 8.6.5 

of C f- tT f- f E ’ fa max? ( ) 


and 


- + Spaeth 
Rip es : aoo , f= a) , fe edomT#,. (8.6.6) 


It is clear that 


dom At x dom Ap = ker To, 


8.6. Coupling of Schrödinger operators 619 


and hence the self-adjoint operator in (8.6.3) coincides with the self-adjoint ex- 
tension of Tmin = Tt, O T7 


min min 


corresponding to the boundary condition ker Dok 
Note also that the corresponding y-field y and Weyl function M have the form 
any [HA 0 ry a [MA 0 
(A) = ( 0 JA) and M(A)= 0 M_(A) (8.6.7) 
for \ € p(Ab) N p(A5)- 

In Lemma 8.6.2 it will be shown that a certain relation © is self-adjoint in 
L?(C) @ L7(C). This relation will turn out to be the boundary parameter that 
corresponds to the Schrödinger operator A in (8.6.1) via the boundary triplet 
(8.6.4). The following lemma on the sum of the Dirichlet-to-Neumann maps is 
preparatory. 

Lemma 8.6.1. Let 1 < essinfV and let Dy(A) : H*/2(@) + H1/2(C) be the 


Dirichlet-to-Neumann maps as in Definition 8.3.6 corresponding to —A + V+. 
Then for all A € C \ [n, oo) the operator 


Did) + Do) : Be (€) = H! (€) (8.6.8) 


is bijective. 


Proof. First it will be shown that the operator in (8.6.8) is injective. Assume that 
(D4(A)+ D_(A))y = 0 for some y € H?/2(C) and some A € C \ [n, o0). Then there 
exist fa, + € H? (Q4) such that 


(A + Vafa = Afa Aat = Tha- = y, (8.6.9) 
and 
0 = (D+ (A) + D-Q))¢ = (D+(A) + D-O)) 3/4 = TH fat + Ty fà,- 
As TE fx,4 = Tp fa,- and TẸ fa, + = —Ty fa,- this implies that 
nalP+\e H?(R®). (8.6.10) 
ys 
In fact, for each h = (hy,h_)’ € dom A = H?(R") one also has ThA, = THA_ 
and th, = —Tyh_ (note that the different signs are due to the fact that the 


Neumann trace on each domain is taken with respect to the outward normal 
vector) and hence 


(Ah, fy) 22 (R”) ai (h, Tmax fA) LR) 

= (Taxh, fa,+)r2(04) — (h+, Thala ea) 
tag ae Tat — Ven, Tadia 
= (ro h+, TN fa +r) — (TH h+, T hat) Ee) 


+ (Tp h-, TH fà,- )L2(e) — (TNR Tp fà,- )L2(6) 


=0. 
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As the operator A is self-adjoint this shows, in particular, fà € dom A and hence 
(8.6.10) holds. Furthermore, from (8.6.9) it follows that 


Afy = (-A + V) f = fy. 


Since o(A) C [v_,00) C [n, 00) and A € C \ [ņ, co), this implies that fy = 0 and 
hence y = Ty fy,4 = 0. Thus, it has been shown that the operator in (8.6.8) is 
injective for all A € C \ [ņ, co). 

Next it will be shown that the operator in (8.6.8) is surjective. For this 
consider the space 


He(R") = f; = a Fe € Pah iiS E 
and observe that as a consequence of (8.2.12) the mapping 
TË : He(R”) > HV7(e), f TEf:=R f +Nf, 


is surjective. For À € C \ [ņ, oo) it will be shown now that the direct sum decom- 
position 


He(R”) = dom A + T = a faz S area, 


holds. In fact, the inclusion (D) is clear since dom A = H? (R”) and the second 
summand on the right-hand side is obviously contained in He(R"). The inclusion 
(C) follows from Theorem 1.7.1 applied to T = —A + V, dom T = He(R"), after 
observing that the space 


= fr $ fat E H? (Q4), TINA = cue, 
E 7 (2) i (-A+ C. a n (8.6.11) 


coincides with Ny (T) = ker (T — ) and \ € p(A). Note also that \ € p(A) implies 
that the sum is direct. 

Next observe that for f € dom A one has a f =0 and hence also the restric- 
tion of 7 to the space (8.6.11) maps onto H'/?(@). Therefore, for y € H'/?(C) 
there exists fy = (fy,4, fy,-)' such that fy 4 € H?(Q4), (CA +V) fat = Afat, 


T fyg = Tpi- = pE H?/?(@) and re Py = Te Dyck +y fy,- =v. 
It follows that 
(D4(A) + D_Q))¢ = Di lrg f+ + D- (A)T5 fa,- = TH fat + TN fa- = W, 


and hence the operator in (8.6.8) is surjective. 


Consequently, it has been shown that (8.6.8) is a bijective operator for all 
A €C\ [N, 00). 
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Lemma 8.6.1 will be used to prove the following lemma on the self-adjointness 
of a particular relation © in L?(C) 6 L?(C). 


Lemma 8.6.2. Let n < essinfV and let Ds(n) : H?/?(@) + H*/?(C) be the 
Dirichlet-to-Neumann maps as in Definition 8.3.6 corresponding to —A + V+. 
Then the relation 


a= {{ R , Gy : E € H?(C), p+ =14(D4(n) + D_(n)y¢} 


is self-adjoint in L? (C) @ L7(C). 


Proof. Recall first from Example 8.4.7 that ¿+4 D4 (n)Z" and 14.D_(n).—' are both 
unbounded bijective self-adjoint operators in L?(€) with domain H?(C). Since 
n < essinfV, one also sees from (8.4.18) that these operators are nonnegative. 
It follows, in particular, that 14(D4(n) + D_(n))i—' is a symmetric operator in 
L?(@). Since 


Dey + Da) (€) > H™? (C) 


is bijective by Lemma 8.6.1 and the restricted operators i2" : H?(C) + H?/2(C) 
and ¿4 : H'/2(@) — L?(C) are also bijective, one concludes that 


14 (D4 (n) + D_(n))z! (8.6.12) 


is a uniformly positive self-adjoint operator in L? (C) defined on H? (C). 
To show that © C ©*, consider two arbitrary elements 


ORRORI 
that is, €,€’ € H? (C), 
p+ Y= (D4(n) + D-(mM)ZE and gi + yp! = (D40) + D-M). 


Then one computes 


CORDI 


= (9 ee (p+ ¥,€')12(e) 
= (€,44(D4(n) + D-())"€/) pare) — (44 (D+) + D-() 74,6) zacey 
=0, 


where in the last step it was used that (8.6.12) is a symmetric operator in L?(€). 
Hence, the relation © is symmetric in L?(C). For the opposite inclusion O* c © 


consider an element 
a Y O* 
ORO ox 
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(Dan O Oae e 
(Ees 


The special choice € = 0 yields y + Y = 0 by the definition of © and hence 
(a — B, p)rz({e) = 0 for all y € L? (C). This shows a = 6 and therefore (8.6.14) 
becomes 


(a, 04. (D4.(n) + D_())e="€) rae) = (a, p + P)12(e) = (Y + ô, €) 12(e) 


that is, 


holds for all 


for all € € H?(€). Since (D4 (n) + D_(n))i=' is a self-adjoint operator in L?(C) 
defined on H?(C), it follows that a € H?(@) and 


t+ (D4(n) + D-(n)) Za = y + ô. 


This implies that the element in (8.6.13) belongs to ©. Thus, © is a self-adjoint 
relation in L? (C)  L?(C). 


The following theorem is the main result in this section. It turns out that 
the self-adjoint operator corresponding to © in Lemma 8.6.2 coincides with the 
Schrédinger operator A. 


Theorem 8.6.3. Let {L7(C)@ L?(€),T0,Pi} be the boundary triplet for T+... ®© Trax 


from (8.6.4) with y-field Ñ, let © be the self-adjoint relation in Lemma 8.6.2, and 
let D4 (A) be the Dirichlet-to-Neumann maps corresponding to —A + V+. Then 


the self-adjoint operator Ag corresponding to the parameter © coincides with the 
Schrodinger operator A in (8.6.1) and for all A € C \ [n, oo) one has the resolvent 
formula 


(4-A)! = (Ap = A) IANA", 
where A(X) € B(L? C) © L7(C)) has the form 


ay. (ODO) Ss 2 Oars 
mn (= (à a LD) 


Proof. First it will be shown that the self-adjoint extension As and the self-adjoint 
Schrödinger operator A in (8.6.1) coincide. Since both operators are self-adjoint, 
it suffices to verify the inclusion A C As. For this, consider f € dom A = H?(R”) 
and note that f = (f+, f_)' satisfies TH f} = Tp f- and TẸ f4} = -Tg f_. It will 
be shown that (Tay lary € ©. By the definition of the boundary mappings To 
and Ñ; in (8.6.5)-(8.6.6), one has 


~ tTa f E TÈ fo, fẹ 
For= (Bt) md iCar) = (9%) 
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and, as f € H?(R®), it follows that 
E = 1T f+ = t- f+ = t-t f- = -Tp f- E€ H?’ (C). 
Since f+ = fp,+ + fn+ with fp E€ dom A$ and f,+ E€ Ny(Tiax), one has 
TD J+ = TD Jn,+ and one concludes that 
t4 (D4 (n) + D- (M) tE = t+ (D4 (n)rE fn, + + D- (n)T5 fn.) 
= t4 (1N fn,+ + TẸ fn,—) 


= t4 (1N f+ + TN f- — TN fD,+ — Tx fp) 


= —t4TN fD, + — t+TN ÍD, 
=o, 
where the property TÈ f+ = —Ty f- for f € dom A was used. These considerations 


imply {Tof,Pif} € © and thus f € dom Ag. Therefore, dom A = H?(R") is 
contained in dom Ag, and since both operators are self-adjoint, it follows that 
they coincide, that is, A = Ag. 

As a consequence of Theorem 2.6.1 one has for À € p(A) N p(Ap) that 


(A-A)! = (Ap — à) +9) (6 — MQ) "FO", 


where ¥ and M are the y-field and Weyl function, respectively, of the boundary 
triplet {L?(C) @ L? (C), To, 11} in (8.6.7). Here it is also clear from Theorem 2.6.1 
that 

(© — M())* € B(L?(C) @ L?(C)), A € p(A) Np(Ap). 


From now consider only A € C \ [ņ, o0). It follows from Lemma 8.6.2 and (8.6.7) 
that 


(© - MQ)" 
paw ear: EPC), a \. 
5 p +4 = 4 (D4(n) + D-(n))z*6 
and setting vı = y — M4 (A)E and v2 = Y — M_(A)E€ one obtains 
B+ 02 = p +Y- My (AE M_(A)E 
= 14 (Dy (n) + D_(n)) 246 — My Q)E — M- (AJE. 


Since M4 (AJE = t4 (D4 (n)— D4 (A)! E for € € H? (C) by Lemma 8.4.5, it follows 
that 


va + By = t4 (D4 (A) + D- (A) ZtE. 


Lemma 8.6.1 implies that ¿4 (D4(A) + D-(A))Z' is a bijective operator in Z? (C) 
for A € C \ [ņ, co) and hence 


t- (D(A) + D_(A)) eg + (D4 (A) + D_(A)) ez = £. 
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Therefore, one has 


~ me yi fe- (DA) + D_(A))“'ey! e-(D 
C- = (MO) payee! ipl) DAE 


This completes the proof of Theorem 8.6.3. 


Finally, the boundary triplet in (8.6.4) is modified in the same way as in 
Proposition 4.6.4 to interpret the Schrödinger operator A as the self-adjoint ex- 
tension corresponding to the boundary mapping To. More precisely, the boundary 
triplets {L7(€), Pg, Tf} and {2?(C), r3, Ty} lead to the boundary triplet 


{L?(€) ® L?(6), Fo, Fa} (8.6.15) 
for Tmax = T+ 6 T—., where 


max max)? 


Pos = eh =i ie ) = o (tx fD ey 
: Toh -Tof (d-i) 


Tif = TS ft = tT fa 
I; f- t4T x JD,- 
for f = (f+, f_)! with f+ € dom TË,- It follows from Proposition 4.6.4 that the 
Schrödinger operator A = —A + V in (8.6.1) coincides with the self-adjoint exten- 
sion defined on ker Ip and that the Weyl function corresponding to the boundary 


triplet in (8.6.15) is given by 


and 


see M4) =] =i 
Ta=-( a m , AEC\R, 


where Mx(A) = 14.(Ds.(n) = DANE is the Weyl function corresponding to 
the boundary triplet {L° (C), r7, r7}; cf. Proposition 8.4.4 and Lemma 8.4.5. In 
particular, the results in Section 3.5 and Section 3.6 can be used to describe the 
isolated and embedded eigenvalues, continuous, and absolutely continuous spec- 
trum of A with the help of the limit properties of the Dirichlet-to-Neumann maps 
D+. For this, however, one has to ensure that the underlying minimal operator 
Timi = Ti & Tin 18 simple, which follows from Proposition 8.3.13 and [120, 


Proposition 2.2]. 


8.7 Bounded Lipschitz domains 


In this last section Schrödinger operators -A+V with a real function V € L®(Q) 
on bounded Lipschitz domains are briefly discussed. This situation is more general 
than the setting of bounded C?-domains treated in the previous sections. The main 
objective here is to highlight the differences to the C?-case and to indicate which 
methods have to be adapted in order to obtain results of similar nature as above. 
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The notions of a Lipschitz hypograph and a bounded Lipschitz domain are 
defined in the same way as C?-hypographs and bounded C?-domains in Section 8.2. 
More precisely, for a Lipschitz continuous function ¢: R”~! — R the domain 


Qg :=41(c'a,)" ER” : £n <ale)} 


is called a Lipschitz hypograph with boundary OQ. The surface integral and surface 
measure on Ng are defined in the same way as in (8.2.4), and this leads to the 
L?-space L?(0Q5) on ANg. For s € [0,1] define the Sobolev space of order s on 
aNg by 


H (Ng) := {h € L’ (INg) : x! h(x’, d(2’)) € H'(R”71)} 
and equip H*(0Q4) with the corresponding scalar product (8.2.6). 


Definition 8.7.1. A bounded nonempty open subset Q C R” is called a Lipschitz 
domain if there exist open sets U;,...,U; C R” and (possibly up to rotations of 
coordinates) Lipschitz hypographs Q1,..., Qı C R”, such that 


l 
anc |]U; and ON0;=0;00;,. j=1,...,l 


j=1 


For a bounded Lipschitz domain Q C R” the boundary 02 C R” is compact. 
Using a partition of unity subordinate to the open cover {U;} of OQ one defines 
the surface integral, surface measure, and the L?-space L? (3N) in the same way 
as in Section 8.2. The Sobolev space H*(0Q) for s € [0,1] is then defined by 


H*(8Q) := {h € L?(AQ) : njh € H°(AQ;), j =1,...,0} 


and equipped with the corresponding Hilbert space scalar product (8.2.7). It fol- 
lows that H*(0Q), s € [0, 1], is densely and continuously embedded in L? (ƏN), and 
the embedding H*(0Q) — H: (ƏN) is compact for s < t < 1. As in Section 8.2, the 
spaces H*(0Q), s € [0,1], can be defined in an equivalent way via interpolation. 
The dual space of the antilinear continuous functionals on H*(OQ) is denoted by 
H~*(0Q), s € [0,1]. 

For a bounded Lipschitz domain Q define the spaces 


HÀ (Q) := {f € H" (Q) : Af € P (Q)}, s>0, 
and equip them with the Hilbert space scalar product 
(f,9) Ha c = (F,9) usa) + (AF, Ag) 22a), fig € Ha(Q). (8.7.1) 


It is clear that H°(Q) = Hå (Q) for s > 2 and that HÌ (Q) = dom Tmax for s = 0, 
with (8.7.1) as the graph norm; cf. (8.3.3). The unit normal vector field pointing 
outwards on OQ will again be denoted by v. It is known that the Dirichlet trace 
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mapping C~(Q) > f + flag extends by continuity to a continuous surjective 
mapping 
3 
Tp : Hå (Q) > H57"? (89), LE 
and that the Neumann trace mapping C% (Q) 3 f > v - V flao extends by conti- 
nuity to a continuous surjective mapping 
3 
tw : HÀ (Q) > H*-3/2(aQ), Ses 5 
cf. [92, 326]. For the present purposes it is particularly useful to note that the 
mappings 


m : HX’ (Q) > HHQ) and ty : H3? (Q) > L (8N) (8.7.2) 


are both continuous and surjective. Furthermore, the first and second Green iden- 
tities remain true in the natural form, that is, 


(Af, 9) L29) = (Vf, V9) 12(9;0") = (mf, TDI} -1/2(80) x 41/280) 


and 
(Af, g) rata) = (f, Ag) r20) 


= (nf, TN) H1/2(90)x H-1/2(00) = (mf, TDI) 47-1/2(90) x H1/2(90) 
hold for all f,g € Hå (Q). 


The minimal operator Tmin and maximal operator Tmax associated with 
—A + V on a bounded Lipschitz domain are defined in exactly the same way 
as in the beginning of Section 8.3. The assertions Tžin = Tmax and Tmin = hax in 
Proposition 8.3.1 remain valid in the present situation. Furthermore, the Dirich- 
let realization Ap and Neumann realization An of —A + V are defined as in 
Section 8.3, and their properties are the same as in Proposition 8.3.2 and Proposi- 
tion 8.3.3. The first remarkable and substantial difference for Schrödinger operators 
on a bounded Lipschitz domain appears in connection with the regularity of the 
domains of Ap and An when comparing with Theorem 8.3.4. In the present case 
one has the following regularity result from [431, 432], see also [92, 323]. 


Theorem 8.7.2. Assume that Q C R” is a bounded Lipschitz domain. Then one 
has 


Apf =-Af+Vf, dom Ap = {f € HX’ (Q): mf =0}, 


and 


Anf =-Af+Vf, dom Ay = {f € H}? (Q) : wf =0}. 


The same reasoning as in Section 8.3 one obtains the following useful decom- 
position of the space HE? (Q). 
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Corollary 8.7.3. Assume that Q C R” is a bounded Lipschitz domain. Then for 
à € p(Ap) one has the direct sum decomposition 
HAP (Q) = dom Ap + {fy € HA? (Q) : (-A+V) fa = Afr} 
= ker tp + {fy € HX’ (Q) : (A +V) fa =Afa}, 


and for A € p(An) one has the direct sum decomposition 


HÄ? (Q) = dom An + { fy € HAP (Q) : (-A+V) fx = Afr} 
= ker Ty + {fy E HP (O) :CA+V)h = Afa}. 


For a bounded Lipschitz domain and A € p(Ap) the Dirichlet-to-Neumann 
map is defined as 


D(A): H'(0Q) > L’ (8N), tof, > Tf, (8.7.3) 


where fy € HB? (Q) is such that (-A+V)f, = Af. This definition is the natural 
analog of Definition 8.3.6, taking into account the decomposiion in (8.7.3). As 
before, it follows that for A € p(Ap)Np(An) the Dirichlet-to-Neumann map (8.7.3) 
is a bijective operator. 

For completeness the following a priori estimates are stated. 


Corollary 8.7.4. Assume that Q C R” is a bounded Lipschitz domain. Then there 
exist constants Cp > 0 and Cy > 0 such that 


IFI a320) < Cp((Ifllz2(@) + |Apfllzz(ay), f € dom Ap, 


and 
II9lla3/2(a) S Cn (Ilgllz2(@) + Angllz2(@)) g € dom Ay. 


Next a variant of Theorem 8.3.9 and Theorem 8.3.10 on the extensions of 
the Dirichlet and Neumann trace operators to dom Tmax = H&(Q) for bounded 
Lipschitz domains is formulated. For this consider the spaces 


GY i= {tp f : fE dom Ay } and j := {tng :gE dom Ap}, (8.7.4) 


and note that for the special case of a bounded C?-domain the spaces % and %4 
coincide with the spaces H*/?(0Q) and H'/?(0Q), respectively. The spaces % and 
Y, are dense in L? (ƏN) and, equipped with the scalar products 


(p, Ya = (M29, Ey) E = Im(D(i)~"), (8.7.5) 


(9, pha = (Ap, Ah) 209), A = -Im D(i), 


they are Hilbert spaces, as was shown in [92, 115]; here both ©~'/? and A~!/? are 
unbounded nonnegative self-adjoint operators in L?(0Q). The corresponding dual 
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spaces of antilinear continuous functionals are denoted by Y and ¥/, respectively, 
and one obtains Gelfand triples {Y;,, L7(0Q),Y!/}, i = 0,1, which serve as the 
counterparts of {H°(0Q), L?(0Q), H°(0Q)}, s = 1/2,3/2. Now one can prove the 
variant of Theorem 8.3.9 and Theorem 8.3.10 alluded to above. 


Theorem 8.7.5. Assume that Q C R” is a bounded Lipschitz domain. Then the 
Dirichlet and Neumann trace operators in (8.7.2) admit unique extensions to con- 
tinuous surjective operators 


Tp : dom Tmax > J) and Fy : dom Tnax > %, 
where dom Tmax is equipped with the graph norm. Furthermore, 
ker 7p = ker Tp = dom Ap and kerTy = ker Try = dom Ay. 


By analogy to Corollary 8.3.11, the second Green identity extends to elements 
f € dom Tnax and g € dom Ap in the form 


(Tmax f, 9)L2(9) — (f, Tmax9) L20) = (TD Í, TN9) gix 


and for f € dom Tmax and g € dom Ay the second Green identity reads 


(Tmax, 9)L2(9) — (f, Tmax) L20) = —(TNS, TDG) Gx - 


It will also be used that for A € p(Ap) the Dirichlet-to-Neumann map in (8.7.3) 
admits an extension to a bounded operator 


D(A): 4 > D, Tofi > why, (8.7.6) 
where fr = Ny (Tmax): 


With the preparations above one can now follow the strategy in Section 8.4 
and construct a boundary triplet for the maximal operator Tmax under the as- 
sumption that Q C R” is a bounded Lipschitz domain. Consider the Gelfand triple 
{Y,, L?(0Q),Y{} and the corresponding isometric isomorphisms t+ :¥% > L?(0Q) 
and w_ : Y — L? (ƏN) such that 


(p, paxa = (1-9, ++) 12:80); PEG, ped; 


cf. Lemma 8.1.2. When comparing (8.1.6) and (8.7.5) it is clear that 1. = A~1/? 
and u_ is the extension of A!/? onto Y. Recall also the definition and the properties 
of the Dirichlet operator Ap in Theorem 8.7.2 and the direct sum decomposition 
(8.4.1). 


Theorem 8.7.6. Let Q C R” be a bounded Lipschitz domain and let Ap be the self- 
adjoint Dirichlet realization of —A +V in L?(Q) in Theorem 8.7.2. Fix a number 
n € p(Ap) AR and decompose f € dom Tmax according to (8.4.1) in the form 
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f = fp + fn, where fp € dom Ap and fn E Ny(Tmax). Then {L? (8N), To, r1}, 


where 


[of =t-tof and Tif =—t4ūNfo f = fot fn € dom Tmax, 


is a boundary triplet for (Tmin)* = Tmax such that 
Ag = Ap and A, = Trin F N,, Crna): 


The 4-field and Weyl function corresponding to the boundary triplet in The- 
orem 8.7.6 are formally the same as in Proposition 8.4.4. In fact, if f(y) denotes 
the unique element in 9t,(Tmax) such that [of,(y~) = p, then for all A € p(Ap) 
the y-field is given by 


yA)e = (I + (A= n)(An -A)7") fale), € 17(80), 


where f(y) := y(A)¢ is the unique element in Ny (Tmax) such that To f(y) = vy. 
As in Proposition 8.4.4 one also has 


yA)“ = —t4Tn(Ap = Ai AE p(Ap). 
Moreover, the Weyl function M is given by 
M(A)g = (n—A)t4tn(Ad — A)" frale), € L7(00). 


As in the case of bounded C?-domains, the Wey] function can be expressed via the 
Dirichlet-to-Neumann map; here the extended mapping D(A) in (8.7.6) is used. In 
the same way as in Lemma 8.4.5 one verifies the relation 
M(A) = 4 (D(n) — D(A))iz?. 
With the boundary triplet {L° (8N), To, r1} in Theorem 8.7.6 and the cor- 
responding y-field and Weyl function the self-adjoint realizations of -A + V on 
a bounded Lipschitz domain Q C R” can be parametrized and the spectral prop- 
erties can be described in a similar form as in Section 8.4. The discussion of the 
semibounded extensions and of the corresponding sesquilinear forms with the help 
of a compatible boundary pair is parallel to the considerations in Section 8.5 and 
is not provided here. Finally, the coupling technique of Schrödinger operators from 
Section 8.6 also extends under appropriate modifications to the general situation 
of Lipschitz domains. 
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Appendix A 


Integral Representations of 
Nevanlinna Functions 


Operator-valued Nevanlinna functions and their integral representations are pre- 
sented in this appendix. First the case of scalar Nevanlinna functions is considered. 
Then follows a short introduction to operator-valued integrals; by interpreting 
these integrals as improper integrals the methods are kept as simple as possible. 
The general operator-valued Nevanlinna functions are treated based on the previ- 
ous notions. Special operator-valued Nevanlinna functions such as Kac functions, 
Stieltjes functions, and inverse Stieltjes functions are discussed in detail. 


A.1 Borel transforms and their Stieltjes inversion 


This preparatory section contains a brief discussion of the Stieltjes inversion for- 
mula for the Borel transform. The form of the transform and the conditions have 
been chosen so that the results are easy to apply. In particular, with the inversion 
formula one can prove a weak form of the Stone inversion formula, a useful dense- 
ness property, and a general form of the Stieltjes inversion formula for Nevanlinna 
functions. 


Let T : R > R bea nondecreasing function and let g : R + C be a measurable 
function such that 


lg(t)| 
r +I dt(t) < œ. (A.1.1) 
The Borel transform G:C \ R —> C of the combination g dr is defined by 
1 
G(A) = 1 I g(t)dr(t), AEC\R. (A.1.2) 
= 


Observe that the Borel transform G of gdr in (A.1.2) is well defined and holo- 
morphic on C \ R. The following result is the Stieltjes inversion formula for the 
Borel transform in (A.1.1). 
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Proposition A.1.1. Let 7: R —> R be a nondecreasing function, let g : R + C be 
a measurable function which satisfies (A.1.1), and let G be the Borel transform of 
gdr. Then 


ee ae a 
lim 5; J (Gls+ ie) - G(s — ie)) ds 


1 i= 1 
=z f s0eo+f Ody f soar 


holds for each compact interval [a,b] C R. Furthermore, if g € L}, (R), then for 
O<e<l: 


b 
r f (G(s + ie) — G(s — ie)) ds| < I \g(t)| drt). (A.13) 
Proof. For € > 0 and s € R one has 
G(s+ie)—G(s—ie) 1 E 
2ri Fi (6-H +e g(t) dr(t). 


Integration of the left-hand side over the interval [a, b] and Fubini’s theorem lead to 


1 b 
2ri 


(G(s + ie) — G(s — ie)) ds 


a 


— “Ef oratoro (A.1.4) 


Z f (arctan =) = arctan ( 2) Jat dr(t). 


In order to justify the use of Fubini’s theorem in (A.1.4) note first that the func- 
tions 


b-t —t 
arctan (=) — arctan (=) ; sesi (A.1.5) 
E E 


are nonnegative and bounded on R. Furthermore, observe that for 0 < € < 1 and 
x > 0 one has arctan < arctangz/e < 7/2 and hence the functions in (A.1.5) 
have the upper bound 


m 


2 
k(t)=< 7, a<t<b, 


arctan(b—t) +3, t2>b. 


arctan(a—t), t<a, 
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Since 


T 
t (4 - arctan(a t) += t= =00; 


t (arctan(b t) 4 ) >1, t> œ, 


one has kg € L}, (R) by (A.1.1), and it follows that the integral on the right-hand 
side in (A.1.4) is finite. Thus, the interchange of integration in (A.1.4) is justified. 

Now the dominated convergence theorem will be applied to (A.1.4). For e | 0 
one has 


0, t<a, 
m/2, t=a, 
b-t a—t 
arctan | —— } — arctan > 4 T, a<t<b, 
E E 
T2; t=b, 
0, t >b, 


and as an integrable majorant one can use k|g|. The right-hand side of (A.1.4) 
then shows that 


1 b-t —t 
lim — f (arctan (=) — arctan E) g(t) dr(t) 
ELOT Jp E E 


1 = 1 
=z j Orr Ody f Od 


a+ {b} 


which leads to the assertion. 
Finally, assume that g € L}, (R) and 0 < e < 1. Then the estimate (A.1.3 
follows due to (A.1.4) and (A.1.5). 


Observe that when the function g in (A.1.1) is real, then the function G in 


(A.1.2) satisfies the symmetry property G(A) = G(A), in which case one has that 


1 b 


207 T 


(G(s + ie) — G(s —ie)) ds = 2 [ Im G(s + te) ds. 


a 


The special case g(t) = 1 in Proposition A.1.1 is of particular interest; see for 
instance Chapter 3. 


Corollary A.1.2. Let 7: R —> R be a nondecreasing function which satisfies the 
integrability condition 


1 
Í DESI drit) < co (A.1.6) 


and let G be given by 


Ga) = | yar. EC\R. 
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Then the inversion formula 


b 


(G(s+ie)-—G(s—ie)) ds = 7 Tla) (x7 


e0 2ri Ja 2 
holds for every compact interval [a,b] C R. In particular, if T:R >R isa 
nondecreasing function which is bounded, then (A.1.6) is satisfied and (A.1.7) 


holds. 


The Stieltjes inversion result in Proposition A.1.1 and Corollary A.1.2 has 
a number of interesting consequences. A first observation concerns functions of 
bounded variation. Recall that any function of bounded variation on R is a lin- 
ear combination of four bounded nondecreasing functions. Hence, the following 
corollary is straightforward. 


Corollary A.1.3. Let r : R > C be a function of bounded variation. Then the 
function 


H= | yar, AEC\R, 


(iG e a a. HrT(b—) T(a+)+rT(a ) 


lim — 
ELO 2m Ja 


Proposition A.1.1 and Corollary A.1.2 can also be used to compute the spec- 
tral projection of a self-adjoint relation via Stone’s formula; see Chapter 1. 


Example A.1.4. Let H be a self-adjoint relation in a Hilbert space § and let E(-) 
be the corresponding spectral measure. For f € § consider the function 


GO) = (H -A)S, f), AEC\R. 


It is clear that T(t) = (E(—o0, t) f, f), t € R, is a bounded nondecreasing function 


and that i 
G(A) = Í T=) dr(t). 


By Proposition A.1.1 with g(t) = 1, t € R, one has for [a,b] CR 


1 b 
1M: eee 
eL0 DTi Ja 


(((H- (s4 ie))™! — (H — (s ie)) t) f, f) ds 
= HEUHA, H) + (BaD). + EEDA P, 


which is Stone’s formula in the weak sense; cf. (1.5.4) and (1.5.7) in Section 1.5. 


Another consequence is the Stieltjes inversion formula for Nevanlinna func- 
tions; see Lemma A.2.7 and Corollary A.2.8. Moreover, there is the following 
denseness statement for a space of the form L3, (R) which is used in Section 4.3. 
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Corollary A.1.5. Assume that the function o : R > R is nondecreasing and that 
it satisfies 


1 
Let g be an element in LŽ (R) such that 
1 
I —— g(t) do(t) = 0, AEC\R. (A.1.9) 


Then g = 0 in L2,(R). 


Proof. The conditions (A.1.8) and g € L?,(R) show, using the Cauchy—Schwarz 
inequality, that 


[Jb cote < (fia aor) (f gz aot) <a 


which implies that the condition (A.1.1) is satisfied. It follows from (A.1.9) and 
Proposition A.1.1 that for each compact interval [a,b] C R one has 


b— 
1 | Widia l mrm ESE f g(t) do(é) =0. (A.1.10) 
2 Sa} a+ 2 Jio) 

Next it will be shown that the contribution of the endpoints a and b in (A.1.10) 
is trivial. To see this, suppose that a is a point mass of do and choose nk > 0, 
k = 1,2,..., such that nų —> 0, k — oo, and a+ nk are not point masses of 
do, which is possible since the point masses of do form a countable subset of R. 
Now Proposition A.1.1 for the compact interval [a — nk, a + nk] C R, (A.1.9), and 
dominated convergence lead to 


a+nk a+nk 
0 a g(t)do(t) = lim g(t) do(t) = a g(t) do(t). 


Ne k> Ja—m, {a} 


The same argument shows that the contribution of the endpoint b in (A.1.10) is 
trivial, and hence (A.1.10) reduces to 


b 
| g(t) do(t)=0 foralla<b. 


In other words, g is orthogonal to all characteristic functions in L2, (IR) and hence 
g =0 in L2,(R). 


Remark A.1.6. Sometimes it is useful to have a matrix-valued version of the Borel 
transform in (A.1.2) and of the Stieltjes inversion formula in Proposition A.1.1; 
see also Remark A.2.10. More precisely, if g is a measurable n x n matrix function 
on R such that the entries of g satisfy the integrability condition (A.1.1), then 
Proposition A.1.1 remains valid with the integrals interpreted in the matrix sense. 
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A.2 Scalar Nevanlinna functions 
This section contains a brief treatment of the integral representation of scalar 
Nevanlinna functions and its consequences. 


Lemma A.2.1. Let f : D — C be a holomorphic function and let r € (0,1). Then 
the representation 


2T reit 4+ x 
f(z) = ilm f(0) + = f e +? erdia 


2T ret — z 
holds for all z € D with |z| < r. 


Proof. Let r € (0,1) and T, = {z € C : |z| = r}. Then for z € D, |z| < r, one 
obtains by Cauchy’s integral formula 


_ 1 fw) o 1 [7 ræ i 
fo = a s oe” I = f(re"*) dt, (A.2.1) 


2T ett — z 


and, since |r?/z| > r, one obtains in a similar way 


f0) = F) a Flw) nee f te fayd 


2ri 1 — w(z/r?)) 27 re-t —% 


and, by taking complex conjugates, 
1 20 it 
0) == — 
F(0) 2m Jo ret —z 
Furthermore, it is clear from (A.2.1) that 


27 
Re f(0) = ral Re f(re*) dt. 


Therefore, 


1 20 pit i 
Pea TETE Re f (re”) dt 


Qn Jo re*t—z 


2r Jo ret — 2 
1 [7 ret T 1 [7 re ——__ 

= - (re) dt 4 À (rett) dt — Re f (0 
Qn | rett — z reeg QT I ret — z ee) e f(0) 


= f(z) + f(0) — Re f (0) = f(z) — iIm £f (0), 


which implies the assertion of the lemma. 
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If f : D > C is a holomorphic function such that Re f(re*) > 0, then the 
expression 


Re f(re"’) dt/27 


in Lemma A.2.1 leads to a measure. This observation is important in the proof of 
the next lemma. 


Lemma A.2.2. Let f : D — C be a function. Then the following statements are 
equivalent: 


(i) f has an integral representation of the form 


ett — z 


2T „it 
f(z) =ie+ f E-E dr(t), zeD, 
0 
with c E€ R and a bounded nondecreasing function T : [0,27] > R. 
(ii) f is holomorphic on D and Re f(z) > 0 for all z € D. 


Proof. (i) = (ii) It is clear that f is holomorphic on D. For z € D a straightforward 
calculation shows that 


misi 
Re f(z) = f ——— dr(t) > 0. 
0 
(ii) > (i) Since Re f(z) > 0, z € D, it is obvious that for any r € (0, 1) the function 


t 
Tr : [0,27] > R, th = | Re f(re**) ds, 
27 Jo 


is nondecreasing. Furthermore, Cauchy’s integral formula shows that 


ee ae 1 f(w) 7 
(2m) = 5 f Re f(re’*) ds = Re (suf AP aw) = Re f(0), 


and so 
0 =7,(0) < 7,(t) < 7,(27) = Re f (0) < co (A.2.2) 


for t € (0,27) and r € (0,1). Therefore, the Borel measure induced by 7, on [0, 27] 
is finite and since Re f is continuous, it follows that 7,, r € (0,1), is a regular 
Borel measure on [0,27]. Observe that, by Lemma A.2.1, 


2 it 
Th ra= (4.2.3) 
; Tret+z 
= ilm f (0) +f miL; Telt) 


for all z € D, |z| < r. Next it will be verified that the above formula remains valid 
when r tends to 1. 
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By the Helly selection principle (cf. [763, Theorem 16.2]) and (A.2.2), there 
exists a nonnegative nondecreasing sequence (rg), k = 1,2,..., tending to 1 and 
a function 7 such that 7,,(t) + T(t), 0 < t < 2r. Moreover, according to the 
Helly—Bray theorem (cf. [763, Theorem 16.4]), one has 


im, A a(t) dr, (t) =f “ alt) dr(t) 


for all continuous functions A : [0,27] —> C. Observe that, by (A.2.2), in particular 
T(27) — 7(0) = Re f(0). 


Therefore, using the Helly—Bray theorem and the fact that t H reeta converges 


rpert—z 


uniformly to tH e+2 one finds that 


ett_z? 


a etg . an Ee et +z 
0 0 


2m i 
f(z) =ie+ | ET ath and c=Imf(0), 


as needed. 


Here is the definition of a scalar Nevanlinna function. The operator-valued 
version will be considered in Definition A.4.1. 


Definition A.2.3. A function F : C \R > C is called a Nevanlinna function if 
(i) F is holomorphic on C \ R; 

(ii) FO) = FO), X€C\R; 

(iii) Im F(A)/ImA >0,A\€C\R. 


The next result provides an integral representation for Nevanlinna functions. 
Theorem A.2.4. Let F :C\R > C. Then the following statements are equivalent: 


(i) F has an integral representation of the form 


14th 
FQ) =a+8r+ | = 


dot), AEC\R, (A.2.4) 


witha € R, 8 > 0, and a bounded nondecreasing function 0 : R > R. 


(ii) F is a Nevanlinna function. 
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Proof. (i) = (ii) It is clear from the representation (A.2.4) that F is holomorphic 


on C\ R and that F(A) = F(A). Moreover it follows that 


mF)  ,, f #41 
mae | rca 2O NEC\R. 


Hence, F is a Nevanlinna function. 


(ii) > (i) Assume that F is a Nevanlinna function and consider the following 


transformations ia 
=i Ž 2€D, F(X =if(2). 


=z 


Note that z => À is a bijective mapping from D onto Ct and that the function f 
is holomorphic on D. Furthermore, observe that 


ImF(A)>0 => Ref(z)>0. 


Hence, according to Lemma A.2.2, there exist c € R and a bounded nondecreasing 
function 7 : [0,27] + R, such that the function f has the representation 


27 „is z 
fla) =ie+ | 4 TŽ ar(s) 


eis — 
27— „is 
=ic+ f a PZ r(e) 
TA ets — z 
1+z 
i (7 (2) = T(27—) +7(0+) — 7(0)) 
-z 
1 27r— pis 
=ic+ B ai | a TE E, 
l=z g CF =2 


where 8 = 7(27) — r(2xn—) + 7(0+) — 7(0) > 0. Thus, the function F has the 
integral representation 


2mr— „is 
FA) =-e+pati | E a 
O+ ets -zZz 
Since z = (A—i)/(A + i), one sees that 


2T- dcots/2—1 
+  cots/2+AÀ 


F(X) = c+ Ba f 


With the substitutions a = —c, —cots/2 = t, and the function 0 defined by 
T(s) = A(t), one finds that 


dr(s). 


1+taA 
t—A 


FQ) = ators f d6(t). 
R 


Note that the function 0 : R > R is bounded since the function 7 : [0,27] — R is 
bounded. 
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There is an equivalent formulation of this theorem involving the possibly 
unbounded measure do(t) = (t? + 1)d (t) defined by 


at) = | (+ Dds), 


which is equivalent to 


b 
oo — oa) = f Fe 


for every compact interval [a,b] C R. Hence, one obtains the following variant of 
Theorem A.2.4. 


Theorem A.2.5. Let F:C\R—-C. Then the following statements are equivalent: 


(i) F has an integral representation of the form 


Fay=a+or+ f (5 — do(t), AEC\R, (A.2.5) 


with a € R, 8 > 0, and a nondecreasing function o : R —> R such that 
d 
| a(t) ees 
R itl 


It follows from the integral representation (A.2.5) that the imaginary part of 
the function F satisfies 


(ii) F is a Nevanlinna function. 


mF) ,, 1 
= =f bag do(t), AEC\R. (A.2.6) 


With (A.2.5) and (A.2.6) it is possible to recover the ingredients in the integral 
formula (A.2.5) directly in terms of the function F. These results are used in 
Chapter 3. 


Lemma A.2.6. Let F be a Nevanlinna function as in Theorem A.2.5. Then 


F(a Im F(i 
a=ReF(i) and B= lm (iv) = lim tato (A.2.7) 
yoo iy y= y 
Moreover, for all x € R 
im y Im F(a + iy) = o(x+) — o(x-—) (A.2.8) 
y 


and 
lim y Re F(x +iy) =0. (A.2.9) 
y 
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Proof. The statement concerning a in (A.2.7) is clear. It follows from (A.2.5) that 
ilar 1 1 1+iyt do(t 
—F(iy = —a+ß4 - 1 n: 
iy iy r ty (t — iy) +1 

An application of the dominated convergence theorem shows the first identity for 


6 in (A.2.7). The second identity in (A.2.7) follows from (A.2.6). The integral 
representation (A.2.6) also shows that 


(A.2.10) 


2 
. 24 y 
ylm F(x + iy) = by“ 4 law do(t), 


and the identity (A.2.8) follows from the dominated convergence theorem. One 
also sees from (A.2.5) that 


ReRe EA Í C a do(t).  (A.2.11) 


By writing xt = (t — x)x + x? it follows that the numerator of the integrand is 
equal to 


y|(t— x) (1+ (t—2)a +27) — yt] 
=yl(t z)(1+ (t — x)x 4 r? y’) yz] 
= y(t — £)[1 +2? — y?] + (t—2) ay — yx. 


Now assume that |y| < 1. Then one sees that for a fixed x € R the integrand in 
(A.2.11) is dominated by 


r? +Alz|+2 
2(t? +1) 
Thus, the identity in (A.2.9) follows from the dominated convergence theorem. 


In addition to Lemma A.2.6, the following Stieltjes inversion formula helps 
to recover the essential parts of the function o. 


Lemma A.2.7. Let F: C\R —> C be a Nevanlinna function with the integral 
representation (A.2.5). Let U be an open neighborhood in C of [a,b] C R and let 
g: U —> C be holomorphic. Then 


b 
lim F [(gF)(s + i£) — (gF) (s — ie)] ds 
3 (A.2.12) 


1 
= TRO dt f g(t) w+5 g(t) da(t). 


For any rectangle R = |A, B] x |[—i£o, i£o] C U with A<a<b< B there exists 
M > 0 such that, for 0 < € < £0, 


b 
f [(gF)(s + ie) — (gF)(s — ie)]| ds| < M sup {]g(A)|, |g (A)| : à € R}, (A.2.13) 


where g' stands for the derivative of g. 
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Proof. Consider the Nevanlinna function F given by 


Fa)sa+or+ | (5 — do(t), A€C\R, 


where a € R, 8 > 0, and ø is a nondecreasing function satisfying the integrability 


condition j 
E 
Rt +1 


cf. Theorem A.2.5. Choose an interval (A, B) C R such that 
[a,b] C (A, B) C [A,B] CU 


and choose £o > 0 such that R = [A, B] x [—i£o, i£o] C U. Observe that the choice 
of A and B leads to the decomposition 


gA)F(A) = GA) + H(A) +IAKA), XE(C\R)NU, (A.2.14) 


where the functions G and H are given by 


B B 2 
Gay= f Od, #0)= | IA) ~ 9) ag (ty, 


4 tee 


while the factor K is given by 


RO= fe EBA L a tt) 


(f+) (=a- ws) #0 


The contributions of the functions G, H, and K will be considered separately. 
Denote by g the extension of g on [A, B] by zero to all of R. Then G can be 
written as 


pa. Hal 
G(A) = f TJ g(t) da(t), where Í +I da(t) < oo. 


Hence, one concludes from Proposition A.1.1 that 


b 
lim 1 (G(s + ie) — G(s — ie)) ds 
b= 
=z f 7900+] Hd f TOW (A215) 
b— 
=, | sods f daty f sae 
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Moreover, since g € L} (R), it follows from the estimate (A.1.3) in Proposi- 
tion A.1.1 that 


b 
i (G(s + ie) — G(s — ie)) ds| < M’ sup {|g(A)| : àA € [A, B]} 


(A.2.16) 
< M’ sup {|g(A)| : A € R}. 


The function H is defined for A € (C \R)NU and can be extended to U by setting 


B gA)-9t) 4 xr 
H(X) = f h(t,A) do(t), where h(t, A) = Tao i (A.2.17) 
Clearly, the function H in (A.2.17) is bounded on the rectangle R by 
Lsup {|g (A)| : A € R}, 
where L is a constant. Note that for all s € (a,b) 
H(s+ie)— H(s—ie)—> 0, ¢€ 0, 
and hence dominated convergence yields 
1 fre 
lim — H ic) — H(s —ie)) ds = 0. A.2.1 
imag , (H(s + ie) (s —ie)) ds = 0 ( 8) 


Note that it also follows from the above that there exists M” > 0 such that for 
all 0 <€< £o 


i (H(s + ie) — H(s —ie)) ds} < M” sup{|g/(A)|: A € R}. (A.2.19) 


The function K has a holomorphic extension to the set (C \ R) U (A, B) and this 
extension is uniformly continuous on the rectangle [a, b] x [—ie, igo]. It is clear that 


(gK)(s + ie) — (gK)(s—ie) 30, © 0, 


holds for all s € (a,b). Since |g| is also bounded on [a,b] x [—te, igo], dominated 
convergence shows that 
1 fe 

— | ((gK)(s + ie) — (gK)(s — ie)) ds = 0. (A.2.20) 


lim 
elo 2772 a 


Furthermore, one sees that there exists M’” > 0 such that, for all 0 < € < £ọ, 


b 
il ((gK)(s + ie) — (gK)(s — ie)) ds 


< M” sup {|g(A)| : A € [a,b] x [-ieo, ie] } 
< M” sup {|g(A)| : A € R}. 


(A.2.21) 
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Now the assertion (A.2.12) follows from (A.2.14), (A.2.15), (A.2.18), and (A.2.20); 
in a similar way the assertion (A.2.13) follows from (A.2.14), (A.2.16), (A.2.19), 
and (A.2.21). 


For the special case g(t) = 1 Lemma A.2.7 has the following form. 


Corollary A.2.8. Let F : C\R —> C be a Nevanlinna function with the integral 
representation (A.2.5). Then 


1 f ; _ a(b+)+a(b—-)  a(at+) +o(a—) 
ae i Im F(s + ie) ds 5 5 : 


It may happen that a Nevanlinna function has an analytic continuation to a 
subinterval of R. 


Proposition A.2.9. Let F be a Nevanlinna function as in Theorem A.2.5 and let 
(c,d) CR be an open interval. Then the following statements are equivalent: 


(i) F is holomorphic on (C \ R) U (c,d); 
(ii) o is constant on (c,d). 


In this case 


Fle) =a+28+ | 


R\(c,d) 


= - ) d0), zE(cd), (A.2.22) 


t-r PA 
and F is a real nondecreasing function on (c,d). 


Proof. (i) = (ii) By assumption, F(x) is real for every x € (c,d). Now apply 
Corollary A.2.8 to any compact subinterval of (c, d). This implies that ø is constant 
on every compact subinterval of (c, d). 

(ii) > (i) This is a direct consequence of Theorem A.2.5, since 


FQ) =a+28+ | 


R\(c,d) 


1 t 


If either (i) or (ii) holds, then (A.2.22) follows by a limit process. In particular, 


F is real on (c,d). From (A.2.22) one also concludes that for all x € (c,d) the 
function F is differentiable and 


i = -t o x C. 
Fe=pt f gO ee (6a) 


is nonnegative. Hence, F is nondecreasing on (c,d). This completes the proof. 


Assume that Im F(u) = 0 for some u € C\ R. Then it follows from (A.2.6 
that in the integral representation (A.2.5) 8 = 0 and o(t) = 0, t € R. In other 
words, Im F(A) = 0 for all A € C\R and F(A) = a for all A € C\R UF 
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admits an analytic continuation to (c,d) C R one concludes in the same way that 
F(x) = a for x € (c,d). If F'(xo) = 0 for some zo E (c,d), then F'(x) = 0 for 
all  € (c,d) and F(A) = a for all A € C\RU (c,d). Finally, observe that if 
Im F(u) 4 0 for some p € C\ R, then 


1 \_ ImF() 
im (-ay) Troe SE CNR 


and hence —1/F is also a Nevanlinna function. 


Remark A.2.10. This remark is a continuation of Remark A.1.6. If the function 
g in Lemma A.2.7 is a holomorphic n x n matrix function on U, then the results 
(A.2.12) and (A.2.13) remain valid with the integrals interpreted in the matrix 
sense; cf. Remark A.1.6. Furthermore, the function g may be defined on K x U 
with some compact space K such that x +> g,(A) is continuous for all A € U and 
A ++ gz(A) is holomorphic for all x € K. In this case (A.2.12) remains valid for all 
x € K, while the upper bound in (A.2.13) must be replaced by 


M sup {|gz(A)|, 19, (A)| 12 € K, AER}. 


A.3  Operator-valued integrals 


This section is concerned with operator-valued integrals which will be used in 
the integral representation of operator-valued Nevanlinna functions. For this pur- 
pose the notion of an improper Riemann-Stieltjes integral of bounded continuous 
functions is carried over to the case of operator-valued distribution functions. 


In order to treat the Riemann-Stieltjes integral in the operator-valued case 
one needs the following preparatory observations. A function © : R — B(S) whose 
values are self-adjoint operators is said to be nondecreasing if tı < tə implies 


(O(t1)y, p) < (Ol(t2)¥,9), YES. 


In general, such a function has limits as t + -too, that are self-adjoint relations; cf. 
Chapter 5. In the following © will be called a self-adjoint nondecreasing operator 
function. Furthermore, © will be called uniformly bounded if there exists M such 
that for allt € R 


(OMe) < Mel’, ges. 
Lemma A.3.1. Let O : R > B(G) be a self-adjoint nondecreasing operator function. 
Then the one-sided limits 
O(t), tER, 


exist in the strong sense and are bounded self-adjoint operators. If, in addition, 
© : R > B(G) is uniformly bounded, then O(+00) exist in the strong sense and 
are bounded self-adjoint operators. 
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Proof. Let t € R and choose an increasing sequence tp —> t—. It is no restriction to 
assume that O(t,,) > 0 for all n € N. Then for every y € G the sequence (O(t,)y, p) 
is nondecreasing and bounded by (O(t)y, p) < ||O(t)||||y||?. Hence, (O(tn)y, p) 
converges to some Vo, € R. Via polarization one finds that (O(t,)y, Y) converges 
for all y,w € 9 and therefore 


§xGayxpr lim (O(tn)p, Y) 
n—> oo 
is a symmetric sesquilinear form which is continuous, because 


| lim (O(n), Y)| < lim (O(én)y, 9) /?(O(tn)b, y)? 
< lelle, 


where the Cauchy-Schwarz inequality was used for the nonnegative sesquilinear 
form (O(t,,)-,-). Thus, there exists a self-adjoint operator 2 € B(G) such that 


Jim (O(tn)e, Y) = (9%, Y) 
for all y, Y € 9. Then ||/QO—O(t,,)|| < |]Q|]+|/O(¢)||, while Q—O(t,,) > 0. Recall the 


Cauchy-Schwarz inequality || Af||? < ||Al|(Af, f), f € 9, for nonnegative operators 
A € B(G). Thus, one obtains 


IO — O(n) el? < (All + OMI) ((Q — Otn) p) > 0 


for n + œ and y € G, i.e., O(t—) exists in the strong sense. Similar arguments 
show that O(f+), t € R, exists in the strong sense. If, in addition, © is uniformly 
bounded one verifies in the same way that the limits O(+00) exist in the strong 
sense and are bounded self-adjoint operators. 


Corollary A.3.2. Let 0: R > B(S) be a self-adjoint nondecreasing operator func- 
tion which is uniformly bounded. Then for every compact interval [a,b] one has 


0 < ((O(6) — O(a))y, p) < ((O(+œ) -= O(-co))y,9), YES, 
and consequently 
||(O(b) — E(a)I| < |]O(+00) — O(—c0)]]. 


After these preliminaries the operator-valued integrals will be introduced. Let 
[a,b] be a compact interval and let © : [a,b] + B(S) be a self-adjoint nondecreasing 
operator function. Let f : [a,b] — C be a continuous function. For a finite partition 
a = to < tı <+- < tn = b of the interval [a,b], define the Riemann-Stieltjes sum 


Sn :=  f(&)(O() — O(t;—1)). (A.3.1) 
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The bounded operators S» converge in B(G) if max |t; — t;-1| tends to zero. The 
limit will be called the operator Riemann-Stieltjes integral of f with respect to © 
and will be denoted by 


b 
f f(t) dO(t) € B(S). (A.3.2) 


Lemma A.3.3. Let [a,b] be a compact interval and let O : [a,b] + B(G) be a 
self-adjoint nondecreasing operator function. Let f : [a,b] —> C be a continuous 
function. Then for all p,p € 9 


(i g 10) 0) = ECO (A.3.3) 


Moreover, for all y € 9, 


| (f° f(t) wo) < ||9(b) — O(a)|| [ IOP d(@(t)y, p). (A.3.4) 
In particular, for all p € 9, 
IC io at) )e| < (ss OI) 18) -eWl (435) 


Proof. It is clear from the definition involving the Riemann-Stieltjes sums in 
(A.3.1) that the identity (A.3.3) holds. 
To see that (A.3.4) holds, observe first that 


[Tigi +++ + TnGnll? < TTE +--+ + TaT (Ileal? +--+ lenll?) (4.3.6) 
where T),...,Tn € B(G) and yi,...,n E€ G. One verifies (A.3.6) by interpreting 


the row (7... Tn) as a bounded operator A from § x---x 9 to 9 and recalling that 
A||? = || AA*|]. Now rewrite the following Riemann-Stieltjes sum as indicated: 


D f (ti) (O(ti) — O(ti-1)) Y 


The right-hand side may be written as Tiy1 +---+ Tn yn, where 


T; = (O(ti) — O(ti-1))? € B(S), pi = (ti) (Olti) — Olti-1)) p E S 


for i = 1,...,n. Furthermore, one has 


TTE +- + Ta T% =X (O(ti) — O(ti-1)) = O(b) — O(a). 
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Hence, the general estimate (A.3.6) above gives 


2 
= [Tigi +--+ + Thvnll? 


oe f(t) (O(t) — O(ti-1)) P 


< lO®) — O(a)|| (ly? +- + [leall?). 


Since 


leill? + + lenll? = Y EPOE — O(ti-1))? ¢|)? 


i=1 


= P lf)? (Olt) - Olti- 9) 


one concludes (A.3.4) with a limit argument. Finally, (A.3.5) is an immediate 
consequence of (A.3.4) and 


b 
J 40We o) = (00) - 0) ) < 100 - Alo. 


This completes the proof. 


The integral in (A.3.2) enjoys the usual linearity properties. The nonnega- 
tivity property 


b 
FŒ) Z0, tela, b] > f rowo 


is a direct consequence of (A.3.3) of the previous lemma. Moreover, if c is a point 
of the open interval (a,b), then 


b c b 
J soa = f roaa + | f(t) dO(t). (A.3.7) 


It follows from (A.3.7) that the integral defined in (A.3.2) and the properties 
in Lemma A.3.3 remain valid for functions f : [a,b] — C that are piecewise 
continuous. 


Now the integral in (A.3.2) will be extended to an improper Riemann- 
Stieltjes integral on R under the assumption that the self-adjoint nondecreasing 
operator function © : R —> B(S) is uniformly bounded; cf. Lemma A.3.1. Note 
that the restriction to bounded continuous functions guarantees the existence of 
the improper integral. However, it is clear that the results remain valid for bounded 
functions f that are continuous up to finitely many points. 
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Proposition A.3.4. Let © : R > B(S) be a self-adjoint nondecreasing operator 
function which is uniformly bounded and let f : R —> C be a bounded continuous 
function. Then there exists a unique linear operator 


Í f(t) d@(t) € B(S) (A.3.8) 


i f(t) 10) ¢ = jm im (f f(t) wo) (A.3.9) 


for all p € 9, and 


(( [so 400) ow) = [ OLEHE W (A.3.10) 


for all p, € 9. Moreover, 


|({ 10 io) ol, 


for all p € G. In particular, 


such that 


< ||]@(+00) - -o)l f 10) ()Pd@Wy.~) (4.3.11) 


| ([.1920«) o] < sito) -o0 (a312 


for all p ES. 
Proof. By assumption, there exists some M > 0 such that for all y € S 
(OMe 9) < Mliol’,  tER; (A.3.13) 


cf. Lemma A.3.1. First the existence of the limit in (A.3.9) will be verified. With 
the estimate (A.3.13) the inequality (A.3.4) may be written as 


\(/ AW) 10) ¢ 


Now consider two compact intervals [a,b] C [a’,b’] and observe from (A.3.7) that 


[ soe - f row = [ ro + [ roa. 


Hence, for every y € 9 one has 


b 
<2M | POPOH) (A.3.14) 


” Kadal Eu 


i f row 


cam f IFE)? a Desam f If(t)/? a(O(t)y, 9), 


<2 +2 (A.3.15) 
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where the estimate (A.3.14) has been used. The right-hand side of (A.3.15) gives 
a Cauchy sequence for a,a’ + —oo and b,b’ + +00, since for all y € 9 
[FORLEDEN f Oe) 


= || f1l&((O(+00)¢, Y) — (O(—00)¢, ¥)) 
< 2M||f\[cllell? < œ. 


Therefore, the strong limit on the right-hand side of (A.3.9) exists. This limit is 
denoted by the left-hand side of (A.3.9). 
To verify (A.3.10), observe that the left-hand side of (A.3.10) is given by 


b 
lim jim ((/ f(t) dot) Jev) = im jim f f(t) d(@(t)y, Y), 


where (A.3.3) was used. The statement now follows from the dominated conver- 
gence theorem. 


Finally, as to (A.3.11) and (A.3.8), recall from (A.3.4) that for every y € § 
and for every compact interval [a,b] one has the estimate 


|(f soe) of < ]0(b) - O(a) von IOP aOWe.) an 


< (+00) aie FP dO)y. 9), 


where in the last inequality Corollary A.3.2 and the dominated convergence the- 
orem have been used. Clearly, (A.3.11) follows from (A.3.16). This also leads to 
(A.3.12), which implies (A.3.8). 


The linearity and nonnegativity P are preserved for the improper 
Riemann-Stieltjes integral. The adjoint of fẹ f(t) dO(t) is given by 


(fro t)do(t o) -= [76 t) dO(t (A.3.17) 


Another immediate consequence is the following limit result. 


Corollary A.3.5. Let 0: R > B(S) be a self-adjoint nondecreasing operator func- 
tion which is uniformly bounded. Let fn : R —> C be a sequence of continuous 
functions which is uniformly bounded. Let f : R — C be a bounded continuous 
function such that limno fn(t) = f(t) for allt € R. Then for ally € G 


([ minaew) o> (f row) 
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Proof. Use the linearity property and Proposition A.3.4 to conclude that for all 


peg 
\( [soew)e- l I fall) oo) 


< |]@(+00) - ©(—%)| Í F(t) 2 dO(t)y,9). 


Now apply the dominated convergence theorem. 


The next goal is to extend the operator-valued Riemann-Stieltjes integral to 
the case where the self-adjoint nondecreasing B(9)-valued function appearing in 
the integral is not uniformly bounded. In principle this more general situation will 
be reduced to the case discussed above. In the following consider a (not necessarily 
uniformly bounded) self-adjoint nondecreasing operator function © : R > B(S). 
Let w : R > R be a continuous positive function with a positive lower bound, and 
define the operator function © : R + B(S) by 


‘dy 
Q(t) = f () eR. (A.3.18) 
o w(s) 

The function © can be used to extend the definition of the integral in Proposi- 

tion A.3.4. First a preliminary lemma is needed. 


Lemma A.3.6. Let =: R > B(S) be a self-adjoint nondecreasing operator function 
and let w : R + R be a continuous positive function with a positive lower bound. 
Then © in (A.3.18) defines a self-adjoint nondecreasing operator function from 
R to B(S). Moreover, for every bounded continuous function f : R —> C and for 
every compact interval [a,b] one has 


f to? Z0 OL fro t) dO(t) € B(S). (A.3.19) 


Proof. It follows from Lemma A.3.3 that O(t), t € R, in (A.3.18) is well defined 
and that O(t) € B(G). Moreover, 


(ee) = | aaa p) tER, (A.3.20) 


for all y € 9; cf. Lemma A.3.3. Thus, O(t) is self-adjoint and it follows that 


(Olay) Olan f EOL, nch, 


so that © is a nondecreasing operator function. Since the functions f/w and f are 
continuous on [a,b], Lemma A.3.3 shows that both integrals 


Bn OEE) 
| fe) and / f(t) q(t) 


652 Appendix A. Integral Representations of Nevanlinna Functions 


belong to B(G). Observe that, for all y € 9, 


(fr eM) oy) = fee) 


b 


Here the first and the third equality follow from Lemma A.3.3, while the second 
equality uses the Radon—Nikodym derivative in (A.3.20). By polarization, 


({ 208) o8) = (f so) a) 


for all p, Y € 9, and hence 


(= w(t) FOV =(f 10 t)dO(t On (A.3.21) 


holds for all y € §. This implies (A.3.19). 


As a consequence of Lemma A.3.6 one may recover the function © from the 
function ©, since for every compact interval [a,b] C R one has 


i dX(t) = [0 dO(t). 


Now the definition of the integral in Proposition A.3.4 is extended to “unbounded” 
measures by means of a “Radon—Nikodym” derivative. 


Proposition A.3.7. Let X : R —> B(G) be a self-adjoint nondecreasing operator 
function, let w : R —> R be a continuous positive function with a positive lower 
bound, and let © : R + B(S) be defined by (A.3.18). Then the following statements 
are equivalent: 


(i) For all p E€ G one has 


U(X(s)¥, p) 
[mee < 00. (A.3.22) 


(ii) In the sense of strong limits one has 


dX(t) 
—~ € B(S). 
fay © PO) 
(iii) The nondecreasing operator function © : R > B(9) in (A.3.18) is uniformly 
bounded. 
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Assume that either of the above conditions is satisfied. Let f : R > C be a bounded 
continuous function. Then 


dX(t) 
ro SP = f soat, A.3.23 

[ro Ge = [rode (A.3.23) 
where each side belongs to B(G) and is meant as the strong limit of the correponding 
operators in the identity (A.3.19), respectively. 
Proof. (i) = (iii) Assume the condition (A.3.22). Then it follows from (A.3.18) 
and the monotone convergence theorem that 
” d(X(s)y, p) - f a(X(s)¢, p) 

~ Jr w(s) 


for every compact interval [a, b]. The assumption (A.3.22) and the uniform bound- 
edness principle show the existence of a constant M such that 


\|(Q(b) — O(a)? || < M 


Kew -e)l = f 


a  w(s) 


for every compact interval [a,b]. In particular, this leads to the inequality 


|(O() — E(a))¢, p)| < M?*llyll?, 
which implies that the nondecreasing operator function © is uniformly bounded. 
This gives (iii). 
(iii) > (ii) Assume that © : R > B(9) in (A.3.18) is uniformly bounded. It follows 
from (A.3.19) that for every compact interval [a,b] c R 


b b 
: ZO = f aot) = 00) - e), 


where each side belongs to B(G). The result now follows by taking strong limits 
for [a,b] > R. 


(ii) = (i) The assumption means that for all y € 9 


(om ata aif Sy)? 


with convergence in S. In particular, this gives that 


(([ ee) oe) = tm, im (( f 22) one) 
= jim) iim j a 
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where the second step is justified by Lemma A.3.3 and the last step by the mono- 
tone convergence theorem. This leads to (A.3.22). 


By Proposition A.3.4, the integral on the right-hand side of (A.3.21) con- 
verges strongly to 


[row € B(S). 


Together with the identity (A.3.19) this leads to the assertion in (ii). 


For the reader’s convenience the following facts are mentioned in terms of 
£ : R > B(9) and w : R > R from Proposition A.3.7. They can be easily verified 
via the identity (A.3.23). Let f : R > C be a bounded continuous function. Then 


(fr Z0) - | 70 we B(S); (A.3.24) 


f. (A.3.17), and for all y € 9 


(fr re p) = [102 = ree (A.3.25) 


cf. (A.3.10). Furthermore, if fn : R — C is a sequence of continuous functions 
which is uniformly bounded and f : R > C is a bounded continuous function such 
that limno fn(t) = f(t) for all t € R, then for all y € 9 


([ hl eV +(f fc" ae (A.3.26) 


cf. Corollary A.3.5. It is also clear that Proposition A.3.7 and the above properties 
of the integral remain true for bounded functions f : R —> C with finitely many 
discontinuities. 

The following notation will be used later: Consider an interval I C R, let 
xı be the corresponding characteristic function, and let f : R > C be a bounded 
continuous function. Then y;f is a piecewise continuous function and one defines 


fro ae) P= [unto Sie. (A327) 


w(t) w(t) 
In particular, for c € R integrals of the form 


dE) a(t) 
[4 w(t) [ X{c,00) (t) F(t) TE (A.3.28) 


will appear in the context of Nevanlinna functions that admit an analytic contin- 
uation to (—oo,c); see Section A.6. 
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A.4 Operator-valued Nevanlinna functions 


The notion of scalar Nevanlinna function in Definition A.2.3 is easily carried over 
to the operator-valued case. The present section is concerned with developing the 
corresponding operator-valued integral representations. The main tool is provided 
by Proposition A.3.7. 


Definition A.4.1. Let be a Hilbert space and let F : C \ R —> B(S) be an operator 
function. Then F is called a B(G)-valued Nevanlinna function if 


(i) F is holomorphic on C \ R; 
(ii) F(A) = FO)*,\€C\R; 
(iii) Im F(A)/ImA > 0, AE C\R. 
Operator-valued Nevanlinna functions admit integral representations as in 
the scalar case; cf. Theorem A.2.5. 


Theorem A.4.2. Let G be a Hilbert space and let F : C \ R —> B(G) be an operator 
function. Then the following statements are equivalent: 


(i) F has an integral representation of the form 


F(\) =a+ 64 LS rq) BW, AEC\R, (AAD 


with self-adjoint operators a,8 € B(S), B > 0, and a nondecreasing self- 
adjoint operator function X : R —> B(G) such that 


[ 0 € B(S), (A.4.2) 


where the integrals in (A.4.1) and (A.4.2) converge in the strong topology. 


(ii) F is a Nevanlinna function. 


Note that for A € C \ R the identity (A.4.1) can be rewritten as 
F(A) =atrAB+ 1 fy(t) do(t), AEC\R, (A.4.3) 
R 
where the bounded continuous function fy : R —> C and the “bounded measure” 
© are given by 


IFM 


A= EY and 0 = f 


t dx(s) 
s2 41’ 


teER, (A.4.4) 


respectively; cf. (A.3.18) and (A.3.23) with w(t) = t? +1. 
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Proof. (i) = (ii) Due to the condition (A.4.2) it follows that F(A) in (A.4.1) is 
well defined and represents an element in B(S); cf. (A.4.3), (A.4.4), and Proposi- 
tion A.3.7. Moreover, it follows from (A.4.3) and (A.3.25) that for y € 9 


FOiee= Gee tia Í AWdOy,y), AEC\R. 


Therefore, one sees that the function F is holomorphic on C \ R. It is clear that 
F(A)* = F(A); cf. (A.3.24). Since (ay, p) € R and (Sy, p) € R, one also sees that 


2? 
ert Li 

Therefore, Im (F(A)y, y)/ImA > 0 for all A € C\R. This implies that F is a 

Nevanlinna function. 


(ii) > (i) Let F : C\R — B(9) be an operator-valued Nevanlinna function. 
Then M(A) = F(A) — Re F (i) is also a Nevanlinna function and Re M (i) = 0. For 
p € 9 the function (M(A)y, p) is a scalar Nevanlinna function with the integral 
representation 


1+ At 
(M(A)¢9, p) = Bo, + 1 FaN dO.5 (t), AEC\R, 


where By, > 0 and ĝo, : R > R is a nondecreasing function; cf. Theorem A.2.4 
and Lemma A.2.6. Then it follows that 


Im (MG) = Boe + f aboot 
where each term on the right-hand side is nonnegative, so that 
0< Boe + | deelt) =m (MO) < IMON, ES: 
R 


Without loss of generality it will be assumed that 


padt and Bp y= Coe el) yee (A.4.5) 


(see also the proof of Theorem A.2.4) and thus 
0< Poy < IMO llel? and 0< y(t) < IMON? (A.4.6) 


for all t € R. For vy, € 9 one defines by polarization 


1 , , 
Bew = ge Ly pty — bo-y p-o + Botiv,prid — Bp—it,y-ip): 
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and similarly 


1 


Io, = g Hp pty T Oe Y, p—y + 10.5 Hip, pti T 105 ive ip): (A.4.7) 
Then it follows that 
1 t At 
(MAJD) = ABow + | ToS Peowlt), AEC\R, (A.4.8) 


where bp, is determined by 


tim MaDe) 


Bow = TEA iy 


(see (A.2.10) in the proof of Lemma A.2.6) and 0y, : R > C is a function of 
bounded variation. 
Now the representation (A.4.8) will be used to verify that the bounded forms 


{12V} > Bow, {9,0} > Out), (A.4.9) 


are sesquilinear. For instance, with y, yp’, € 9 it follows that 


1+At 
ABo+y! sf =A dh pty’ w(t) 


= (MO +), v) 
= (MAJ) + (MOA, ¥) 
= Aoa | T doot + Boy + f EEE dg w(t) 


1+A 
= Albo y + Bory) + Í aa d(O oy (t) + Oy", (t))- 


After dividing this equality by \ = iy and letting y —> oo, one concludes that 
Bote’ = Bow + Bo w- (A.4.10) 


Setting 0 = D540! — Gop — Ooy, One obtains 


1 AE 1+? = 
= dO t) = do(t À R 
o= [ 7 ay Lo) (),  AEC\R, 


and hence 


1 ~ pi a 
[aeo-- [yr 0, AEC\R. 


Now it follows from Corollary A.1.3 that for every compact subinterval [a,b] C R 
one has 


O(b+) + O(b-) la+) + A(a—) 
2 2 


= 6(b) — (a), 
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where (A.4.5) and (A.4.7) were used in the second equality. With the help of 


(A.4.5) and (A.4.7) via polarization one also concludes that 0(a) — 0 for a + —oo 


and therefore 0(b) = 0 for all b € R. This implies 
Oota (t) = Oo y(t) T Oo w(t), tER. (A.4.11) 


It follows from (A.4.10), (A.4.11), and similar considerations that the forms in 
(A.4.9) are both sesquilinear. Furthermore, these forms are nonnegative and from 
the Cauchy—Schwarz inequality and (A.4.6) it follows that they are bounded. 
Hence, there exists a uniquely determined nonnegative operator 6 € B(G) such 
that 
Bow = (By, Y), BY = 5, 

and for each fixed t € R there exists a uniquely determined bounded operator 
O(t) € B(S) such that 


boult) = (O0 Y) eves. 


From 


(O(t)y, p) = Oplt) = Oplt) = (9, O(t)y), yes, 


one concludes that (O(t)y, Y) = (y, O(t)W), so that O(t) is a self-adjoint operator 
in B(G). Furthermore, for t < t’ one sees that 


a(t) <A) + Ot) <O’) 


and therefore © : R + B(G), t + O(t), is a nondecreasing self-adjoint operator 
function. Thus, one obtains for all y, Y € 9 


1+At 1+At 
(s+ L n aot) eb) = Bow + | T dooa) 


ee 
= ((F(A) — Re F(a), Y), 


which gives (A.4.3) with a = Re F (i). 


The imaginary part Im F'(A) € B(G) of the Nevanlinna function N in Theo- 
rem A.4.2 admits the representation 


ImF(A)_ 5, 1 
Im A =e ear dX(t), AEC\R, (A.4.12) 


where the integral exists in the strong sense. In particular, one has for all y € 9: 


(Im F(A) ¢, p) i 1 

a"? aca dh R: 
mÀ ee) + goap a ORe AcO\R 

cf. (A.3.25). Hence, Im F'(\)/Im å is a nonnegative operator in B(S). 


The next lemma is the counterpart of Lemma A.2.6 for operator-valued 
Nevanlinna functions. 
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Lemma A.4.3. Let F be a B(G)-valued Nevanlinna function with integral repre- 
sentation (A.4.1). The operators a, B, and the nondecreasing self-adjoint operator 
function X : R + B(S) are related to the function F by the following identities: 


a = Re F(i), (A.4.13) 
F(i Im F(i 
main leam m a pen (A.4.14) 
y>œ ty yoo 


Moreover, for all x € R 
lim y(Im F(a + iy)y, p) = (U(a+)¢, p) — (E(z-)p, p), veg.  (A.4.15) 


Proof. It is clear from (A.4.1) that (A.4.13) holds. The identities for 6 in (A.4.14 
follow with the help of (A.3.26) in the same was as in the proof of Lemma A.2.6. 
Finally, note that the statement (A.4.15) is a direct consequence of Lemma A.2.6 
and Lemma A.3.1. 


In the present context the Stieltjes inversion formula has the following form; 
cf. Lemma A.2.7. 


Lemma A.4.4. Let F: C\R — C be a B(G)-valued Nevanlinna function with 
the integral representation (A.4.1) and let [a,b] C R. Assume that U is an open 
neighborhood of [a,b] in C and that g : U —> C is holomorphic. Then 


b 
im ziy f (GF) + i) = (0F)(s — ie))p, p) ds 


el0 2ri 
1 b— i 
= 5f,90 oeo+ f g(t) amine) +5 f, 90 d(X(t)y, p) 


(A.4.16) 


holds for all p € 9. If the function g is entire, then (A.4.16) is valid for any 
compact interval [a,b]. In particular, 


b 


1 
lim — / (Im F(s + ie)y, yp) ds 
elom Ja 


_ (2b+)¢, p) + (E(O-)e, p) _ late, p) + @(a-)e, p) 
2 2 


for ally € G. 


For operator-valued Nevanlinna functions Proposition A.2.9 has the following 
form. 


Proposition A.4.5. Let F be a Nevanlinna function as in Theorem A.4.2 and let 
(c,d) C R be an open interval. Then the following statements are equivalent: 


(i) F is holomorphic on (C \ R) U (c, d). 
(ii) For every p € G the function t œ> X(t)y is constant on (c,d). 


660 Appendix A. Integral Representations of Nevanlinna Functions 


In this case 


F(a) =a4: -z 
(x) a+ag+ | Iz PFI 


R\ (c,d) 


(= t 29, zé(ed), (A417) 


is self-adjoint; the integral in (A.4.17) converges in the strong topology. Moreover, 
F is nondecreasing on (c,d): 


(F(zi)e,9) < (F(£2)p, p), €< z1 < £2 <d. 


Proof. The implication (i) = (ii) follows from the Stieltjes inversion formula in 
Lemma A.4.4, which implies that t ++ (X(t)y,y) is constant for t € (c,d) and 
yp € 9. For c < tı < t2 < d one concludes from the inequality 


(Ela) — Et) ¥)| < (Elt2) = Et), P) (El) — Et), y) =0 


that the function t + X(t)ọ is constant on (c, d) for all y € 9. For the implication 
(ii) = (i) consider the integral representation (A.4.1) in Theorem A.4.2, where the 
integral converges in the strong sense. Since t + U(t)y is constant on (c,d), this 
representation takes the form 


F(A) =a+r8 [aca (t) (= — m) dX(t) 


1 t 
=a — l axt 
SEAR hea (= ai) () 


for all A € C \ R; cf. (A.3.27). It follows that A > (F(A)y, p) is holomorphic on 
(C \ R) U (c,d) for all y € 9 and hence F is holomorphic on (C \ R) U (c, d). 
To obtain (A.4.17), observe that for x € (c,d) one has 


1 t 1 t 
XR\(c,d) (t) E= 12 +1 > XR\ (c,d) (t) t-r T t2 +1 


when à > x, A € C\R, and the functions are uniformly bounded in t. Hence, 
(A.3.26) and (A.4.18) imply (A.4.17), where the integral in (A.4.17) converges in 
the strong topology by Proposition A.3.7. Furthermore, the bounded operators 
F(x), x € (c,d), are self-adjoint by (A.3.24) and Proposition A.2.9 shows that 
x> (F(x), p) is nondecreasing on (c, d). 


(A.4.18) 


If F has an analytic continuation to (c,d) C R, then it follows from (A.4.17 
that F is differentiable on (c,d) and that 


F(a) = 8+ | pp O x € (c,d), (A.4.19) 
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where the integral exists in the strong sense. In particular, one has for all y € 9: 
(F'eje o) = (Boo) | pipe) reld: 


cf. (A.3.25). It is clear that F’(x) is a nonnegative operator in B(9). 


The next observation on isolated singularities of F is useful. If (c,d) C R 
and F admits an analytic continuation to (c,d) \ {y} for some y € (c,d), then 
Proposition A.4.5 implies 


1 t 
FQ) =a+8+ | (Ay -gty) a 
Bitiesuad) ETÀ +1 


for all A € (C \ R) U (c, y) U (y, d). Dominated convergence shows that 


~ lim (A= A (FA)2 V) = (SUH Y) = (BU-)e.v), ev € S, 
whence 
im |= 9) FA)|] = E+) -= 20>) 


The following result establishes an important property of operator-valued 
Nevanlinna functions which will be characteristic for the Weyl functions in this 
text; see Chapter 4. The proof given here depends on the integral representation 
of a Nevanlinna function. 


Proposition A.4.6. Let F be a B(G)-valued Nevanlinna function. Then the follow- 
ing statements hold: 


(i) If Im F(u) is boundedly invertible for some u € C \ R, then Im F(A) is bound- 
edly invertible for all A€ C\R. 


(ii) Assume that F has an analytic continuation to the interval (c,d) C R. If 
either Im F(u) is boundedly invertible for some u € C \ R or F' (zo) is bound- 
edly invertible for some xo E (c,d), then Im F(A) is boundedly invertible for 
all A€ C\R and F'(x) is boundedly invertible for all x € (c,d). 


Proof. The proof will be given in three steps and involves the nonnegativity of the 
operators in (A.4.12) and (A.4.19). 


Step 1. Assume for some u € C\R that 0 € o,(ImF(y)). Then there exists a 
nontrivial element y € ker (Im F(j)). Since 6 > 0, it follows from (A.4.12) that 


(69,9) =0 and Í pp ieee) = 0. 


and therefore y € ker 8 and (X(t)y, p) = 0 for all t € R. Hence, due to (A.4.12) 
one sees that (Im F(A)y, p) = 0 for all A € C\R. For A € C* one concludes 
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by the nonnegativity of Im F(A) that Im F'(A)y = 0. For A € C7 one has that 
Im F(A)y = Im F(A)y = 0. Therefore, it follows that 0 € op(Im F(A)) for all 
A € C\R. Moreover, in case there is an analytic continuation to (c,d), (A.4.19) 
implies that (F’(x)y, p) = 0 for all x € (c,d). For x € (c,d) one now concludes by 
the nonnegativity of F(x) that F’(a)y = 0. Hence, it follows that 0 € op(F’(x)) 
for all x € (c,d). 

If F admits an analytic continuation to (c, d), then the above arguments show 
that the assumption 0 € o,(F"(xo)) for some xo E (c,d) leads to 0 € op (Im F(A)) 
for all A € C \ R and 0 € 0, (F"(2)) for all z € (c,d). 


Step 2. Assume for some u € C\R that 0 € o.(ImF(y)). Then there exists a 
sequence Yr € 9, ||pn|| = 1, such that Im F(u)pn > 0 for n > oo. It follows from 
(A.4.12) that 


1 
(BYn;~n) +0 and | rer) d(X(t)~n, Yn) +0, noo, 
Sre 


and hence also (Im F(A)yn, Yn) —> 0 for any A € C\R. Thus, for A € C+ one 
concludes from the nonnegativity of Im F(A) that Im F(A)y, —> 0. Hence, one 
concludes that 0 € o,(Im F(A)) for all A € C \ R. Moreover, if there is an analytic 
continuation to (c,d), then it follows from (A.4.19) that 


1 
(BYn, Yn) => 0 and f lt = a? dEl) Pn Pn) =e 0, n—- OO, 
R =p 


and hence also (F'(x)Yn, pn) —> 0 for any x € (c,d). Thus, for x € (c,d) one 
concludes by the nonnegativity of F'(x) that F'(x)pn + 0. Hence, x € oe(F'(x)) 
for all x € (c,d). 

Therefore, it has been shown that the assumption 0 € o,(Im F(pu)) for some 
u € C\R leads to 


0€o-(ImF(A)), AEC\R, and 0€o.(F'(x)), x€ (c,d). 


It is clear that if F admits an analytic continuation to (c,d), the above argu- 
ments show that the assumption 0 € o.(F"(xo)) for some x € (c,d) leads to 
0 € 0, (Im F(A)) for all A € C \R and 0 € o,(F"(«)) for all x € (c,d). 


Step 3. Now assume that Im F(u) is boundedly invertible for some p € C \ R or, if 
there is an analytic continuation to (c,d), that F’(a9) is boundedly invertible for 
some xo € (c,d), in other words, 0 € p(Im F(y)) or 0 € p(F'(xo)). Since Im F(A), 
A € C \ R, and F’(x), x € (c,d), are self-adjoint operators in B(S), it follows that 
o,(Im F(A)) = @ and o,(£"(x)) = 0. The assertions (i) and (ii) of the proposition 
now follow from Step 1 and Step 2. 


Next the notion of a uniformly strict Nevanlinna function will be defined. It 
can be used in conjunction with Proposition A.4.6. 
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Definition A.4.7. Let 9 be a Hilbert space and let F : C \ R —> B(Q) be a Nevan- 
linna function. The function F is said to be uniformly strict if its imaginary part 
Im F(A) is boundedly invertible for some, and hence for all A € C \ R. 


In this context it is helpful to recall the following facts. Let A € B(S) with 
Im A > 0. Then clearly Im A is boundedly invertible if and only if Im A > e for 
some € > 0. Note that if Im A > e for some £ > 0, then 


elll? < Im Ay, p) < (Ay, »)| < ||AgllIl¢l, E€ 9, 


yields that €||y|| < || Apl], p € 9. Therefore, if Im A is boundedly invertible, then 
so is A itself, i.e., A71 € B(S), and furthermore 


Im (A7!) = A~! (Im A)A™*, 


so that Im(—A~+) > 0, and in fact Im(—A™!) > e’ for some e’ > 0. The next 
lemma is now clear. 


Lemma A.4.8. Let G be a Hilbert space and let F :C \ R > B(S) be a Nevanlinna 
function. If the function F is uniformly strict, then its inverse —F—' is a uniformly 
strict B(G)-valued Nevanlinna function and 


Im (—F(A)7') = F(A) (Im F(A) FO), AEC\R. 


In general, for an operator-valued Nevanlinna function F with values in B(9) 
the values of the inverse —F'~! need not be bounded operators. 


A.5 Kac functions 


The notion of operator-valued Nevanlinna function in Definition A.4.1 gave rise to 
the integral representation of Nevanlinna functions in Theorem A.4.2. Next special 
subclasses of Nevanlinna functions with corresponding integral representations will 
be considered. Whenever one deals with “unbounded measures” the interpretation 
of the integrals is again via Proposition A.3.7. 


Definition A.5.1. Let 9 be a Hilbert space and let F : C \ R > B(9) be a Nevan- 
linna function. Then F is said to belong to the class of Kac functions if for all 
peg 


dy < œ. (A.5.1) 
Note that every B(S)-valued Nevanlinna function F that satisfies 


sup y (Im (F(iy)y,~)) <œ, pe, (A.5.2) 
y 


is a Kac function. 
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Theorem A.5.2. Let 9 be a Hilbert space and let F :C \R— B(S) be an operator 
function. Then the following statements are equivalent: 


(i) F has an integral representation of the form 
1 
F(A) =1+ f poy CU); AEC\R, (A.5.3) 
= 


with a self-adjoint operator y E€ B(G) and a nondecreasing self-adjoint oper- 
ator function © : R + B(G) such that 


dolt) 
r t| +1 


B(S), (A.5.4) 
where the integrals in (A.5.3) and (A.5.4) converge in the strong topology. 
(ii) F is a Kac function. 


If either of these equivalent conditions is satisfied, then y = limy oo F(iy) in the 
strong sense. 


Proof. It is helpful to recall the identity 


e9 1 1 (an 1 
dy = t t#0 A-5.5 
J P+ yy h e oo mi): ce ca 


and the fact that 


lim ye arctan i =]; (A.5.6) 
jlo [t] (2 [t| 
(i) => (ii) Write the representation (A.5.3) as 
d&(t) 
F(A) = t) =, AEC\R, 
W=1+ fa ays \ 


where the bounded continuous function g, : R > C is given by 
t| +1 
t) = ; 
art) = Fa 
Due to the condition (A.5.4) it follows that F(A) in (A.5.3) is well defined and rep- 


resents an element in B(G); cf. Proposition A.3.7. Moreover, (A.5.3) and (A.3.25) 
imply that for y € 9 


d(X(t)¢, p) 
+I 


FApo = ree) + | and) AEC\R. 


Therefore, one sees that the function F is holomorphic on C \ R. Furthermore, it 


is clear that F(A)* = F(A); cf. (A.3.24). Since (yy, p) € R, one also sees that 


Im (FO)9, 9) _ 1 
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Thus, F is a Nevanlinna function. Furthermore, integration of this identity shows, 
after a change of the order of integration, that 


F Im — dy = i z G arctan =) d(Z(t)p, p) < 00. 


Here the identity (A.5.5) was used in the first equality and (A.5.4), (A.5.6), and 
arctan 1/|t| — 0 for |t| + oo were used to conclude that the last integral is finite; 
cf. Proposition A.3.7. This shows that F is a Kac function. 


(ii) > (i) Since F is a Nevanlinna function, it follows from the integral represen- 
tation (A.4.1) and (A.3.25) that for all y € 9 


Im (F(iy)y, p) 


1 
DAP — (ay,0) + | ga IEO) 


Each of the terms on the right-hand side is nonnegative. Hence, the integrability 
condition (A.5.1) implies that 6 = 0 and furthermore 


I (/ mF A((t)y, 2) dy < o. 


Changing the order of integration and using (A.5.5) gives 


1 (a 1 
arctan d(X(t)y, p) < œ, 
lao 7) E0) 


and hence fa(1+ |t|) 7t d(X(é)y, p) < œ. By Proposition A.3.7, this implies that 
(A.5.4) is satisfied. Observe that for each compact interval [a,b] C R one has the 
identity 


[ 1+ At dX(t) f t| +1 dd(t) [ t| +1 dd(t) 


LEARE J, $4 +i +i lei 


and now all integrals have strong limits as [a,b] + R by Proposition A.3.7. Hence, 
one obtains from (A.4.1) with 8 = 0 that 


F(A) =e4 [ss ” fs Í ' a). 


t-A +1 ES 241 


f t aze = f ED dX(t) 
Rt +1 rR +1 j|t|+1 


is a self-adjoint operator in B(9). Hence, with y defined by 


t 


one sees that y € B(G) is self-adjoint and the assertion (i) follows. 


Observe that 
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Finally, observe that by means of (A.3.26) one has 


im (Fly) -e= Jim. ( | O) » =0 


for all y € 9. This gives the last assertion. 


A subclass of the Kac functions in Theorem A.5.2 concerns the case with 
bounded “measures”. 


Proposition A.5.3. Let G be a Hilbert space and let F: C\R — B(G) be an 
operator function. Then the following statements are equivalent: 


(i) F has an integral representation of the form 
1 
F(A)= 7+ poy FU); AEC\R, 


with a self-adjoint operator y E€ B(G) and a nondecreasing self-adjoint oper- 
ator function © : R —> B(G) such that fg (t) € B(S). 


(ii) F is a Kac function satisfying (A.5.2). 


If either of these equivalent conditions is satisfied, then y = limy oo F(iy) in the 
strong sense, and furthermore, for all p € 9 


I dE 9) = sup ylIm Flin)e. 9) < o0. (A.5.7) 


Proof. (i) = (ii) It follows from Theorem A.5.2 that F is a Kac function. Moreover, 


2 
; y 
sup y(Im F'(iy)y, sup | = d(X(t)y, 
sup y( (iy)y, p) MARET (X(t), p) 


. t 
= [ ay.) inf | a a Ye) (A.5.8) 


y>0 


= Elp 9), 
R 


which shows that the condition (A.5.2) is satisfied. 


(ii) > (i) Since F is a Kac function, the integral representation follows from Theo- 
rem A.5.2 with a nondecreasing self-adjoint operator function © : R > B(S) which 
satisfies the integrability condition (A.5.4). Now it follows from the assumption 
(A.5.2) and (A.5.8) that J, d&(t) € B(S). 

Moreover, the identity y = limy F (iy) in the strong sense is clear from 
Theorem A.5.2 and (A.5.7) was shown in (A.5.8). 
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The previous proposition has an interesting consequence for a further sub- 
class of the Kac functions which satisfy (A.5.2). The following result is connected 
with the characterization of generalized resolvents; see Chapter 4, where also 
the Sz.-Nagy dilation theorem is treated. Note that the conditions y = y* and 
J @(t) € B(G) in Proposition A.5.3 are now specialized to the conditions y = 0 
and || fg d&(t)|| < 1. 


Proposition A.5.4. Let 9 be a Hilbert space and let F: C\R — B(G) be an 
operator function. Then the following statements are equivalent: 


(i) F has an integral representation of the form 


FA) = — d5(t), AEC\R, 
R 


with a nondecreasing self-adjoint operator function X : R —> B(G) such that 
Jp C(t) € B(S) and || fp dd(t)|| <1. 
(ii) F is a Nevanlinna function which satisfies 
Im F(A) 
Im A 


- F(A F(A) >20, AEC\R. 


Proof. (i) = (ii) It is clear from Proposition A.5.3 that F is a Kac function and 
hence a Nevanlinna function. Moreover, for all A € C \ R one has 


(im F(A)e. 9) _ 
Im A 


1 
[popio ves. 


Since ||O(+00) — O(—oco)|| < 1, it follows from Proposition A.3.4 that 


2 


PARO) = IFO = |( a0) 6 


1 
< | ypdBWev), ves, 
r |t—Al 
which gives the desired result. 
(ii) > (i) Let F be a Nevanlinna function which satisfies 
|Im A] FA]? < [Im (F(A) p), PES, AEC\R. 


Then 
[Im A] ||F)¢ll < lel, eeS, AEC\R, 


which leads to 


Imal (FA), 9) < lel’, ges, AEC\R. 
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In particular, one has 
|Im À| |Im (FO)y,9)| < llel, eS, AEC\R, (A.5.9) 
and 
Im Al [Re (FA) p)| < lloll, ves, AeC\R. (A.5.10) 
The inequality (A.5.9) and Proposition A.5.3 imply that F admits the integral 
representation 


Fa)=7+ | a, r.€C\R, 
= 


with fe d©(t) € B(G), and hence fe d(X(t)y,~) < oo. Moreover, it follows from 
(A.5.9) and (A.5.7) that 


f IEU o) = sup y(Im Fue.) < Ilol. 


Hence, one sees that || fg dX(t)|| < 1. Finally, note that 


t 


Page d(X(t)y,y), y>0. 


Re (F (iy), p) = (7, p) +f 


Now (A.5.10) and the dominated convergence theorem show that y = 0. 


A.6 Stieltjes and inverse Stieltjes functions 


Let F be a B(GS)-valued Nevanlinna function F with the integral representation 
(A.4.1) as in Theorem A.4.2. Recall from Proposition A.4.5 that F is holomorphic 
on C \ [c, co) if and only if the function t ++ X(t)y is constant on (—oo,c) for all 
y € G, and in this case one has the integral representation 


( : : ) axe, (A.6.1) 


FOQ)=a+28+ | IA Poi 


[c,00) 


where the integral converges in the strong topology for all A € C \ [c,co); ef. 
(A.3.28). Note that (A.6.1) implies 


Bp = lim ts) p, yes. (A.6.2) 


zl—co T 


This identity can be verified in the same way as in the proof of Lemma A.2.6 
using (A.3.26); cf. Lemma A.4.3. Moreover, x + F(x) is a B(G)-valued operator 
function on (—oo,c) with self-adjoint operators as values and one has 


F(a) < F(a), z1 < £2 <C, (A.6.3) 


by Proposition A.4.5. In the present section this class of Nevanlinna functions 
F will now be further specified by requiring, in addition to holomorphy of F on 
C \ [c, co), a sign condition for the values F(x) for x € (—oo, c). 
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Definition A.6.1. Let S be a Hilbert space and let c € R be fixed. A Nevanlinna 
function F : C\ [c,oo) + B(9) is said to belong to the class Sg(—oo, c) of Stieltjes 
functions if 


(i) F is holomorphic on C \ [c, 00); 
(ii) F(x) > 0 for all a <c. 
Similarly, a Nevanlinna function F : C \ [c,oo) —> B(Q) is said to belong to the 
class Se (—00, c) of inverse Stieltjes functions if 
(i) F is holomorphic on C \ [c, 00); 
(ii) F(x) < 0 for all a <e. 
Thus, if F € Sg(—co,c), then «+> F(x) is an operator function on (—oo,c) 


and 

0 < F(a1) < F(a2), z1 < T2 < €. 
In particular, lim,|—.. F(x) exists in the strong sense and defines a nonnegative 
self-adjoint operator in B(9); cf. Lemma A.3.1. There is also a limit as x + c 
in the sense of relations, see for details Chapter 5. Similarly, one sees that if 
Fe S5'(—0o, c), then «++ F(x) is an operator function on (—oo,c) and 


F(a) < F(z2) < 0, ty = E o =e. 


In particular, lim,+, F(x) exists in the strong sense and defines a nonnegative self- 
adjoint operator in B(S); cf. Lemma A.3.1. There is also a limit as x | —oo in the 
sense of relations, see for details Chapter 5. 


The characterization of Nevanlinna functions in Theorem A.4.2 can be spe- 
cialized for Stieltjes functions and, in fact, the following result also shows that the 
Stieltjes functions form a subclass of the Kac functions; cf. Theorem A.5.2. 


Theorem A.6.2. Let G be a Hilbert space, let F : C\R — B(G) be an operator 


function, and let c € R. Then the following statements are equivalent: 


(i) F has an integral representation of the form 


1 

F(A) =y7 +f 1 dX(t), AEC\ [e,co), (A.6.4) 
[e,00) * = 

with a nonnegative self-adjoint operator y € B(S), a nondecreasing self- 

adjoint operator function =: R — B(G) such that t œ U(t)y, p € 9, is 

constant on (—oo,c), and 


i Hee < œ, pes, (A.6.5) 
[c,00) 


where the integral in the representation (A.6.4) is interpreted in the weak 
topology for all A € C \ [c, œœ). 


(ii) F is a Stieltjes function in Sg(—ov,c). 
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Proof. (i) = (ii) Assume that the function F has the integral representation 
(A.6.4) with y € B(G) and © : R > B(G) as above, such that (A.6.5) holds. 
The condition (A.6.5) ensures that the integral in (A.6.4) is well defined in the 
weak sense. From the integral representation (A.6.4) one sees that F is holomor- 
phic on C \ [c, œœ), 


(Im F(A), 9) 
Im 


1 


and F(A)* = F(A) for \ € C \ R. Hence, F is a B(G)-valued Nevanlinna function. 
Moreover, y > 0 and 


(Flep, 9) = (1,9) + I 


d(X(t)y, p), TE (—,c¢), p & G, 
[c,00) t-r 


imply F(x) > 0 for all x < c. Thus, F € Sg(—o0, c). 


(ii) => (i) Assume that F is a Nevanlinna function in Sg(—oo,c). Then F has the 
integral representation (A.6.1), the operators F(x) defined for —oo < x < c satisfy 
(A.6.3), and they are all nonnegative. Hence, the limit 

y= lim F(z) € B(S) (A.6.6) 


z} — oo 


exists in the strong sense and one has y > 0 by Lemma A.3.1. Note that (A.6.2) 
implies 6 = 0 in (A.6.1). Therefore, (A.6.1) implies that for all £ < c: 


f 1+tz d(X(t)y, p) 
[ 


c,00) t-r El 


< (ay, p), pes. 


Letting x | —oo and using the monotone convergence theorem one obtains 


t 
Pes Boy Hyo) < apy), ves. (A.6.7) 
Since 
d(X(t)y,y) t+1 t 
lt} +1 t(\t] +1) #2 +1 d(X(t)p, p) 


for large t, one concludes from (A.6.7) that (A.6.5) holds. Moreover, one obtains 
from (A.6.6) and (A.6.1) that 


t 
=a-— —— d>(t). 
pn E (t) 


Thus, one may rewrite the integral representation (A.6.1) in the form (A.6.4). 
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The inverse Stieltjes functions can also be characterized by integral represen- 
tations. Here is the analog of Theorem A.6.2. 


Theorem A.6.3. Let 9 be a Hilbert space, let F : C\\R —> B(S) be an operator 
function, and let c € R. Then the following statements are equivalent: 


(i) F has an integral representation of the form 


F(A) = L+8(.-0)+ | 


[c,00) 


(5 2 =) dX(t), A € C\[c, o), (A.6.8) 


with L, 8 € B(G), L < 0, 8 > 0, a nondecreasing self-adjoint operator func- 
tion 3: R > B(S) such that t œ N(t)y, p € 9, is constant on (—co,c), 


and 
d(X(t)y, p) 
J (t= e) (t| +1) < 00, pP € S, (A.6.9) 


where the integral in the representation (A.6.8) is interpreted in the weak 
topology for all A € C \ [c, co). 

(ii) F is an inverse Stieltjes function in Sz '(—o0, e): 

Proof. (i) = (ii) Assume that the function F has the integral representation 


(A.6.8) with L,6 € B(G) and © : R + B(G) as above such that the condition 
(A.6.9) holds. First observe that 


1 1 = (A-—e)({t} +1) d(X(t)y, p) 
s (= = :) de) -f teà G-a 


[e,00) 


for p € 9, and hence condition (A.6.9) ensures that the integral in (A.6.8) con- 
verges in the weak topology for all A € C \ [c, 00). It also follows from (A.6.8) that 
F is holomorphic on C \ [c, œœ), 


Maree) L (49,9) + | 


[e,00) 


Paap Ee») > 0 


for A € C\R and y € 9, and F(\)* = F(A) for Imà # 0. This shows that F 
is a B(G)-valued Nevanlinna function. Now if x < c, then (x — c) < 0 and the 
integrand in (A.6.8) is nonpositive. Since also L < 0, one concludes that F(x) < 0 
for all x < c. Thus, F € Sz'(—00,c¢). 


(ii) = (i) Assume that the function F is a Nevanlinna function in Sg *(—00,c). 
Then F has the integral representation (A.6.1) and the operators F(x) defined for 
—oo < a < c satisfy (A.6.3) and they are all nonpositive. Hence, the limit 


L = lim F(z) € B(S) 
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exists in the strong sense and one has L < 0 by Lemma A.3.1. Furthermore, for 
p € 9 and —co < & < c one has 


E T EE T / 


[c,00) 


(= - ey) Oeo) 


so that for x + c the monotone convergence theorem gives 


(= : ) azine.) (A.6.10) 


(Ley) = (ap o) elpo e) + | 2. aa 


[c,00) 


In particular, the integral on the right-hand side of (A.6.10) exists for all y € J. 
From 


A(X(t)p, p 
a+) Fo Jewe 
one then concludes that (A.6.9) holds. Using (A.6.10) the integral representation 


(A.6.1) can be rewritten as 
1 1 
— -— d(U(t 
(E) cee) 


d(X(t)y,p)  _ +1 1 t 
t—c +l 


(FY, 9) = (Le, e) +A- oep) + I 


[c,0o) 


for A € C \ [c, o0) and vy € 9. This proves (A.6.8). 


Remark A.6.4. The integral representations in (A.6.4) and (A.6.8) are understood 
in the weak sense. Using Proposition A.3.7 one can verify that the integral repre- 
sentation for Stieltjes functions in (A.6.4) remains valid in the strong sense and 
that the integrability condition (A.6.5) can be replaced by the condition 


dX(t) 
€ B(S), 


where the integral exists in the strong sense. Within the theory of operator-valued 
integrals developed in Section A.3, the integral representation (A.6.8) for inverse 
Stieltjes functions and the integrability condition (A.6.9) cannot be interpreted 
directly in the strong sense. 


Let F be a Nevanlinna function and let c € R. Define the functions F, and 
F by 
F(A) = A- oF), AEC\R, 
and 
F>(A)=(A-c) ' FQ), AEC\R. 


[es 
The class of Nevanlinna functions is not stable under either of the mappings 


Fe Fe or Fe F. 


In fact, the next results show that the set of Nevanlinna functions that is stable 
under these mappings coincides with Sg(—oo, c) or Sz '(—o0, c), respectively. 
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Proposition A.6.5. Let 9 be a Hilbert space, let F be a B(G)-valued Nevanlinna 
function F, and letc € R. Then the following statements are equivalent: 

(i) F belongs to the class Sg(—oo,c); 

(ii) Fe is a Nevanlinna function. 
In fact, if F E€ Sg(—oo,c), then F, € Sz (—00, c). 


Proof. (i) = (ii) Assume that F belongs to the class Sg(—oo,c). Then, by The- 
orem A.6.2, the function F has the integral representation (A.6.4) interpreted in 
the weak sense. This implies that F, has the representation 


F(A) = (A +f pay 0. à € C \ [c, co), (A.6.11) 


in the weak sense. It follows that F, is holomorphic on C \ [c, 00), 


(Im F(A), p) i: t-e 
im\ (yy, p) + ce Ea OP (X(t), p) = 0 


for Aà € C\R and gy € 9, and F,(A)* = F(A) for A € C\R. Therefore, F, is a 
B(G)-valued Nevanlinna function. It is also clear from (A.6.11) that F(a) < 0 for 
x < c, and hence F, € Sz'(—00,c¢). 


(ii) => (i) Assume that with F also F, is a Nevanlinna function. Let y € 9 and 
express the scalar Nevanlinna function f,(A) = (F(A)y, p) with its integral rep- 
resentation 


folà) = ay + Bed t L5 ei} do,(t), AEC\R, 


in Theorem A.2.5. The function g(A) = à — c, c € R, is entire and real on R. 
According to the Stieltjes inversion formula in Lemma A.2.7, for any compact 
subinterval [a,b] C (—oo, c) one obtains 


b 


— | iafes + ie) - (9fp)(s — ie)] ds 


lim —— 
eL0 272 Ja 


1 b- i 
=z | ¢-ddoo+ f -odot +3 | (t — c) doy (t). 


a+ {b} 


(A.6.12) 


Since the function g(A) fe (à) = (Fe(A)y, p) is also a Nevanlinna function, the limit 
in (A.6.12) is nonnegative. However, since t — c < 0 for all t € [a,b] one concludes 
that the right-hand side in (A.6.12) is nonpositive and consequently o(t) must 
take a constant value on the whole interval [a,b]. Proposition A.2.9 implies that 
fo is holomorphic on C \ [c,0o) for all y € 9. This shows that F is holomorphic 
on C \ [e 00). 
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Finally, to see that F takes nonnegative values on the interval (—oo,c) 
Proposition A.2.9 will be applied. Again consider the two functions f,(A) and 
(A — c) fe (à). Both of them are differentiable and nondecreasing on the interval 
(—oo, ¢). In particular, for all x < c one has f(x) > 0 and 


d 


felz) + (x = c) fol) = z; (= )fp(2)) 2 0. 


Since x < c, this implies that 
felz) > (c — x) f(z) > 0, 


and hence (F'(x)y, p) > 0 for all y € §. Therefore, F(x) > 0 for all x < c and the 
claim F € Sg(—ov, c) is proved. 


The next proposition is a variant of Proposition A.6.5 for inverse Stieltjes 
functions. 


Proposition A.6.6. Let 9 be a Hilbert space, let F be a B(G)-valued Nevanlinna 
function F, and let c € R. Then the following statements are equivalent: 

(i) F belongs to the class Sz'(—00,c¢); 

(ii) Fo 


In fact, if F € Sz'(—00,¢), then Fy € Sg(—00, c). 


is a Nevanlinna function. 


Proof. (i) = (ii) Assume that F belongs to the class Sz (—o0, c). Then, by The- 
orem A.6.3, the function F has the integral representation (A.6.8) interpreted in 
the weak sense. This implies that F7 has the representation 


a ee dX(t) 
es A a =N 


= 
in the weak sense. It follows that Fy is holomorphic on C \ [c, oo), 


(ImF>(A)y,y) _ (-Ly,¢) 7 1 
[c,co) 


A € C \ [c,00), (A.6.13) 


Imà ~ Je- A]? 


d(X(t > 
(of? (X(t), y) = 0 
for A € C\R and y € G, and F>(A)* = F7 (A) for A € C\R. Therefore, F7 is 
a B(G)-valued Nevanlinna function. It is also clear from (A.6.13) that FD (x) > 0 
for x < c, and hence F; € Sg(—ov, c). 


(ii) > (i) Assume that with F also F> is a Nevanlinna function. Let p € 9 and 
express the scalar Nevanlinna function f,(A) = (F(A)y, p) with its integral rep- 
resentation in Theorem A.2.5. Since the function g(\) = (A—c)~+ is holomorphic 
when À Æ c and real on R \ {c}, the same argument as in the proof of Theo- 
rem A.6.5 shows that fp is holomorphic on C \ [c,0o) for all y € 9, and hence F 
is holomorphic on C \ [c, 00). 
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To see that F takes nonnegative values on the interval (—oo,c) one applies 
Proposition A.2.9. Consider the functions f(A) and (A—c)~' f(A). Both of them 
are differentiable and nondecreasing on the interval (—oo, c). In particular, for all 
x < c one has f(x) > 0 and 


fol) fe) _ d 


z—-c (a-c)? dz (e 


c) ie) > 0. 
Since x < c, this implies that 


fela) < (@—o) f(a) < 0 


and hence (F (x)y, p) < 0 for all y € 9. Therefore, F(x) < 0 for all z < c and the 
claim F € Sz '(—o0, c) is proved. 


The classes of Stieltjes functions and inverse Stieltjes functions are also con- 
nected to each other by inversion. For an operator-valued Nevanlinna function F 
with values in B(G) the values of the inverse —F' —! need not be bounded operators. 
For simplicity, it is assumed here that the relevant functions are uniformly strict, 
see Definition A.4.7. Recall that if F is a uniformly strict B(S)-valued Nevanlinna 
function, then so is the function —F~+; cf. Lemma A.4.8. 


Proposition A.6.7. Let 9 be a Hilbert space, let F be a B(G)-valued Nevanlinna 
function, and assume that F is uniformly strict. Then the following statements 
hold: 


(i) if F € Sg(—cx,c), then -F-t € Sz (—00,c¢); 
(ii) fFe Sz (—00,¢), then —F—! € Sg(—00, c). 


Proof. (i) Let F € Sg(—co,c) and note first that in the integral representation 
(A.6.1) one has 6 = 0, as follows from (A.6.2); cf. the proof of Theorem A.6.2. 
Hence, one concludes from (A.6.1) that 


; dd(t 
imF() = | Bag > 
[e,o0) 8 + 


which by assumption is a nonnegative boundedly invertible operator. Recall that 
F has the integral representation (A.6.4) with the same X as in (A.6.1). It is 
straightforward to see that for every x < c there exists a constant C > 0 such 
that 

ee for all t>c. 
Thus, one concludes that 


(Faee=ee)+ fA dave) 
tees : ae 
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for all y € 9. It follows that (F(x), p) > ôzllol|?, p € 9, for some 6, > 0. 
Therefore, F(x)~+ € B(G) for all 2 < c. Thus, the function —F~1+ is holomorphic 
in the region C \ [c, 00). Since F(x) > 0, it is clear that —F~!(x) < 0 for all a < c. 
Therefore, —F'~! € Sg ‘(—0o, ¢). 


(ii) Let F € Sg*(—00, c). Then it follows from Theorem A.6.3 that for all x < c 


F(z)=L+(2- 0) ¢ | J aae) ) <0, (A.6.14) 


oa) (t-—x)(t-—c) 


where the integral is interpreted in the weak sense. Since F is uniformly strict, 
Proposition A.4.6 asserts that for all z < c 


P=p+f ZO 


[c,c0) (t = z)? 


is a nonnegative boundedly invertible operator. It follows that 


, d(X(t)y, p) dX (t)y, p) 2 
(By, p) 4 I. CH= 3 > (By, p) 4 J Ta > lloll 


for all y € 9 and for some 6, > 0, x < c. This implies that F(x) in (A.6.14 
has a bounded inverse for every æ < c. Thus, —F'~! is holomorphic in the region 
C \ [e, œ). Since F(x) < 0, it is clear that 0 < —F(x)~+ for all x < c. Therefore, 
-Ft € Sg(—00, c). 


Appendix B 


Self-adjoint Operators and 
Fourier Transforms 


Let A be a self-adjoint operator in the Hilbert space § and let E(-) be the cor- 
responding spectral measure. The operator A will be diagonalized by means of 
a self-adjoint operator Q in a Hilbert space L} (R), where p is a nondecreasing 
function on R. Here Q stands for multiplication by the independent variable in 
L3 (R). By means of the spectral measure one constructs an integral transform F 
which maps §) unitarily onto L2 p (R) such that A = F*QF. This transform shares 
the diagonalization property with the classical Fourier transform and hence, for 
convenience, it will be referred to as Fourier transform in the following. There are 
two cases of interest in the present text. 


The first (scalar) case is where § = L?(a,b) and r is a locally integrable 
function that is positive almost everywhere, and where A is a self-adjoint operator 
in § with spectral measure E(-). The Fourier transform is initially defined on the 
compactly supported scalar functions in L?(a,b) by 


b 
Ra) = f w(t, £) f(t) r(t) dt, 


where (t, x) ++ w(t, x) is a continuous real function defined on the square (a, b) x R. 
The spectral measure of A and the Fourier transform are assumed to be connected 
by 


(B(6)f, f) = i F(a)Fl@)dp(z), 5 CR, (B.0.1) 


for all f € L?(a,b) with compact support. Due to this condition the Fourier 
transform can be extended to an isometry on all of £?(a,b). Under an additional 
assumption on w it is shown that the Fourier transform is a unitary map. 


The second (vector) case is where § = L4 (a,b) and A is a nonnegative 2 x 2 
matrix function with locally integrable coefficients and where A is a self-adjoint 
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relation. Then Ao, is a self-adjoint operator in §Gmul A with the spectral measure 
E(-). The Fourier transform is initially defined on the compactly supported 2 x 1 
vector functions in L4 (a,b) by 


b 
fle) = | wt. nawsteat 


where (t,x) ++ w(t, x) is a continuous 1 x 2 matrix function defined on the square 
(a,b) x R. The spectral measure and the Fourier transform are assumed to be 
connected by (B.0.1) for all f € L4 (a,b) with compact support. Due to this 
condition, the Fourier transform can be extended to a partial isometry on all 
of Lå (a,b). Under an additional assumption on w it is shown that the Fourier 
transform is onto. 


For the scalar case the theory will be developed in detail; the results in the 
vector case will be only briefly explained, as the details are very much the same. 


B.1 The scalar case 


Let (a,b) be an open interval and let r be a locally integrable function that is 
positive almost everywhere. Let A be a self-adjoint operator in the Hilbert space 
L?(a,b) and let E(-) be the spectral measure of A. The basic ingredient is a 
continuous real function (t, x) + w(t, x) on (a,b) xR. Hence, the Fourier transform 


f of a compactly supported function f € L?(a,b) defined by 


b 
f(a) -f w(t,x)f(t)r(t) dt, «ER, (B.1.1) 


is a well-defined complex function which is continuous on R. The main assumption 
is that there exists a nondecreasing function p on R such the identity 


(EO) = | Fee) dela), 5 CR, (B.1.2) 


holds for all f,g € L?(a,b) with compact support and all bounded open intervals 
ô C R, whose endpoints are not eigenvalues of A. Since the eigenvalues of A are dis- 
crete, an approximation argument and the dominated convergence theorem show 
that the identity (B.1.2) is in fact true for all f,g € L2(a,b) with compact support 
and all bounded open intervals 6 C R, regardless of whether their endpoints being 
eigenvalues or not. 


It follows from the assumption (B.1.2) that for every function f € L?(a,b) 
with compact support the continuous function f belongs to L3, (R). In fact, the 
following result is valid. 
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Lemma B.1.1. The Fourier transform f > fin (B.1.1) extends by continuity from 
the compactly supported functions in L?(a,b) to an isometric mapping 


F: L?(a,b) + L3 (R) 


such that for all f € L?(a,b) 


lim 
a—>a,ß—>b JR 


The Fourier transform and the spectral measure E(-) are related via 


l dp(x) = 0. (B.1.3) 


B 


(Ff\(e) - | w(t) f(t)r(t) at 


(E(6)f,9) = [ENDENE d(x) (B.1.4) 


for all f,g € L2(a,b), where 6 C R is any bounded open interval. 


Proof. Step 1. The mapping f => f is a contraction on the functions in L?(a, b) 
that have compact support. To see this, let f € L?(a,b) have compact support. 
Then it follows from the assumption (B.1.2) that 


f Fla) Fæ) dole) = (EO) ff) < (F, F), 


where 6 is an arbitrary bounded open interval. The monotone convergence theorem 
shows that f belongs to L4,(R) and 


(PEST): 
when f € L?(a,b) has compact support. 


Step 2. The mapping f > F, defined on the functions in L?(a,b) that have compact 
support, can be extended as a contraction to all of L(a, b). For this, let f € L?(a,b) 
and approximate f in L?(a,b) by functions fa, € L2(a,b) with compact support. 
Then fn — fm is a Cauchy sequence in L?(a,b) and since 


t= be hate 


there is an element Y € L4,(R) such that fa > pin L3 (R). It follows from 
| Full <llfnll that, in fact, 
lelle < IFI 


In particular, the mapping f ++ ¢ from LẸ(a,b) to L} (R) is a contraction. Hence, 
the operator F given by Ff = ọ is well defined and takes L?(a,b) contractively 
to L4 (R). The assertion in (B.1.3) is clear by multiplying f € L7?(a,b) with 
appropriately chosen characteristic functions. 
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Step 3. The operator F is an isometry. To see this, let f,g € L?(a,b) and ap- 
proximate them by compactly supported functions fn, gn € L2(a, b). Then by the 
assumption (B.1.2) one obtains 


(E(9) fn: In) = | (F fn)(x)(Fan)(x) dolz). (B.1.5) 


Taking limits in (B.1.5) yields (B.1.4). It follows from (B.1.4) and the dominated 
convergence theorem that 


= f (EAEN dola) 


holds for all functions f,g € L2(a,b). Therefore, F is an isometry. 


The following simple observation is a direct consequence of Lemma B.1.1. 


Corollary B.1.2. For any bounded open interval 6 C R one has 
F(B(5)f) =x Ff, f € L2(a,b). 


Proof. It follows from (B.1.4) that 
TORE f (Ff)(a)(Fay@dp(x) =T So 


for all f,g € L?(a,b). Consequently, 


IE) f — gll? = (E) f — 9, E) f — g) 
= (E(6)f, f) — (ECS) f, g) — (g, EC) F) + (9,9) 
= (xF f, F f) — (xF f, Fg)p 
= (Fg, xF f) + (F9, Fg)p 
= |ixsFf — Fgl|l}- 


Setting g = E(ô) f, the desired result follows. 


Let ô C R be a bounded open interval. The identity (B.1.4) is now written 
in the equivalent form 


1 xa(t)a(B(t) f, 9) = | xa(a)(FF)(a)(Fay@) dola) 
R R 


for all f,g € L?(a,b). Let = be a bounded Borel measurable function on R. An 
approximation argument involving characteristic functions shows that then also 


f B(t)d(E(t)f,9) = f 5 (e)(Ff)(0) FE) dole) (B.1.6) 
R R 
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for all f,g € L?(a,b). As a particular case of (B.1.6) one has 


(a-g) = | FEE doa) (B.1.7) 


R «-x 


for f,g € L2(a,b) and À € p(A). Moreover, if g € L2(a,b) has compact support 
one obtains 


b b 
[GW 'nwwroa= f Si) (/ aroa) dp(x) 


R 


_ [ (/ ofa) w(t) dol) ) HO r(t) dt. 


The Fubini theorem now implies that 


(a-ya = [9 


Ff(x)dp(x) (B.1.8) 
RTIA 
for almost all t € (a,b) and, in particular, the integrand on the right-hand side is 
integrable for almost all t € (a,b). 


Parallel to the Fourier transform one may also introduce a reverse Fourier 
transform acting on the space L3 pR). Let y € L p(R) have compact support and 
define the reverse Fourier transform % by 


p(t) = [taae dp(x), t € (a,b). (B.1.9) 


Then ¢ is a well-defined function which is continuous on (a,b). By means of 
Lemma B.1.1 one can now prove the following result. 


Lemma B.1.3. The reverse Fourier transform p > @ in (B.1.9) extends by conti- 
nuity from the compactly supported functions in L3 R) to a contractive mapping 
g: L3 (R) — L2(a,b) such that for all p € L3, (R) 


2 


Gy(t) — [ot x)p(«) dp(a) | r(t)dt = 0. (B.1.10) 


ui] 


b 
lim 
n>R a 


In fact, the extension § satisfies SF f = f for all f € L?(a,b). 


Proof. Step 1. The mapping y +> ¢ takes the compactly supported functions 
in L7,(R) contractively into L?(a,b). To see this, let p € L7,(R) have compact 
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support and let [a, 8] C (a,b) be a compact interval. Then 


[ |p(t)|?r(t) dt = [ s(t) (f ote.2¥e dela) re dt 


B ee 
f ( f otneoro a)Je) AE 
R Qa 
i (Fa PEPE dola) 
< Faa Pleie = lxi aëlllloll 


where Lemma B.1.1 was used in the last step. This estimate gives that for any 
compact interval [a, 8] C (a,b), 


B 
f BOPO d < lele 
Q 
By the monotone convergence theorem this leads to the inequality 


LESZ 


Hence, the mapping y +> ¢ takes the compactly supported functions in L3 R) 
contractively into L?(a, b). 


Step 2. The mapping y +> ¢ defined on the functions in Lip R) that have compact 
support can be contractively extended to all of L7,(R). For this, let y € L4,(R) 
and approximate y in Lip (R) by functions Yn € Lip (R) with compact support. 
Then Yn — Ym is a Cauchy sequence in L p(R) and since 


[Pn = Pmll < lon F Pmllo; 


there is an element f € L?(a,b) such that 3, —> f in L2(a,b). It follows from 
IIPnl| < linll that, in fact, 


IAIL lello- 
In particular, the mapping y+> f from L3, (R) to L2(a,b) is a contraction. Hence, 
the operator 9 given by Sy = f is well defined and takes L? p(R) contractively to 
L? (a,b). The assertion in (B.1.10) is clear by multiplying y € L3,(R) by appro- 
priately chosen characteristic functions. 


Step 3. The extended mapping § is a left inverse of the Fourier transform F. For 
this, observe that 


(f,9) = 1 (Ff) (0) (FON) dole) 
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for all f,g € L?(a,b), since F is isometric by Lemma B.1.1. Thus, by means of 
the Fubini theorem one concludes that for f,g € L?(a,b) and g having compact 
support, 


(f.9) 


n>R 


lim I nto S “ae 2r bt) dpe) 


I 
= 
wo 

Q 
h 
= 


where, in the last step, (B.1.10) and the continuity of the inner product have been 
used. Since the functions with compact support are dense in L2(a, b), one obtains 
SF f = f for all f € L?(a,b). 


Recall that multiplication by the independent variable in the Hilbert space 
i p(R) generates a self-adjoint operator Q whose resolvent is given by 


@Q-r t=, r€C\R 
Hence, by (B.1.7), one sees that 
((A—A)“*f,9) = (Q-A "FF, Fg), = (FQ -AFS g) 
for all f, g € L(a, b), which leads to 
(A=) "=F (Q=A)"F, AEC\R. (B.1.11) 


In general, here the Fourier transform F is an isometry, which is not necessarily 
onto. 


The above results have been proved under the assumption that w is a con- 
tinuous function on (a,b) x R which satisfies (B.1.2). For the following theorem 
one needs the additional condition: 


for each xo € R there exists a compactly 


supported function f € L?(a,b) such that (Ff)(xo) Æ 0. (B. L12) 
In the present situation this condition is equivalent to the following: 
for each zo € (a,b) there exists to € R such that w(to, xo) Æ 0. (B.1.13) 


Theorem B.1.4. Letw be continuous on (a,b) x R and assume that (B.1.2) and one 
of the equivalent conditions (B.1.12) or (B.1.13) are satisfied. Then the Fourier 
transform 


n~ 


P b 
Oe | w(t) f()r(t) dt, © eR, 
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extends by continuity from the compactly supported functions f € L?(a,b) to a 
unitary mapping F : L?(a,b) 4 L3, (R). Moreover, the self-adjoint operator A in 
L2(a,b) is unitarily equivalent to the multiplication operator Q by the independent 
variable in L4 R) via the Fourier transform F: 


A= F QF. (B.1.14) 


Proof. It is clear from Lemma B.1.1 that F : L2(a, b) > La (R) is isometric and 
hence it remains to show for the first part of the theorem that ẸF is surjective. 
Assume that Y € L4,(R), Y #0, is orthogonal to ran F. Note that 


(YF f)p=0 => (Y,Tf)p =0 


and thus it follows that Rew and Im yọ% are also orthogonal to ran F; hence it is no 
restriction to assume that Y € L? p(R) is real. Since y # 0, there exist an interval 
I = [a, 8] and a Borel set B C I with positive p-measure, such that y(x) > 0 
(or y(x) < 0) for all x € B. By the condition (B.1.12), there exists for each 
xo € I a compactly supported function fs, € L2(a,b) such that (Ff2,)(xo) > 0. 
Since F fz, is continuous, there exists an open interval I+, containing xo such that 
(Ffr,)(a) > 0 for all x € I,,. As I is compact there exist finitely many points 
Zi,- -., Zn E I such that 


TEU Tas 
i=1 
Hence, BN Iz, has positive p-measure for some j € {1,...,n} and therefore 
(Xon, V Ffae = | xoan, WENE Ed) #0. (B115) 
R 


On the other hand, since w L ran F, Corollary B.1.2 implies that 


(xab Ff) p = (db, x6Ff) p = (Y, FE(O)f)p =0 


for all f € L?(a,b) and all bounded open intervals 6 C R. Hence, by the regularity 
of the Borel measure p, also (xBnt., V, Ff), = 0 for all f € L?(a,b); this contra- 
dicts (B.1.15). Therefore, ran F is dense in L4,(R), and since F : L?(a,b) + L2,(R) 
is isometric, one obtains that F is surjective. 

The identity (B.1.14) follows from (B.1.11), the fact that F is unitary, and 
Lemma 1.3.8. 


In the situation of Theorem B.1.4 the inverse of the Fourier transform F is 
actually given by the reverse Fourier transform § in Lemma B.1.3, which is now 
a unitary mapping from L4,(R) to L(a,b). Thus, for all y € L7,(R) one has 


2 


b 
Fl y(t) — J oael) dota) r(t)dt = 0. 


lim 
n>R 


a 
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B.2 The vector case 


Let (a,b) be an open interval and let A be a measurable nonnegative 2 x 2 matrix 
function on (a,b). Let A be a self-adjoint relation in the corresponding Hilbert 
space L4 (a,b) and assume that its multivalued part is at most finite-dimensional. 
Let E(-) be the spectral measure of A,,, where Ao, is the orthogonal operator 
part of A: it is a self-adjoint operator in L4 (a,b) © mul A. In this case the basic 
ingredient is a continuous 1 x 2 matrix function (t, x) ++ w(t, x) on (a, b) x R whose 
entries are real. Hence, the Fourier transform f of a compactly supported function 
f € Li(a,b) given by 


b 
fia) = f w(t,x)A(t)f(t)dt, «eR, (B.2.1) 


is a well-defined complex function that is continuous on R. The main assumption 
is that there exists a nondecreasing function p on R such the identity 


(E(6)f,9) = f Redel), ECR, (B.2.2) 


holds for all f, g € L4 (a,b) with compact support and all bounded open intervals 
ô C R, whose endpoints are not eigenvalues of A,,. An approximation argument 
shows that (B.2.2) remains valid for all f,g € L4 (a,b) with compact support and 
all bounded open intervals ô C R. 


It follows from the assumption (B.2.2) that for every function f € L4 (a,b) 
with compact support the continuous function f belongs to L2 p(R). In the present 
situation Lemma B.1.1 remains valid in a slightly modified form; here J is a partial 
isometry with ker F = mul A. 


Lemma B.2.1. The Fourier transform f > fin (B.2.1) extends by continuity from 
the compactly supported functions in L4 (a,b) to a partial isometry 


F: LA(a,b) + L4 (R) 


with ker F = mul A such that for all f € L3 (a,b) 


lim 
a—>a,ß>b Jp 


B 2 
EAE- f EDAD) aa) =0. 


The Fourier transform F and the spectral measure E(-) are related via 


(B(8)f,9) = f ENAC dola) (B.2.3) 


ô 


for all f,g € LÀ (a,b), where 6 C R is any bounded open interval. 
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Next one verifies as in the proof of Corollary B.1.2 that the identity 


F(E(5)f) =xo Ff, f E€ LACG,), 


holds for bounded open intervals ô C R. Further, (B.2.3) and an approximation 
argument using characteristic functions show that 


((A-A)*f,9) = Í a a dp(x) (B.2.4) 
for all f,g € LA (a,b) and À € p(A). Moreover, 
(Ad) f)() = i. wa)" F f(x) d(x), EC\R, (B.2.5) 


for almost all ¢ € (a,b) and, in particular, the integrand on the right-hand side is 
integrable for almost all t € (a,b). 


The reverse Fourier transform of a function p € L3 (R) with compact sup- 
port is defined by 


p(t) = [oea oa) dp(x), tE (a,b). (B.2.6) 


Then ¢ is a well-defined 2 x 1 matrix function which is continuous on (a,b). By 
means of Lemma B.2.1 one now obtains the following result, which is similar to 
Lemma B.1.3. There are some slight differences in the proof for the vector case, 
which is provided here for completeness. 


Lemma B.2.2. The reverse Fourier transform p> @ in (B.2.6) extends by conti- 
nuity from the compactly supported functions in L3 (R) to a contractive mapping 
G: Lọ (R) — L4 (a,b) such that for all y € La R) 


2 


S(t) — fota) dp(x)} dt = 0. (B.2.7) 


b 
lim 
n>R 


a 


In fact, the extension 9 satisfies GSFf = f for all f € LA (a,b) © mul A. 


Proof. Step 1. The mapping y +> ¢ takes the compactly supported functions in 
L4 (R) contractively into L4 (a, b). For this, let y € L4,(R) have compact support 
and let [a, 8] C (a,b) be a compact interval. First observe that xja,s) € L4 (a, b), 
so that indeed 


B 
f wlt 2) A (BCE) dt = (FOr10,018))(2). 
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Therefore, one obtains 


= (F Oa NEPE dola) 
< |F xa a Poll lle < lX gëlle 


where Lemma B.2.1 was used in the last step. The above estimate gives for any 
compact interval [a, 8] C 


(a,b) 
B 
iI P(t)* A(t) P(t) dt < lello 


By the monotone convergence theorem this leads to the inequality 


Ill < lloll- 


Hence, the mapping y +> ¢ takes the compactly supported functions in L2 R) 
contractively into L4 (a, b). 


Step 2. The mapping y +> ¢ defined on the functions in IA (R) that have compact 
support can be contractively extended to all of L7,,(R). To see this, let y € L7,(R) 
and approximate y in L3 R) by functions Yn € L}, (R) with compact support. 
Then Yn — Ym is a Cauchy sequence in L2 p(R) and since 


[Øn = Pmll < [Pn = Ymllo, 


there is an element f € LÅ (a,b) such that ğn —> f in LÅ (a,b). It follows from 
lSn|l < IYn] that in fact 


fll < lello- 


In particular, the mapping y ++ f from L7,,(IR) to LA(a, b) is a contraction. Hence, 
the operator 9 given by Sy = f is well defined and takes L p(R) contractively to 
L4 (a,b). The assertion in (B.2.7) is clear by multiplying y € L4,(R) by appropri- 
ately chosen characteristic functions. 


Step 3. The extended mapping § is a left inverse of the Fourier transform F. For 
this, first note that it follows from (B.2.3) and dominated convergence that 


E l (Ff) (0) (FON) dole) 
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for all f € LA(a,b) © mulA and g € Li(a,b). Thus, by means of the Fubini 
theorem, one concludes for f € LA (a,b) © mul A and g € L4 (a,b), each having 
compact support, that 


(f,9) 


n>R 


b 
lim i (Ff)(x) (/ g(t)*A(t)w(t, z)” a) dp(x) 


= im f IAG) ( [ emene) dpa) ) dt 


n>R 
= (GF f, g), 


where, in the last step, (B.2.7) and the continuity of the inner product have been 
used. This implies 
Sag =f 

for all f € L4 (a, b) © mul A with compact support. Since the functions in L4 (a, b) 
with compact support are dense in L4 (a,b) and mul A is finite-dimensional by 
assumption, it follows that the functions with compact support are also dense in 
LA (a,b) © mul A. Therefore, one obtains from the contractivity of F and G that 
GFf = f for all f € L3 (a,b) © mul A. 


Recall that multiplication by the independent variable in the Hilbert space 
I p(R) generates a self-adjoint operator Q whose resolvent is given by 


Q-X +=; AEC\R. 


Hence, by (B.2.4), one sees that 
(A-A) Sg) = (Q-A) FF, Fg), = (F (Q-A FF, g) 
for all f € L} (a,b) and g € L} (a,b), which leads to 
(A-A)! =F (Q-A) !F, AEC\R. (B.2.8) 


Consider the restriction Fop : L4 (a, b) © mul A > L4,(R) of the partial isometry 
F onto L4 (a,b) © mul A and recall that 


ker F = mul A = ker (A — \)7?, AEC\R. 
Then Fop is an isometry and (B.2.8) leads to 
(dop — A) =F5,(Q-A) Fp, AEC\R. 
In general, here the restricted Fourier transform Fop is not necessarily onto. 
In order to prove that Fop is surjective one needs an additional condition: 


for each zo € R there exists a compactly 


supported function f € L4 (a,b) such that (Fop f)(x£o) Æ 0. (B28) 
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For the following result, recall that it is assumed that mul A is finite-dimen- 
sional. 


Theorem B.2.3. Let w be a continuous 1 x 2 matrix function (t,x) 4 w(t, x) 
on (a,b) x R whose entries are real, and assume that the conditions (B.2.2) and 
(B.2.9) are satisfied. Then the Fourier transform 


a 


= b 
SE e f w(t,2)A(t)f()at, 2 ER, 


extends by continuity from the compactly supported functions f € Li(a,b) to a 
surjective partial isometry F from LÅ (a,b) to L3, (R) with ker F = mul A, that is, 
the restriction 

Fop : L4 (a, b) © mul A > L3, (R) 


is a unitary mapping. Moreover, the self-adjoint operator Aop in LA (a, b) © mul A 
is unitarily equivalent to the multiplication operator Q by the independent variable 
in L4 R) via the restricted Fourier transform Fop: 


Aop = Fi pQ Fop. (B.2.10) 


Proof. Is is clear from Lemma B.2.1 that F : LA(a,b) > L%,(R) is a partial 
isometry with ker = mul A. One verifies in the same way as in the proof of 
Theorem B.1.4 that F is surjective, and hence Fop is unitary. The identity (B.2.10) 
follows from (B.2.8). 


In the situation of Theorem B.2.3 the inverse of the Fourier transform Fop is 
actually given by the reverse Fourier transform § in Lemma B.2.2, which is now 
a unitary mapping from Lip (R) to L4 (a,b) © mul A. Thus, for all y € Lap (R) one 
has 

b 2 
lim f dt =Q. 
n>R a 


a(t (sate — f olta) elo dole) ) 


Appendix C 


Sums of Closed Subspaces 
in Hilbert Spaces 


In this appendix the sum of closed (linear) subspaces in a Hilbert space is discussed 
and, in particular, conditions are given so that sums of closed subspaces are closed. 
There is also a brief review of the opening and gap of closed subspaces. 


In the following 9% and N will be closed subspaces of a Hilbert space H. The 
first lemma on the sum of closed subspaces is preliminary. 


Lemma C.1. Let M and N be closed subspaces of H. Then the following statements 
are equivalent: 

(i) M+ MN is closed and MN MN = {0}; 

(ii) there exists 0 < p < 1 such that 


IAI + llall? < If +l, fem, gem (C.1) 


Proof. (i) = (ii) Assume that M +N is closed and MNN = {0}. The projection 
from the Hilbert space M+N onto M parallel to N is a closed, everywhere defined 
operator. Hence, by the closed graph theorem, the projection is bounded and there 
exists C > 0 such that 


Ifll <Cllf+gll, FEM, gen 


Likewise, there exists D > 0 such that 


lgl < DIF +g, fem, gen. 
A combination of these inequalities leads to 
IFI? + liol? < (C? + DIF +o, fem, gem. 


By eventually enlarging C? + D? the inequality (C.1) follows with 0 < p < 1. 
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(ii) => (i) Let (hn) be a sequence in M +N converging to h € H. Decompose each 
element h,, as 
hn = fn + gn, fn EM, gn © N. 


Since (hn) is a Cauchy sequence in § it follows from (C.1) that (fn) and (gn) are 
Cauchy sequences in Mt and N, respectively. Therefore, there exist elements f € M 
and g € N, so that fn > f in Mt and gn > g in N. Hence, h= f+geM4+ MN. 
Thus, WM + N is closed. To see that the sum is direct, assume that h E MAN. 
Then, in particular, h € M and —h € N and the inequality (C.1) with f = h and 
g = —h implies h = 0. 


Let Dt and N be closed subspaces of §. Then the intersection WM N N is a 
closed subspace which generates an orthogonal decomposition of the Hilbert space: 


H = (MAN) a (MAN). 


In order to study properties of the sums M +N and M+ + N+ it is sometimes 
useful to reduce to a direct sum. 


Lemma C.2. Let It and N be closed subspaces of H. Then the subspaces 
Mama and Nn (Mn+ 
have a trivial intersection and due to 
(MAN) = [MN (MAN) p M+ = [NN (MNN) e+ (C.2) 


their orthogonal complements in the subspace (MAN N)+ coincide with M+ and 
M+, respectively. Moreover, 


M = [MN (MN N)+] S (MNN), 


i (C.3) 
N= MAMAR] 6 IMNNN), 
and, consequently, N+ N has the decomposition 
M+ N= [MN (MNM+ + RN (MN MN)*] a (MN MN). (C.4) 


Proof. It is clear that INN (IMNNN)+ and NN (MNM)+ have a trivial intersection. 
To see the first identity in (C.2) note that 


MNA (MANWE comnamtt and mt c (MAWE, 


so that the right-hand side is contained in the left-hand side. To see the other 
inclusion, decompose $j as 


H=MP M. 
Let f € (MA N)+. Then according to this decomposition one has 


f=gth, gem, hes. 
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Since M+ C (MNN) one sees that g € MNA (MN MN)+. Hence, the left-hand 
side is contained in the right-hand side. The second identity in (C.2) follows by 
interchanging Wt and N. 

Since MNN is a closed subspace, it is clear that § has the following orthogonal 
decomposition 


H=(MNAM+ a (MAN). 


Hence, in an analogous way as above, the decompositions (C.3) are clear. Thus, 
(C.4) follows. 


The above reduction process will play a role in the following theorem. 


Theorem C.3. Let It and N be closed subspaces of H. Then the following state- 
ments are equivalent: 
(i) Dt + MN is closed; 
(ii) M+ + N+ is closed. 
Furthermore, the following statements are equivalent: 
(iii) IN+ MN is closed and MN MN = {0}; 
(iv) M+ +N =H, 
and the following statements are equivalent: 
v) M+ MN=H and MAN = {0}; 
(vi) M+ +N =H and MŁ nn = {0}. 
Proof. (iii) => (iv) Assume that MNN = {0}. It will be shown that H = M+ +N- 


or, equivalently, that § c M++MN+. To see this, choose h € H. The element h € H 
induces two linear functionals F and G on M+% by 


F(y)=(a,h), Gly) =(8,4), y=a+8, aeM, BEN (C.5) 


Since M +N is closed and MANAN = {0}, it follows from the inequality (C.1) that 
the functionals F and G are bounded on M + N. Extend the functionals F and 
G trivially to bounded linear functionals on all of §, and denote the extensions 
by F and G, respectively. By the Riesz representation theorem there exist unique 
elements f,g € H such that 


P=): GO) ay VES. (C.6) 


The definition in (C.5) implies that F'(y) = 0, y € N, and G(y) = 0, y E M. For 
the corresponding elements f and g in (C.6) this means that f € N+ and g E MŁ. 
Now for y = a + 8, a E M, B © N, it follows from (C.5) and (C.6) that 


(7, hk) = (a,h) + (8, h) = F(y) + G(y) = (7, F) + (7,9). 
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This implies that k = h — f — g € (M+9)+ c M+ and hence h = f +g +k with 
f E Nt and g +k EM. Therefore, § c M+ + 9+, which completes the proof. 


(i) = (ii) Use the reduction process from Lemma C.2. Since M+M is assumed to 
be closed it follows from (C.4) that 


MN (MAN) +NN (MAN) 


is closed in (M N N)+. Since this is a direct sum, the sum of their orthogonal 
complements is closed in (MNAN)+ by the implication (iii) > (iv). Recall that the 
sum of their orthogonal complements coincides with M+ + N+. 


(ii) = (i) This follows from the previous implication by symmetry. 


(iv) > (iii) Apply (ii) > (i) to conclude that M +ù% is closed. This sum is direct 
since {0} = (M+ + N+)+ by assumption. 


(v) = (vi) It suffices to show (v) = (vi). Note that it follows from (iii) > (iv) that 
m+ ++ = H. Moreover, M+ N Nt = (M+ N)+ = {0} by assumption, which 
completes the argument. 


Let again Mt and N be closed subspaces of H and assume that Mt + N is 
closed. It follows from (C.3) that WM +N can be written as 
M+ N= (MN (MN M)*] P (MN MN) +N 


= [MN (MN M)+] +N. oe) 


Since Nt +N is closed, the orthogonal decomposition H = (M+ N)+ S (M+ N) 
and (C.7) show that 


5 = (M+ N) S (MN (MN 9+] +N) 
= (M+ N)+ S [MN (MAN) ]) +N. 


(C.8) 


The sum in the identity (C.8) is direct. To see this, assume that 
f+tgt+tyv=0, fE(M+N), gemn(mnmnt, ven. 


Then f = —g—y, where —g — p E N+ Nt. Hence, f = 0 and g = —y implies that 
g=0 and y =0. 

The decompositions (C.7) and (C.8) will be used in the proof of the next 
lemma. 


Lemma C.4. Let B € B(5,8) have a closed range and let IN be a closed subspace 
of H. Then M + ker B is closed if and only if B(M) is closed. 


Proof. Assume that Pt + ker B is closed and set N = ker B. It follows from the 
direct sum decomposition (C.8) that B maps 


(Mm + 9)+ [MANMAN 
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bijectively onto the closed subspace ran B and hence B also provides a bijection 
between the closed subspaces of (M+ N)+ [MN (MN M)+] and those of ran B. 
In particular, it follows from this observation and (C.7) that 


B(M) = B(MN (MN MN)+) 


is closed in £. 
For the converse statement assume that B(t) is closed. In order to show 
that Mt + ker B is closed, let fa € M and Yn € ker B have the property that 


fn t+ Yn > X 


for some y € H. In particular, this shows that Bf, > By. The assumption that 
B(M) is closed implies that Bf, > Bf for some f € M. Hence, 


x-f=pekerB or xy=f+peM+kerB. 


It follows that M + ker B is closed. 


There is another way to approach the topic of sums of closed subspaces, 
namely via various notions of opening or gap between closed subspaces. 


Definition C.5. Let M and N be closed subspaces of H with corresponding orthog- 
onal projections Pm and Py, respectively. The opening w(M, N) between M and 
N is defined as 


It is clear that 0 < w(t, N) < 1 and that w(M, N) = w(N, Mt), since one 
has ||Al| = ||A*|| for any A € B(S). 
Proposition C.6. Let MN and N be closed subspaces of H. Then the following state- 
ments are equivalent: 
(i) AM, N) < 1; 
(ii) M+ MN is closed and MN MN = {0}. 


Proof. (i) = (ii) Assume that w(t, N) < 1. Observe that for f € M and gE N 
one has 


(Ff, 9)| = (Paf, Prg)| < (Mt, NII FIillgll- 
It follows that for all f € M andgeN 


If II? + llgll? = If + gl]? — 2Re (£, g) 
<|lf + gll? + 21(f,9)| 
< ||f + gll? + 20(M, N) FI 
< || fF + gll? + w(t, WIFI? + lll). 
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In particular, this shows that 
(L—w(M, MN) (IFIP + Mal) < E+, FEM, gem. 


Hence, Lemma C.1 implies that MN N = {0} and that M +N is closed, which 
gives (ii). 


(ii) > (i) Assume that M + MN is closed and MAN N = {0}. By Lemma C.1, the 
inequality (C.1) holds for some 0 < p < 1, hence for all f € M and g EN 


p° (IFI + Ial?) < IFIP + 2Re (F, g) + Ial? 


or, equivalently, 
= 2Re (f, g) < (1 = p°) (IFI? + gl?) - (C.9) 
Now let h,k € § with ||h|| < 1 and ||k|| < 1 and choose 0 € R such that 


e" (Path, Prk) = —|(Panh, Prik)|. 
Then (et? Pmh, Pak) € R and (C.9) with f = et? Pmh and g = Prk yields 


|(h, Po Prk)| = |(Pmh, Prk)| 
—Re (e’” Ph, Prk) 
a. Be 
zip 
> 2 
<1 p". 


(lle? Pon All? + || Porkll?) 


This implies || Pax Py|| < 1 — p? < 1 and hence (i) holds. 


Corollary C.7. Let MN and N be closed subspaces of H such that M+ MN is closed 
and MAM = {0}. Then for closed subspaces Mı C M and Nı C N also the 
subspace IN, + It, is closed. 


Proof. This statement follows immediately from Proposition C.6 by noting that 
(MN, M1) < w(M, N) <i. 


Proposition C.6 and the reduction of closed subspaces in Lemma C.2 leads 
to the following corollary. 


Corollary C.8. Let IN and N be closed subspaces of H. Then the following state- 
ments are equivalent: 

(i) (MN (MAN), Rn (MANH) <1; 

(ii) M+ MN is closed. 
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Proof. Since the closed subspaces NN (MN N)+ and NN (MN M)+ have trivial 
intersection, it follows from Proposition C.6 that (i) is equivalent to 


MN (MAWE +NN (MAN) (C.10) 


is closed. Furthermore, the decomposition (C.4) shows that the space in (C.10) is 
closed if and only if WM +N is closed. 


The notion of opening is now supplemented with the notion of gap between 
closed subspaces. 


Definition C.9. Let M and N be closed subspaces of H with corresponding orthog- 
onal projections Py; and Py, respectively. The gap g(M, N) between M and N is 
defined as 

g(M, N) = ||P — Pall. 


Note that it follows directly from the definition that 
M,N) = g(N, M) and g(M+, N+) = g(M, N). (C.11) 


The connection between the gap and the opening between closed subspaces is 
contained in the following proposition. 


Proposition C.10. Let St and N be closed subspaces in H. Then 
g(Mt, N) = max {w(M, M+), w(M+, )} (C.12) 
and, in particular, gM, N) < 1. 
Proof. First observe that 
Pya Pm = (I — Pn) Pm = (Pom — Pr)Pon, 
so that w(M, N+) = w(N+, M) < g(M, N)|| Pon|| < g(Mt, N). Therefore, also 
w(M+, N) < (M+, N+) = g(M, N) 


and hence 
max {w(M, N+), w(M+, N)} < (M, N). 
Furthermore, observe that for all h € 5 


| (Por — Pm )hl|? = |Z — Pr) Pan — Px (I — Par )hl? 
= || Px Pon h|l? + ||P Pans hl]? 
= || Pr Por Ponhll? + || Pr Pons Pons hll? 
< w(M, M+)? || Pnhl|? + w(IM*, N)?|| Por Al?, 
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and the last term is majorized by 
max {w(M, NE)? wom, M)?} (|| Porhl]? + || Pons hll?). 


It follows that 

g(M, N) < max {w(M, N+), w(M+, N) }. 
Therefore, (C.12) has been established. 
Proposition C.11. Let Mt and N be closed subspaces of H. Then 


gM W<1 > dimM=dimN. 
Proof. If g(M, N) = ||P — P|] < 1, then the bounded operator 
I — (Pm — Pr) 
maps § onto itself with bounded inverse. Hence, 
Py Py) = Por [I — (Pm — Pn)| 9 = Pm 9, 
so that Pm maps ran Py onto ran Po. Observe that for h € ran Py 
|| Ponh|| = |h + (Pox — Po)hl| > (1 -= || Pan — Pall) IIA 


and hence Py; maps ran Py boundedly and boundedly invertible onto ran Pon. 
This implies that the dimensions of Mt = ran Pm and N = ran Py coincide. 


Theorem C.12. Let M and NÑ be closed subspaces of H. Then the following state- 
ments are equivalent: 


(i) (M, N+) < 1; 
(ii) M+AN=H and MAN = {0}, 
and in this case dim Mt = dim N+ and dim M+ = dim N. 


Proof. (i) = (ii) Proposition C.10 implies w(IM, N) < 1 and w(M+, N+) < 1. By 
Proposition C.6, the condition w(t, N) < 1 implies that 9%-+ 9? is closed and that 
MANAN = {0}, and in the same way w(IM+, N+) < 1 yields that M+ +MN-+ is closed 
and that M+ N N+ = {0}. The identity M+ N Nt = {0} implies that M +N is 
dense in H. Therefore, t+ t=. 


(ii) > (i) It follows from Proposition C.6 that w(t, N) < 1. Moreover, the equiv- 
alence of (v) and (vi) in Theorem C.3 shows M+ +MN+ = H and M+ aM = {0}, 
and therefore w(M+, N+) < 1 by Proposition C.6. Now Proposition C.10 implies 
that g(t, N+) < 1. 


It is clear from (i) and Proposition C.11 that dim Mt = dim N+. Furthermore, 
as g(IN+, N) = g(M, N+) by (C.11), the same argument gives dim M+ = dim N. 


Appendix D 


Factorization of Bounded 
Linear Operators 


This appendix contains a number of results pertaining to the factorization of 
bounded linear operators based on range inclusions or norm inequalities. These 
results will be useful in conjunction with range inclusions or norm inequalities for 
relations. 


Let § and & be Hilbert spaces and let H € B(,&). The restriction of H to 
(ker H)+ c $, 
H : (ker H)+ > ran H, 


is a bijective mapping between (ker H)+ and ran H. The inverse of this restriction 
is a (linear) operator from ran H onto (ker H)+ and is called the Moore-Penrose 
inverse of the operator H, which in general is an unbounded operator. Since 
H = ker H © (ker H)+, one sees immediately that 


HOWE = Pyer m) - (D.1) 


Moreover, the closed graph theorem shows that ran H is closed if and only if HC® 
takes ran H boundedly into (ker H)+. Hence, if ran H is closed, then 


HC) € B(ran H, (ker H)+) and (H!)* € B((kerH)+,ranH),  (D.2) 
where * denotes the adjoint with respect to the scalar products in ran H and 
(ker H)+. 


Lemma D.1. Let § and & be Hilbert spaces and let H € B(H,K). Then ran H is 
closed if and only if ran H* is closed. 


Proof. Since H € B(9, £), it suffices to show that if ran H is closed in , then 
ran H™* is closed in §. Since ran H* = (ker H)1+, one only needs to show 


(ker H)+ C ran H*. 
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For this let h € (ker H)+ and f € %. Then it follows from (D.1) and (D.2) that 
with (H‘-))* € B((ker H)+, ran H) in (D.2) one has 
(h, f)5 = (h, Piker #)1 f) (ker H)+ 
= (hy OHA) ays 
= ((HC®Ð)*h, Hf) 
= ((H}Y)*h, Hf) a 
= (H*(HO)*h, fle 


ran H 


and it follows that h = H*(H‘-)))*h. Hence, h € ran H* and therefore ran H* is 
closed. 


Lemma D.1 has a direct consequence, which is useful. 


Lemma D.2. For H € B(X, K) there are the inclusions 
ran HH* C ran H C ran H = ran H H*. (D.3) 


Moreover, the following statements are equivalent: 


(i) ran HH* is closed; 
(ii) ran H is closed; 
(iii) ran HH* = ran H, 
in which case all inclusions in (D.3) are identities. 


Proof. The chain of inclusions in (D.3) is clear; the last equality is a consequence 
of the identity ker H* = ker H H*. 


(i) = (iii) Assume that ran H H™ is closed. Then all inclusions in (D.3) are equal- 
ities and, in particular, (iii) follows. 


(iii) => (ii) Assume that ran HH* = ran H. It will be sufficient to show that 
ran H* C ran H*, which implies that ran H* is closed and hence also ran H is 
closed by Lemma D.1. Assume that h € ran H* = (ker H)+. By the assumption, 
it follows that Hh = HH*k for some k, which gives H(h — H*k) = 0. Note that 
h € (ker H)+ and H*k € ran H* C ran H* = (ker H)+, and hence h = H*k. Thus, 
ran H* C ran H* which implies that ran H* is closed, so that also ran H is closed 
by Lemma D.1. 


(ii) > (i) Assume that ran H is closed. Then it follows from (D.3) that 
ran HH* = ran H. (D.4) 


It will suffice to show that ran HH* C ran H H*. Assume that k € ran HH*. Then 
k = Hh for some h € (ker H)+ by (D.4). As (ker H)+ = ran H* = ran H* by the 
assumption (ii) and Lemma D.1, one has h € ran H* and therefore k € ran HH*. 
This shows that ran HH* C ran HH* which implies that ran H H* is closed. 
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Let §, 6, and § be Hilbert spaces, let A € B(¥,H), B € B(G,H), and 
C € B(¥, 6), and assume that the following factorization holds: 


A= BC. (D.5) 


Then it follows from (D.5) that ker C C ker A. Note that the orthogonal decompo- 
sition 6 = ker B@ran B* allows one to write A = BPC, where P is the orthogonal 
projection in 6 onto ran B*. Hence, one may always assume that ran C C ran B*. 
In this case ker C = ker A and hence C maps (ker A)+ = ran A* into ran B* injec- 
tively. Moreover, in this case the operator C in (D.5) is uniquely determined. The 
following proposition is a version of the well-known Douglas lemma. 


Proposition D.3. Assume that A € B(¥,) and B € B(G,H). Let p > 0, then the 
following statements are equivalent: 


(i) A= BC for some C € B(¥,6) with ranC C ran B* and ||C|| < p; 
(ii) ran A C ran B and |BCÐ 4|] < p| AY gl, p € ran A; 
(iii) AA* < p? BB*. 


Moreover, if ran A C ran B, then |BOPÐo]| < p| ACP ol], p € ran A, for some 
p>0. 


Proof. (i) = (ii) It is clear that ran A C ran B and therefore also 
BCVA = BC” BC = Per p)1C = Pram pC = C. 
From the last identity one sees that 
|B Ad] SIC sll, bes. 


Now let p € ran A. Then there exists y L ker A such that y = Aw. Therefore, 
w = AY and it follows immediately that 


IBM pl SICA oll, p eran A. 


Hence, (ii) has been shown. 


(ii) = (i) It follows from (ii) that for each h € ¥ there exists a uniquely determined 
element k € (ker B)+ = ran B* such that Ah = Bk. Hence, the mapping h +> k 
from § to ran B* C 6 defines a linear operator C with dom C = Ẹ and one has 
A = BC. To show that the operator C is closed, assume that 


hn +h and ky =Chn > k, 


where k,, € ran B*. Since A and B are bounded linear operators, it follows from 
from Ah, = Bkn that Ah = Bk. Furthermore, ran B* is closed, which implies that 
k € ran B*. Hence, k = Ch and thus C is closed. By the closed graph theorem, 
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it follows that C € B(¥,6). The property ran C C ran B* holds by construction. 
Furthermore, one sees that for Y € ¥ 
|Cb|| = || Pram a+ CY) 
= || Piker B)1 CY|| 
= [BYP BCY| 
< p||ATY Ay | 
= p || Piker a) VI 
< ellyll, 
and so ||C]|| < p. 
(i) => (iii) It is clear that AA* = BCC*B*. For w € Ẹ one has 
(AA*9, p) = |C*B*4]? < ||C*|?||B* ul? = ||C* |? (BB*4, 4) 
and hence AA* < ||C*||?BB*. Since ||C*|| = ||C|| < p this leads to (iii). 
(iii) => (i) The mapping D from ran B* to ran A* given by 
Bhw Ath, hed, 


is well defined and linear. To see that it is well defined observe that B*h = 0 
implies AA*h = 0 and hence A*h = 0. Then DB*h = A*h for h € § and one has 
D € B(ran B*, ran A*) with || DB*h|| < p?||B*h||. Due to the boundedness, this 
operator has a unique extension in B(ran B*,ran A*), denoted again by D, and 
\|D|| < p°. Finally, this mapping has a trivial extension D € B(6,%), satisfying 
DB*h = A*h for h € § and again ||D|| < p?. With C = D* one obtains that 
C € B(®, 6), A = BC, and ||C|| < p?. In view of the construction of D one has 
ker B = (ran B*)" C ker D, so that ran C = ran D* C ran B*. 

For the last statement it suffices to observe that the inclusion ran A C ran B 
implies A = BC for some C € B(%,6) (see (ii) > (i)). However, this implies 
AA* < p? BB* for some p > 0 (see (i) = (iii)). 


The next result contains a strengthening of Proposition D.3. Recall that 
ran C C ran B* implies that ker C = ker A. Hence, if C maps ran A* onto ran B*, 
then C maps ran A* onto ran C = ran B* bijectively. 


Corollary D.4. Assume that A € B(¥,) and B € B(G,H). Let p > 0. Then the 
following statements are equivalent: 

(a) A= BC for some C € B(S, 6) with ran C = tan B* and ||C|| < p; 

(b) ran A = ran B and ||BU~¢| < p| ACP], p € ran A; 

(c) e2BB* < AA* < p BB* for some 0 <e <p. 
Moreover, if ran A = ran B, then ||B~Yyl| < p| ACY yl, p € ran A, for some 
p> 0. 
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Proof. The assertions in Proposition D.3 will be freely used in the arguments 
below. 
(a) = (c) Recall that C maps Tan A* bijectively onto ran B*. Since 

ranC* = ran A* and kerC* = ker B, 


one sees that C* maps ran B* bijectively onto ran A*, as ranC™* is closed by 

Lemma D.1. Thus, CC® is a bijective mapping from ran B* onto itself and hence 
(AA*h, h) = (CC* B*h, B*h) > e?(B*h, B*h) = e?(BB*h,h), he 9. 

Therefore, (c) follows. 

(c) > (b) The inequality BB* < £7? AA* implies ran B C ran A. 


(b) = (a) It suffices to show that ran B* C ran C. Let k € ran B*. The assumption 
ran B C ran A implies that Bk = Ah for some h € Ẹ. Since A = BC, one sees 
that Bk = BCh, and hence k — Ch € ker B. On the other hand, k € ran B* and 
Ch € ranC C ran B* yield k — Ch € ran B* = (ker B)+. Therefore, k = Ch and 
it follows that ran B* C ran C holds. 


An operator T € B(Ẹ, 6) is said to be a partial isometry if the restriction of 

T to (kerT)+ is an isometry. The initial space is (ker T)+ and the final space is 
ran T, which is automatically closed since (ker T)+ is closed and the restriction of 
T is isometric. Let T € B(¥, 6), then the following statements are equivalent: 

(i) T is a partial isometry with initial space Wt and final space N; 

(ii) T*T is an orthogonal projection in ¥ onto M; 
(iii) T* is a partial isometry with initial space ʻ and final space IN; 

(vi) TT* is an orthogonal projection in 6 onto St. 


The next result can be considered to be a special case of Proposition D.3 and 
Corollary D.4. 


Corollary D.5. Assume that A € B(¥,) and B € B(G,H). Then the following 
statements are equivalent: 
(i) A = BC for some C € B(Ẹ, 6), where C is a partial isometry with initial 
space ran A* and final space ran B* ; 
(ii) AA* = BB*. 
Proof. (i) = (ii) Observe that AA* = BCC*B*. By assumption, C is a partial 
isometry with initial space ran A* and final space ran B*. Therefore, C* is a partial 


isometry with initial space ran B* and final space ran A*, and it follows that CC* 
is the orthogonal projection onto the final space ran B* of C. Hence, AA* = BB*. 


(ii) = (i) It follows from Corollary D.4 that A = BC for some C € B(Ẹ, 6) with 
ran C = ran B* and ||C|| < 1. Moreover 


|[C*B*h]| = ATA = ||B*h|, RES, 
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shows that C* is a partial isometry with initial space ran B* and final space 
ran A*. Therefore, C is a partial isometry with initial space ran A* and final space 
ran B*. 


The following polar decomposition of H € B(§,) can be seen as a con- 
sequence of the previous corollaries. Recall that |H*| € B() is a nonnegative 
operator in H defined by |H*| = (HH*)?. 


Corollary D.6. Let H € B(§,H). Then H = |H*|C and |H*| = HC* for some 
partial isometry C € B(¥,H) with initial space Tan H* and final space ran|H*|. 
In addition, one has ran H = ran |H*|. 


The following corollary is a direct consequence of Lemma D.2. 


Corollary D.7. Let H € B(S) be self-adjoint and nonnegative and let H? be its 
square root. Then there are the inclusions 


ran H C ran H? C ran? = rand. (D.6) 
Moreover, the following statements are equivalent: 
(i) ran H is closed; 
(ii) ran H? is closed; 
(iii) ran H = ran H2, 
in which case all the inclusions in (D.6) are identities. 


Recall that the Moore-Penrose inverse of H? is the uniquely defined inverse 
of the restriction 


H? : (ker H2)+ = (ker H)+ + ran H?. 


In the sequel the Moore-Penrose inverse of H 2 will be denoted by H (-2), Lē. 


It is clear that 
HC?) € B(ran H?, (kerH)+) © ran H? is closed. 

Here is the version of Proposition D.3 for nonnegative operators. 
Proposition D.8. Let A, B € B(S9) be self-adjoint and nonnegative, and let p > 0. 
Then the following statements are equivalent: 

(i) A3 = B2C for some C € B(H) with ranC C Tan B? and ICI < p; 

(ii) ran A? C ran B? and ||BO2)¢|| < p ACD yl], p € ran A?; 

(iii) A< B. 
Morover, if ran A? C ran B?, then BO Dy| <p ACD], y € ran Až, for 
some p > 0. 


Notes 


These pages contain a number of comments about the various results in this mono- 
graph and some further developments. We also give some historical remarks with- 
out any claim of completeness; the history of this area is complicated, also because 
of the limited exchange of ideas that has existed between East and West. The main 
setting of the book is that of operators and relations in Hilbert spaces. For an in- 
troduction and comprehensive treatment of linear operators in Hilbert spaces and 
related topics we refer the reader to the standard textbooks [2, 133, 141, 272, 276, 
341, 348, 598, 649, 650, 651, 652, 673, 691, 723, 738, 743, 752, 756, 757]. We shall 
occasionally address topics that fall outside the scope of the monograph itself, e.g., 
the role of operators and relations in spaces with an indefinite inner product is 
indicated with proper references. 


Notes on Chapter 1 


Linear relations in Hilbert spaces go back at least to Arens [42]; they attracted 
attention because of their usefulness in the extension theory of not necessarily 
densely defined operators; see for instance [82, 128, 202, 218, 266, 297, 523, 619, 
638]. Linear relations also appear in a natural way in the description of boundary 
conditions; cf. [2, 660]. Related material can be found in [74, 298, 406, 512, 513, 
514, 515, 516, 576, 683, 685, 686]. The description of self-adjoint, maximal dissi- 
pative, or accumulative extensions of a symmetric operator (see Sections 1.4, 1.5, 
and 1.6) in terms of operators between the defect spaces in Theorem 1.7.12 and 
Theorem 1.7.14 goes back to von Neumann and Straus [610, 731] in the densely 
defined case and was worked out in the general case by Coddington [202, 203]; 
see also (266, 490, 733]. These descriptions may be seen as building stones for the 
extension theory via boundary triplets in Chapter 2. 


Sections 1.1, 1.2, and 1.3 present elementary facts. The identity (1.1.10) goes 
back to Straus [726]. The notions of spectrum and points of regular type for a 
linear relation in Definition 1.2.1 and Definition 1.2.3 are introduced as in the op- 
erator case [268, 269, 404], while the adjoint of a linear relation in Definition 1.3.1 
is introduced as in [611], see also [42, 659] and [396, 599]. Note that in Propo- 
sition 1.2.9 one sees a “pseudo-resolvent” which already shows that there is a 
relation in the background; cf. [421]. In Theorem 1.3.14 we present the notion of 
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the operator part of a relation and the corresponding Hilbert space decomposi- 
tion in the spirit of the Lebesgue decomposition of a relation [397, 398]; see also 
[439, 621, 622, 623] for the operator case. Operator parts have a connection with 
generalized inverses (see for instance [127, 609]), such as the Moore-Penrose in- 
verse in Definition 1.3.17. Note that the more general definition P,e 7H! gives 
a Moore-Penrose inverse that is a closable operator. The special classes of rela- 
tions and their transforms are developed in the usual way; see [660, 705, 706]. 
The presentation is influenced by personal communication with McKelvey (see 
also [572]) and lecture notes by Kaltenback [451] and Woracek [775, 776]; see also 
[365, 556, 662] for more references. Although we assume a working knowledge of 
the spectral theory of self-adjoint operators in Hilbert spaces, we highlight in Sec- 
tion 1.5 a couple of useful facts, with special attention paid to the semibounded 
case. Lemma 1.5.7 goes back to [210], Proposition 1.5.11 is a consequence of the 
Douglas lemma in Appendix D, and Lemma 1.5.12 is taken from [95]. The exten- 
sion theory in the sense of von Neumann can be found in Section 1.7. Note that 
extensions of a symmetric relation may be disjoint or transversal. Our present 
characterization of these notions in Theorem 1.7.3 seems to be new; see also [391]. 


For the development of boundary triplets we only need a few basic facts 
concerning spaces with an indefinite inner product, see Section 1.8. A typical result 
in this respect is the automatic boundedness property in Lemma 1.8.1; see [73, 
77, 235, 236]. The transform in Definition 1.8.4 goes back to Shmuljan [506, 705, 
706]. The notions of strong graph convergence and strong resolvent convergence of 
relations are treated in Section 1.9 (see [650] for the case of self-adjoint operators). 
Here we prove the equivalence of the two notions when there is a uniform bound. 
For Corollary 1.9.5 see [755]. The parametric representation of linear relations in 
Section 1.10 is closely connected with the theory of operator ranges. Here we only 
consider such representations from the point of view of boundary value problems; 
see also [2, 660] and Chapter 2. However, these parametric representations also play 
an important role in the above mentioned Lebesgue decompositions of relations 
and, more generally, in the Lebesgue type decompositions of relations; cf. [397]. 
Most of the material in the beginning of Section 1.11 consists of straightforward 
generalizations of properties of the resolvent. Lemma 1.11.4 is well known for 
the usual resolvent and seems to be new in the generalized context; it is used in 
Section 2.8. Lemma 1.11.5 was inspired by [523]. Nevanlinna families and pairs 
are generalizations of operator-valued Nevanlinna functions; cf. Appendix A. The 
notion of Nevanlinna pair goes back to [617]. The notion of Nevanlinna family 
appears already in [523] (and in a different guise in [266]) and was later more 
systematically studied in [20, 21, 22, 89, 94, 95, 234, 246]. 


Although in this monograph we will restrict ourselves mainly to Hilbert 
spaces, we will make some comments in the notes concerning the setting of in- 
definite inner product spaces; see for instance [31, 77, 79, 142, 430, 452] and also 
(775, 776] for Pontryagin spaces, almost Pontryagin spaces, Krein spaces, and al- 
most Krein spaces. The spectral theory of operators and relations in such spaces 
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has been studied extensively; in Krein spaces the operators are often required to 
have (locally) finitely many negative squares or to be (locally) definitizable, that 
is, roughly speaking some polynomial (or rational function) of the operator or re- 
lation under consideration is (locally) nonnegative in the Krein space sense. Here 
we only mention work related to the present topics [75, 78, 79, 99, 220, 222, 253, 
260, 264, 268, 269, 274, 275, 434, 435, 436, 437, 497, 498, 499, 500, 501, 502, 503, 
519, 522, 631, 632, 633, 634, 674, 717, 718, 719, 720, 721, 722, 764, 765]. 


Notes on Chapter 2 


Boundary triplets were originally introduced in the works of Bruk [176, 177, 178] 
and Kochubei [466] and were used in the study of operator differential equations 
in the monograph [346]; see also [509]. The notion of boundary triplet appeared 
implicitly in a different form already much earlier in the work of Calkin [186, 187] 
(see also [276, Chapter XII] and [410]). The Weyl function was introduced by 
Derkach and Malamud in [243, 244]; it can also be interpreted as the @-function 
from the works of Krein [491, 492] (see also [679]) and, e.g., the papers [499, 500, 
501, 502, 503, 504] of Krein and Langer, and [523] of Langer and Textorius. We 
also mention the more recent monographs [359, 691], where boundary triplets and 
Weyl functions are briefly discussed, as well as the very recent monograph by 
Derkach and Malamud [247] (in Russian), in which a more detailed exposition and 
more than 400 references (also many older papers published in Russian) can be 
found. From our point of view the most influential general papers on boundary 
triplets and Weyl functions area are [245, 246] and [184], the latter also has an 
introduction to the basic notions. 

While a large part of the material in this chapter can be found in the lit- 
erature, the presentation here is given in a unified form for general symmetric 
relations. The connection between the abstract Green identity and the appropri- 
ate indefinite inner products (see Section 1.8) is used in Section 2.1 when deriving 
some of the basic properties of boundary triplets and their transforms. The in- 
verse result for boundary triplets in Theorem 2.1.9 is taken from [103, 104]. The 
discussion in Section 2.2 on parametric representations of boundary conditions 
is given to establish a connection between abstract and concrete boundary value 
problems. The definitions and the central properties of 7-fields and Weyl func- 
tions are presented in Section 2.3 and these results can be found in [245, 246]. 
In particular, Proposition 2.3.2 (part (ii)) and Proposition 2.3.6 (parts (iii), (v)) 
show the connection with the notion of Q-function (see [184, 245, 246]), while the 
formula in part (vi) of Proposition 2.3.6 is taken from [265]. Without specifica- 
tion of the y-field and Weyl function, constructions of boundary triplets appear 
already in the early literature; see [176, 466, 577] and the monographs [346, 509]. 
Here the constructions are based on decompositions that are closely related to the 
von Neumann formulas in Section 1.7. The Weyl function in Theorem 2.4.1 coin- 
cides with the abstract Donoghue type M-function that was studied, for instance, 
in [317, 320, 327]. Transformations of boundary triplets and the corresponding 
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y-fields and Weyl functions have been treated in [234, 237, 245, 246]. In partic- 
ular, the description of boundary triplets in Theorem 2.5.1 is taken from [246]. 
We make the precise connection with @-functions in Corollary 2.5.8. The present 
notion of unitary equivalence of boundary triplets in Definition 2.5.14 is slightly 
more general than the definition used in [382]. 


Section 2.6 is devoted to Krein’s formula for intermediate extensions. The 
Krein type formula (for intermediate extensions) phrased in terms of boundary 
triplets in Theorem 2.6.1 is adapted to the present setting from [233]. This yields 
new simple proofs for the description of various parts of the spectra of inter- 
mediate extensions in Theorem 2.6.2. This description appears in a similar form 
in [243, 244, 245, 246] and is treated for dissipative extensions in [346, 468] by 
means of characteristic functions. The same remark applies to the proof of Theo- 
rem 2.6.5, which can be found in a different form in [184]. These results indicate 
the importance of Krein’s formula for the spectral analysis of self-adjoint exten- 
sions of symmetric operators. Closely related is the completion problem, briefly 
touched upon in Remark 2.4.4, which is investigated in [383], where also an anal- 
ogous boundary triplet appears for the nonnegative case. This case of extensions 
of a bounded symmetric operator was studied earlier in, for instance, [735, 736]. 


Section 2.7 is devoted to the Krein—Naimark formula, which is our terminol- 
ogy for the Krein formula for compressed resolvents of self-adjoint exit space exten- 
sions, in short, Krein’s formula for exit space extensions. Actually, it was Naimark 
[605, 606, 607] who investigated different types of extensions (with exit) and a 
proper interpretation then yields the corresponding resolvent formula. For the no- 
tion of Straus family and for Krein’s formula for exit space extensions we refer to 
[491, 492, 679] and to [726, 727, 728, 729, 730, 731, 732, 733]; some other related pa- 
pers are [51, 121, 126, 219, 234, 237, 254, 266, 320, 497, 523, 554, 595, 596, 624]. The 
Straus families are restrictions of the adjoint in terms of “\-dependent boundary 
conditions” given by a Nevanlinna family or corresponding Nevanlinna pair. When 
the exit space is a Pontryagin space, the same mechanism is in force and the bound- 
ary conditions are now given by a generalized Nevanlinna family or correspond- 
ing Nevanlinna pair (generalized in the sense that the family or pair has negative 
squares); we mention [76, 100, 111, 253, 257, 258, 259, 260, 261, 263, 290, 521, 523] 
and [664] for the special case of a finite-dimensional exit space. Boundary triplets 
for symmetric relations in Pontryagin and even in Krein spaces were introduced by 
Derkach (see [101, 227, 228, 229, 230]) and for isometric operators in Pontryagin 
spaces see [80]; cf. Chapter 6 for concrete A-dependent boundary conditions. 


The perturbation problems in Section 2.8 and Krein’s formula are closely 
related. The G,-perturbation result in Theorem 2.8.3 appears in a similar form 
in [245]. Standard (additive) perturbations of an unbounded self-adjoint operator 
yield an analogous situation, where the symmetric operator is maximally non- 
densely defined [405]. 


Rigged Hilbert spaces offer a framework where extension theory of unbounded 
symmetric operators can be developed in a somewhat analogous manner as in the 
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bounded case; see [371, 400, 401, 746]. A closely related approach to extensions 
of symmetric relations relies on the concept of graph perturbations studied in 
[203, 204, 205, 206, 238, 264, 267, 270, 399, 403]. There has been a consider- 
able interest in the related concept of singular perturbations, where perturbation 
elements belong to rigged Hilbert spaces with negative indices; see [10], which con- 
tains an extensive list of earlier literature, and see also the notes to Chapter 6 and 
Chapter 8 in the context of differential operators with singular potentials. General 
operator models for highly singular perturbations involve lifting of operators in 
Pontryagin spaces [117, 239, 240, 241, 252, 256, 640, 641, 707]. 

The interest in boundary triplets and Weyl functions has substantially grown 
in the last decade, so a complete list of references is beyond the scope of these 
notes. However, for a selection of papers in which boundary triplet techniques 
were applied to differential operators and other related problems we refer to [28, 
50, 86, 87, 97, 112, 113, 123, 143, 144, 155, 169, 170, 173, 174, 184, 185, 241, 288, 
307, 342, 343, 344, 377, 461, 475, 477, 478, 483, 511, 529, 551, 562, 563, 564, 565, 
589, 590, 591, 626, 627, 642, 644, 677, 750, 751]. For boundary triplets and similar 
techniques in the analysis of quantum graphs see [110, 134, 172, 183, 196, 287, 
289, 294, 536, 625, 637, 645, 646]. 

Boundary triplets and their Weyl functions for symmetric operators have 
been further generalized in [103, 105, 109, 110, 115, 233, 236, 237, 246] by relaxing 
some of the conditions in the definition of a boundary triplet. Moreover, in the set- 
ting of dual pairs of operators (see [525]) boundary triplets have been introduced in 
[559, 560] and applied, e.g., in [170, 173, 300, 302, 381]; they were specialized to the 
case of isometric operators in [561]. Boundary triplets and their extensions also oc- 
cur naturally in a system-theoretic environment, where the underlying operator is 
often isometric, contractive, or skew-symmetric; cf. [65, 66, 67, 102, 394, 750, 751]. 

By applying a transform of the boundary triplet, resulting in a Cayley trans- 
form of the Weyl function, one gets a connection with the notion of characteristic 
function, which was used to elaborate an alternative analytic tool for studying ex- 
tension theory for symmetric operators, for some literature in this direction, see, 
e.g., [165, 166, 246, 346, 468, 509, 603, 728]. 


Notes on Chapter 3 


Most of the material in Section 3.1 and Section 3.2 is working knowledge from 
measure theory. Typical classical textbooks providing a more detailed exposition 
on Borel measures are [272, 335, 416, 676, 682] and the papers [61, 60, 271] are 
listed here for symmetric derivatives and the limit behavior of the Borel trans- 
form (see Appendix A). We also recommend the more recent monograph [738]. 
Section 3.3 is a brief exposition of the notions of absolutely continuous and singu- 
lar spectrum of self-adjoint operators (see [649, 691, 738, 757]) in the context of 
self-adjoint relations; cf. Section 1.5 and Theorem 1.5.1. 

Simplicity of symmetric operators and the decomposition of a symmetric 
operator into a self-adjoint and a simple symmetric part in Theorem 3.4.4 go back 
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to [496]; cf. [523] for a version of this result for symmetric relations. The local 
version of simplicity in Definition 3.4.9 appears in papers of Jonas (see, e.g., [437]) 
and was more recently considered in [119]. 

The characterization of the spectrum via the limit properties of the Weyl 
function in Section 3.5 and Section 3.6 is well known for the special case of singular 
Sturm-Liouville differential operators and the Titchmarsh—Weyl m-function; cf. 
Chapter 6 and the classics [209, 740, 741] and, e.g., [60, 97, 175, 224, 321, 328, 
335, 333, 334, 426, 479, 711, 712] and also [195]. This description was extended in 
[155] to the abstract setting of boundary triplets and Weyl functions in the case 
where the underlying symmetric operator is densely defined and simple (on R). 
These ideas where further generalized in [119, 120] and applied to elliptic partial 
differential operators. The present treatment in the context of linear relations 
seems to be new; cf. [265] for Theorem 3.6.1 (i). 

Our presentation of the material in Section 3.7 is strongly inspired by the 
contribution [523] of Langer and Textorius. Due to the limit properties in this 
section there are important connections between analytic properties of the Weyl 
functions and the geometric properties of the associated self-adjoint extensions. 
The characterizations stated in Proposition 3.7.1 and Proposition 3.7.4 have been 
established initially in [371, 374, 379], where they were used to introduce the 
notions of generalized Friedrichs and Krein-von Neumann extensions for non- 
semibounded symmetric operators or relations; see the notes on Chapter 5. 

Finally, the translation of the results in Section 3.5 and Section 3.6 to arbi- 
trary self-adjoint extensions in Section 3.8 based on the corresponding transfor- 
mation of the Weyl function (see Section 2.5) is immediate. 


Notes on Chapter 4 


One of the central themes in this chapter is the construction of a Hilbert space 
via a nonnegative reproducing kernel; such a construction has been studied in- 
tensively after Aronszjan [59]. For some introductory texts on this topic we refer 
the reader to [32, 272, 277, 278, 680, 737]. It should be mentioned that there are 
different approaches avoiding the mechanism of reproducing kernel Hilbert spaces; 
see for instance Brodskii [165] and for another method $z.-Nagy and Korányi [604] 
(sometimes called the ¢-method). 

Section 4.1 gives a short review of all the facts about reproducing kernel 
Hilbert spaces that are needed in the monograph. We remind the reader that 
special reproducing kernels were considered by de Branges and Rovnyak for the 
setting of Nevanlinna functions or Schur functions [146, 147, 148, 149, 150, 151, 
152, 153]; see also [24, 25, 33]. 

In Section 4.2 the case of operator-valued Nevanlinna functions is taken up 
first. Theorem 4.2.1 states that the Nevanlinna kernel of a Nevanlinna function 
M is nonnegative; the proof can be found in [450]. In this case the reproducing 
kernel approach leads to the realization of the function —(M(A)+A)7! in terms of 
compressed resolvents in Theorem 4.2.2; see [231, Theorem 2.5 and Remark 2.6] 
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and also [409]. The unitary equivalence of different models in Theorem 4.2.3 is 
based on a standard argument. If the Nevanlinna function is uniformly strict, then 
it can be regarded as a Weyl function; see Theorem 4.2.4 as follows by an inspection 
of the proof of Theorem 4.2.2. The uniqueness of the model in Theorem 4.2.6 is 
obtained by a further specialization of the proof of Theorem 4.2.3. 

Section 4.3 presents a reproducing kernel approach for scalar Nevanlinna 
functions via their integral representation (see Appendix A) as can be found in 
[246]; ef. [19, 379, 530]. In the present monograph only the case of scalar Nevanlinna 
functions is treated in this way; the matrix-valued case is a straightforward gener- 
alization. For a rigorous treatment involving operator-valued Nevanlinna functions 
one should apply [558]. 

Parallel to the above treatment of operator-valued Nevanlinna functions the 
case of Nevanlinna families or Nevanlinna pairs is taken up in Section 4.4. The 
nonnegativity of the Nevanlinna kernel for a Nevanlinna family or Nevanlinna pair 
in Theorem 4.4.1 is proved via a simple reduction argument. The representation 
model for Nevanlinna pairs in Theorem 4.4.2 is again given along the lines of 
Derkach’s work [231]; see also [265]. In fact, the proof can be carried forward to 
show that any Nevanlinna family is the Weyl family of a boundary relation (see 
the notes for Chapter 2). Another reproducing kernel approach was followed in 
[95, Theorem 6.1] by a reduction to the corresponding case of Schur functions; 
cf. [152, 153]. Closely connected is the notion of generalized resolvents given in 
Definition 4.4.5. It was formalized by McKelvey [572], see also [207]. Its represen- 
tation in Corollary 4.4.7 is equivalent to the representation of Nevanlinna pairs in 
Theorem 4.4.2. In Corollary 4.4.9 we present Naimark’s dilation result [606, 607] 
as a straightforward consequence of the characterization of generalized resolvents 
in Theorem 4.4.8; cf. [659]. 

Our construction of the exit space extension in Theorem 4.5.2 uses the above 
representation of generalized resolvents; cf. [497]. The identity in (4.5.3) gives 
the precise connection between the exit space and the Nevanlinna pair leading 
to the exit space. Closely related is an interpretation via the coupling method in 
Section 4.6. By taking an “orthogonal sum of two boundary triplets” as in Propo- 
sition 4.6.1 one obtains an exit space extension for one of the original symmetric 
relations whose compressed resolvent is described in Corollary 4.6.3. This leads to 
an interpretation of the Krein formula when the parameter family coincides with 
a uniformly strict Nevanlinna function; see [373, 375, 376, 630]. However, a similar 
interpretation exists when the parameter family is a general Nevanlinna family, 
once it is interpreted as the Weyl family of a boundary relation; see [236, 237, 238]. 
It has already been explained in the notes on Chapter 2 that it is quite natural 
to have exit spaces which may be indefinite, in which case the Nevanlinna family 
must be replaced by a more general object. 

And, indeed, more general reproducing kernel spaces can be constructed. 
For the Pontryagin space situation and reproducing kernels with finitely many 
negative squares one may consult the monograph [23] and the papers [89, 232, 
409, 497, 499, 500]; see also [454, 455, 456, 457, 458, 459]. For the setting of 
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almost Pontryagin spaces, see [452, 775, 777]. Finally, for Kreïn spaces we refer to 
[15, 16, 17, 262, 434, 435, 437, 778]. 


Notes on Chapter 5 


The approach to semibounded forms in Section 5.1 follows the lines of Kato’s 
work [462], where densely defined semibounded and sectorial forms are treated; 
see also [2, 49, 246, 346, 359, 552, 649, 650, 690, 691]. An arbitrary form is not 
necessarily closable, but there is a Lebesgue decomposition into the sum of a 
closable form and a singular form; see [395, 397, 404, 476, 710]. Versions of the 
representation theorems for nondensely defined closed forms appear in [14, 44, 
393, 661, 710]; see Theorem 5.1.18 and Theorem 5.1.23. Nondensely defined forms 
appear, for instance, when treating sums of densely defined forms, leading to a 
representation problem for the form sum; see [295, 296, 389, 390, 392]. The ordering 
of semibounded forms and semibounded self-adjoint relations in Section 5.2 results 
in Proposition 5.2.7; the present simple treatment via the Douglas lemma extends 
[390]; see Proposition 1.5.11. The characterization in terms of the corresponding 
resolvent operators goes back to Rellich [654]; see also [210, 390, 412, 462]. For 
the monotonicity principle (Theorem 5.2.11) see [96], and for similar statements 
[83, 245, 246, 618, 661, 709, 710, 753]. 

The main properties of the Friedrichs extension, namely Theorem 5.3.3 and 
Proposition 5.3.6, follow from the present approach via forms; cf. [202, 370, 734]. 
The square root decomposition approach involving resolvents to describe those 
semibounded self-adjoint extensions which are transversal with the Friedrichs ex- 
tension extends [391] (for the nonnegative case). The transversality criterion in 
Theorem 5.3.8 is an extension of Malamud’s earlier result [553]. The introduction 
of Krein type extensions in Definition 5.4.2 is inspired by [210]. The minimality 
of the Krein type extension is inherited from the maximality of the Friedrichs 
extension and this yields a characterization of all semibounded extensions whose 
lower bounds belong to a certain prescribed interval in Theorem 5.4.6. This is 
the semibounded analog of a characterization of nonnegative self-adjoint exten- 
sions in the nonnegative case [210]. The interpretation of the Friedrichs and Krein 
type extensions as strong resolvent limits in Theorem 5.4.10 goes back in the 
operator case to [34] and in the general case to [383]. The present treatment 
is based on the general monotonicity principle in Theorem 5.2.11. The concept 
of a positively closable operator (see (iii) of Corollary 5.4.8) was introduced in 
[34] to detect the nonnegative self-adjoint operator extensions. This notion is 
closely connected with [490], where self-adjoint operator extensions were deter- 
mined. Closely related to the Friedrichs and the Kren—von Neumann extensions 
is the study of all extremal extensions of a nonnegative or a sectorial operator in 
[43, 44, 45, 46, 47, 53, 55, 383, 389, 391, 392, 393, 510, 648, 702, 703]. 

If asymmetric relation is semibounded, then a boundary triplet can be chosen 
so that Ao is the Friedrichs extension and A, is a semibounded self-adjoint exten- 
sion (for instance, a Krein type extension, when transversality is satisfied). This 
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type of boundary triplet serves as an extension of the notions of positive boundary 
triplets introduced in [43, 467]. The main part of the results in Section 5.5 when 
specialized to the nonnegative case, reduce to the results in [245, 246]. A result 
similar to Proposition 5.5.8 (ii) can be found in [349, 355], see also the more recent 
contribution [362] that deals with elliptic partial differential operators on exterior 
domains. We remark that the sufficient condition in Lemma 5.5.7 is also necessary 
for the extension Ag to be semibounded for every semibounded self-adjoint rela- 
tion © in 9; see [245, 246]. For an example where © is a nonzero bounded operator 
with arbitrary small operator norm ||O||, while Ao is not semibounded from below, 
see [378]. In the context of elliptic partial differential operators on bounded do- 
mains the boundary triplet in Example 5.5.13 appears implicitly already in Grubb 
[352]; see also [169, 359, 557] and the notes to Chapter 8 for more details. 

The first Green identity appearing in Theorem 5.5.14 establishes a link with 
the notion of boundary pairs for semibounded operators and the corresponding 
semibounded forms in Section 5.6. Definition 5.6.1 of a boundary pair for a semi- 
bounded relation S$ is adapted from Arlinskii [44], see also [50] for the context of 
generalized boundary triplets. This notion makes it possible to describe the closed 
forms associated with all semibounded self-adjoint extensions of a given semi- 
bounded relation S by means of closed semibounded forms in the parameter space. 
In particular, Theorem 5.6.11 contains the description of all nonnegative closed 
forms generated by the nonnegative self-adjoint extensions in [53]; for a similar 
result in the case of maximal sectorial extensions see [44]. By connecting boundary 
pairs with compatible boundary triplets (see Theorem 5.6.6 and Theorem 5.6.10) 
one obtains an explicit description of the forms associated with all semibounded 
self-adjoint extensions by means of the boundary conditions, see Theorem 5.6.13. 

We remind the reader of the study of nonnegative self-adjoint extensions of 
a densely defined nonnegative operator as initiated by von Neumann [610]; see 
[280, 309, 310, 724, 773] and the papers by Krein [491, 492, 493, 494]. Krein’s 
analysis was complemented by Vishik [747] and Birman [139]; see also [2, 14, 58, 
157, 217, 295, 346, 347, 352, 354, 372, 464, 714]. For an operator matrix completion 
approach see [383, 472], see also [81] for an extension in a Pontryagin space setting. 
This approach has its origin in the famous paper of Shmuljan [704]. The notion 
of boundary pairs for forms can also be traced back to Krein [493, 494], Vishik 
[747], and Birman [139]. Some further developments can be found, e.g., in [36, 
43, 44, 47, 48, 54, 56, 57, 248, 301, 357, 359, 363, 553, 555, 556], where also 
accretive and sectorial extensions, and associated closed forms are treated, and see 
also [552, 580, 581, 582, 636, 725]. A related concept of boundary pairs designed 
for elliptic partial differential operators and corresponding quadratic forms was 
recently proposed by Post [647]. 

A study of symmetric forms which are not semibounded and concepts of 
generalized Friedrichs and Krein-von Neumann extensions goes beyond the scope 
of the present text. However, an interested reader may consult in this direction, 
e.g., [125, 215, 216, 303, 306, 364, 371, 374, 379, 570, 571]. 
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Notes on Chapter 6 


The main textbooks in this area are [2, 26, 72, 208, 281, 284, 414, 420, 438, 
489, 542, 574, 608, 663, 724, 740, 741, 754, 757, 782]. The Sturm—Liouville dif- 
ferential expressions that we consider here have coefficients which are assumed to 
satisfy some weak integrability conditions giving rise to quasiderivatives (where 
under stronger smoothness conditions ordinary derivatives would suffice); see for 
instance [724] where already such quasiderivatives were used. Most of the material 
concerning singular Sturm—Liouville equations has been stimulated by the work 
of Weyl [758, 759, 760]; see also [761]. For later work on operators of higher order 
see, for instance, [200, 201, 465, 469, 470]. 

Section 6.1 and Section 6.2 contain standard material, where we follow parts 
of [414, 757]; for the quasiderivatives in the limit-circle case we refer to [312]. The 
treatment of the regular and limit-circle cases in Section 6.3 is straightforward; see 
[312] and also [12] for a boundary triplet in the limit-circle case. For an alternative 
description of boundary conditions and Weyl functions in the regular case we 
mention the recent papers [197, 199, 332] using the concept of boundary data maps. 
The limit-point case is treated in Section 6.4. In the proof of Proposition 6.4.4 
concerning the simplicity of the minimal operator we follow the arguments of 
R.C. Gilbert [336]; cf. [263]. The treatment of the Fourier transform in Lemma 6.4.6 
and Theorem 6.4.7 uses the theory in Appendix B. The surjectivity is direct in 
this case. The statement in Lemma 6.4.8 that the Fourier transform provides a 
model for the Weyl function uses an argument provided in [281]. 

In general, interface conditions are a tool to paste together several boundary 
value problems. The interface conditions which we consider in Section 6.5 make it 
possible in the case of two endpoints in the limit-point case to consider minimal 
operators [339, 740] and to apply the coupling of boundary triplets as explained 
in Section 4.6. This automatically leads to some kind of exit space extensions. As 
this goes beyond the present text, we only refer to [336, 338, 441, 713]. 

The present theory of subordinate solutions in Section 6.7 goes back to 
D.J. Gilbert and D.B. Pearson [335]; see also [333, 334, 463]. Further contribu- 
tions can be found in [433, 533, 655, 656, 657]; see also [738]. Our presentation is 
modelled on [388]. 

If the minimal operator is semibounded one can apply the form methods 
from Chapter 5. In the regular case the treatment of the forms associated with the 
Sturm-—Liouville expression in Section 6.8 is based on the inequality in Lemma 6.8.2 
and Theorem 5.1.16; see [212, 493, 494, 757]. This makes it possible to introduce 
boundary pairs which are compatible with the given boundary triplet. Section 6.9 
and Section 6.10 contain preparatory material so that boundary pairs can be 
introduced also when the endpoints are singular. Section 6.9 on Dirichlet forms is 
inspired by Rellich [654] and Kalf [448]. The proof of Lemma 6.9.7 seems to be new. 
Section 6.10 is concerned with principal and nonprincipal solutions; cf. [198, 368, 
369, 535] and, in particular, [616]. The Hardy type inequalities in Lemma 6.10.1 go 
back to [449]. The treatment is in some sense folklore, but Theorem 6.10.9 seems 
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to be new. Our handling of the regular case in Section 6.8 serves as model for the 
semibounded singular cases in Section 6.11 and Section 6.12. These two sections 
are influenced by Kalf [448]; see also [671, 672] and a recent contribution [168]. 
The determination of the Friedrichs extension in our treatment goes hand in hand 
with the boundary pair; see also [310, 311, 508, 597, 600, 601, 615, 616, 654, 661, 
671, 672, 779, 782]. 

The case of an integrable potential on a half-line is treated in Section 6.13. It 
appears already in [740], where the corresponding spectral measure is determined. 
The construction of solutions with a given asymptotic behavior can be found for 
instance in [542, 740]. The example with the Péschl-Teller potential at the very 
end of Section 6.13 can be found in, e.g., [2]. 

There is a large amount of literature devoted to special topics. For A-depen- 
dent boundary conditions we just refer to [117, 313, 314, 675, 687, 688, 689, 749] 
and [261, 263] for Pontryagin exit spaces. The determination of the Krem—von 
Neumann extension and other nonnegative extensions can be found in [212, 350]. 
For singular perturbations associated with Sturm—Liouville operators, see for in- 
stance [331] and the later papers [9, 28, 29, 124, 171, 182, 282, 315, 316, 479, 480, 
481, 482, 507, 531, 532, 549, 550]; for 6-point interactions we refer to [8, 293]. 
Special properties of the Titchmarsh—Wey] coefficient have been studied in many 
papers; we just mention [130, 292, 366, 367]. Already early in the 20th century 
there was an interest in boundary value problems with conditions at interior points 
and, more general, integral boundary conditions; for instance, see [135, 583] and 
for a later review [762]. It was pointed out by Coddington [203, 204] that such 
conditions can be described in tems of relation extensions of a restriction of the 
usual minimal operator; see for a brief selection also [188, 189, 190, 203, 204, 205, 
206, 238, 264, 267, 270, 399, 403, 484, 485, 486, 697, 784]. 

The topic of semibounded self-adjoint extensions in Section 5.5 and Sec- 
tion 5.6 is closely related to problems that are called left-definite in the literature; 
we only mention [13, 131, 473, 474, 488, 545, 698, 699, 708, 748] and the references 
therein. Another case of interest is when the weight function in the Sturm—Liouville 
equation changes sign, in which case Krein spaces come up naturally: the following 
is just a limited selection [116, 122, 123, 138, 223, 225, 304, 305]. Under certain cir- 
cumstances the Weyl function in the limit-point case (of a usual Sturm—Liouville 
operator) belongs to the Kac class; see for instance [420]. For further results in 
this direction, see [384, 385, 386, 387]; in these cases there is a distinguished self- 
adjoint extension, namely the generalized Friedrichs extension; see the notes on 
Chapter 5. Sturm—Liouville equations with vector-valued coefficients are beyond 
the scope of this text; see [345, 346] and for a recent contribution [330]. 


Notes on Chapter 7 


Canonical systems of differential equations are discussed in the monographs [72, 
340, 653, 681]. The spectral theory for such systems has been developed in vary- 
ing degrees of generality in an abundance of papers [62, 63, 64, 85, 161, 162, 163, 
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213, 263, 265, 279, 422, 423, 424, 425, 427, 428, 487, 575, 592, 612, 613, 614, 620, 
667, 668, 669, 687, 688, 689, 692, 693, 694, 695, 696]. In [520] there is a general 
procedure to reduce systems to a canonical form. Many investigations concerning 
boundary problems can be written in terms of canonical systems; see for a general 
procedure [619, 693], so that for instance [129, 211] can be subsumed. As a partic- 
ular example we mention the system of second-order differential equations studied 
in the dissertation of a student of Titchmarsh [191, 192, 193, 194]. Frequently con- 
ditions are imposed on the canonical system so that there is a full analogy with 
the usual operator treatment. However, in general one is confronted with relations. 


The first treatment of canonical systems in terms of relations is due to Orcutt 
[619]; see also [97, 408, 471, 524, 538] and [11, 593, 594]. In our opinion the present 
case of 2 x 2 systems already serves as a good illustration of the various phenomena 
that may occur. The interest in 2 x 2 systems is justified by the work of de Branges 
[146, 147, 148, 149]; see also [278, 504, 528, 715, 716, 766, 767, 768, 769, 770, 771, 
772]. Via these systems one may also approach Sturm—Liouville equations with 
distributional coefficients as, for instance, in [281, 283]. In Remling [658] and the 
forthcoming book [666] by Romanov our systems are treated with the de Branges 
results in mind. For a number of topics we rely on the lecture notes by Kaltenback 
and Woracek [460]. 


Sections 7.1, 7.2, and 7.3 contain preparatory material. The inequalites (7.1.1) 
and (7.1.3) are standard for Bochner integrals. The construction of the Hilbert 
space £4 (2) follows the treatment in [460]; see also [276, 670]. For further infor- 
mation concerning these and more general spaces, see [440] and the expositions in 
[2, 276]. The treatment of the square-integrable solutions in Section 7.4 is based on 
the monotonicity principle in Theorem 5.2.11; cf. [97]. For a different treatment, 
see for instance [612]. Section 7.5 is devoted to definite systems. The present no- 
tion of definiteness can be found in [340, 619]; in the literature sometimes a more 
restrictive form of definiteness is used. Proposition 7.5.4 can be found in [614, 
Hilfsatz (3.1)] and [471]; for a more abstract treatment, see [98]. The modifica- 
tion of solutions is avoided in [619]; the present argument in Proposition 7.5.6 
seems to be new. The minimal and maximal (multivalued) relations associated 
with canonical systems can be found in Section 7.6. They were originally intro- 
duced by Orcutt [619]; see also Kac [442, 443, 444, 445] and [408]. The extension 
theory for them naturally involves (multivalued) relations. In [97] it is indicated 
how all such systems fit in the boundary triplet scheme; see also [471, 538]. 


In Section 7.7 it is assumed that the endpoints are (quasi)regular, in which 
case a boundary triplet is constructed in Theorem 7.7.2. The resolvent of the 
self-adjoint extension kerTo is an integral operator whose kernel belongs to the 
Hilbert-Schmidt class. In this way we can show that the operator part of the 
minimal relation is simple. In Section 7.8 it is assumed that one of the endpoints 
is in the limit-point case. We prove the simplicity of the operator part of the 
minimal relation along the lines of [337], cf. [263] (see also Chapter 6 for the Sturm- 
Liouville case). The treatment of the Fourier transform in the limit-point case uses 
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Appendix B and parallels the treatment in Chapter 6. Subordinate solutions for 
canonical systems are introduced in Section 7.9; cf. [388]. Here again we follow 
the results for the Sturm—Liouville case in Section 6.7; see also the corresponding 
notes in Chapter 5, where the appropriate references can be found. 

The discussion of the special cases in Section 7.10 is just an indication of 
the possibilities; we could also pay attention to, for instance, the so-called Dirac 
systems. The connection with the Sturm—Liouville case and its generalization in 
281] is only briefly indicated. The special case in Theorem 7.10.1 is modelled 
on [460]. For the connection of canonical systems with strings see, for instance, 
453]. Finally, we would like to mention that the approach via boundary triplets 
allows also \-dependent boundary conditions; for some related papers we refer to 
221, 263, 265, 675, 687, 688, 689, 742]. 


Notes on Chapter 8 


The notion of Gelfand triples or riggings of Hilbert spaces in Section 8.1 is often 
used in the treatment of partial differential equations and Sobolev spaces, and can 
be found in a similar form in Berezanskii’s monograph [133] (see also the textbook 
[774]); ef. [132] and the contributions [534, 537] by Lax and Leray. There are many 
well-known textbooks on Sobolev spaces, among which we mention here only the 
monographs [3, 5, 164, 136, 284, 291, 351, 569, 584, 744, 783]. In our opinion a 
very useful source for trace maps, the Green identities, and similar related results 
(also for nonsmooth domains) is the monograph [573] by McLean, see also the list 
of references therein. For the description of the spaces H*(0Q) in Corollary 8.2.2 
as domains of powers of the Laplace—Beltrami operator on O02 see [322, 544, 567]. 
In some cases it is also convenient to use powers of a Dirichlet-to-Neumann map, 
as in [114]. 

The discussion of the minimal and maximal operators in Section 8.3 is stan- 
dard, e.g., Proposition 8.3.1 can be found in Triebel’s textbook [745]. The H?- 
regularity in Theorem 8.3.4 for smooth domains can be found in [167] and [84], 
see also [4, 308, 544, 517] or [1, Theorem 7.2] for a recent very general result on 
the H?-regularity of the Neumann operator (and more general) on certain classes 
of nonsmooth bounded and unbounded domains. As explained in Section 8.7, for 
the class of Lipschitz domains the H?-regularity of the Dirichlet and Neumann 
Laplacian up to the boundary fails and has to be replaced by the weaker H®/?- 
regularity; cf. [431, 432] and [92, 115, 323, 324, 325, 326] for some recent closely 
related works dealing with Schrédinger operators on Lipschitz domains. In this 
context we also mention the papers [585, 586, 587, 588] by Mitrea and Taylor for 
general layer potential methods in Lipschitz domains on Riemannian manifolds. 
It is worth mentioning that the resolvent of the Neumann Laplacian in Proposi- 
tion 8.3.3 is not necessarily compact if the boundary of the bounded domain 2 is 
not of class C? (or not Lipschitz), see [415] for a well-known counterexample us- 
ing a rooms-and-passages domain. For similar unusual spectral properties we also 
mention Example 8.4.9 on the essential spectrum of self-adjoint realizations of the 
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Laplacian on a bounded domain, which however is very different from a technical 
point of view. In a related context the existence of self-adjoint extensions with pre- 
scribed point spectrum, absolutely continuous, and singular continuous spectrum 
in spectral gaps of a fixed underlying symmetric operator was also discussed in 
[6, 7, 154, 156, 158, 159, 160]. For our purposes Theorem 8.3.9 and Theorem 8.3.10 
play an important role; for the case of C°°-smooth domains such results can be 
found in [544], see also [352, 354]. The present versions of the extension theorems 
are inspired by slightly different considerations in [115]; the variant for Lipschitz 
domains in Theorem 8.7.5 can be proved by means of a similar technique (see also 
[92] for a comprehensive discussion). We remark that the definition and topolo- 
gies on the spaces % and % in (8.7.4)—(8.7.5) from [92, 115] are partly inspired 
by abstract considerations in [246] for generalized boundary triplets. Concerning 
Section 8.3, as a final comment we mention that for more general second-order 
elliptic operators in bounded and unbounded domains Proposition 8.3.13 can be 
found in [118, 119, 120]. 


The boundary triplet in Theorem 8.4.1 can also be found in, e.g., [105, 169, 
173, 359, 557, 643] and extends with some simple modifications to second-order 
and 2m-th order elliptic operators with variable coefficients. In a different form 
this boundary triplet is already essentially contained in the well-known work of 
Grubb [352], where all closed extensions of a minimal operator elliptic partial 
differential operator were characterised by nonlocal boundary conditions; see also 
the early contribution [747] by Vishik and the fundamental paper [140] by Birman. 
In fact, it seems that the more recent paper [27] by Amrein and Pearson on a 
generalisation of Weyl-Titchmarsh theory for Schrödinger operators inspired many 
operator theorists to investigate partial differential operators from an extension 
theory point of view. Various papers based on boundary triplet techniques and 
related methods were published in the last decade; besides those papers listed 
before we mention as a selection here [18, 90, 91, 103, 107, 108, 251, 323, 324, 360, 
429, 566, 568, 635, 647, 678] in which, e.g., Dirichlet-to-Neumann maps and Krein 
type resolvent formulas are treated. For self-adjoint realizations of the Laplacians, 
Schrédinger operators, and more general second-order elliptic differential operators 
in nonsmooth domains we refer to, e.g., [1, 92, 115, 326, 358]. Particular attention 
has been paid to the spectral properties of realizations with local and nonlocal 
Robin boundary conditions in [41, 106, 179, 180, 226, 325, 361, 413, 543, 628, 
629, 665]. Furthermore, the recent contributions [35, 36, 37, 38, 39, 40] by Arendt, 
ter Elst, and coauthors form an interesting series of papers on elliptic differential 
operators and Dirichlet-to-Neumann operators based mainly on form methods. 


The present treatment of semibounded Schrödinger operator in Section 8.5 
with the help of boundary pairs and boundary triplets seems to be new. However, 
the problem of lower boundedness was also discussed with different methods in 
[349, 355, 362]. The Krem—von Neumann extension which is of special interest in 
this context was investigated in, e.g., [14, 68, 69, 70, 71, 93, 181, 356, 362, 578, 579]. 
For coupling methods for elliptic differential operators based on boundary triplet 
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techniques in the spirit of Section 8.6 we refer to the recent paper [88], where also 
an abstract version of the third Green identity was proved. Finally, we mention 
that various classes of A-dependent boundary value problems for elliptic operators 
can be treated in such a context, see, e.g., [87, 103, 137, 285, 286]. 


Notes on Appendices A-D 


The appendices were included for the convenience of the reader. Here we collect 
some notes for each of the appendices A-D. 

In Appendix A we present the basic properties of Nevanlinna functions that 
are needed in the text. The Stieltjes inversion formula for the Borel transform is 
folklore. The integral representation of scalar Nevanlinna functions is derived in a 
classical way involving the Helly and Helly—Bray theorems; see [72, 763]. The inver- 
sion formula in Lemma A.2.7 is standard; see [272, 446]. For the present purposes 
it suffices to approach the integration with respect to operator-valued measures in 
terms of improper Riemann integrals. For the operator measure version see for in- 
stance [691]. For Kac functions, Stieltjes functions, and inverse Stieltjes functions 
see [49, 52, 329, 407, 446, 447, 505]. As far as we know, the proof of Proposi- 
tion A.5.4 is new; cf. [572]. For related work see [318, 319, 329, 602]. The case of 
generalized Nevanlinna functions was initiated in the works of Krein and Langer 
[499, 500]; see [145, 225, 232, 239, 242, 255, 380, 411, 434, 435, 437, 546, 547, 548] 
for further developments. 

For the general notion of Fourier transforms in Appendix B associated with 
Sturm—Liouville equations, see [539, 540, 542, 700, 701, 740, 780, 781]. Our basic 
idea here is inspired by the treatment in [208]. The arguments establishing the 
surjectivity of the Fourier transform are also inspired by [281, 715, 716]. Fourier 
transforms that are partially isometric go back at least to [204] in a treatment con- 
nected with multivalued operators. The discussion in this section has connections 
with the treatment of Krein’s directing functionals in [495, 518, 526, 527]. 

Necessary and sufficient conditions (as in Appendix C) for the sum of closed 
subspaces have a long history. The concept of opening of a pair of subspaces goes 
back to Friedrichs and Dixmier; see for instance [214, 249, 250]. Lemma C.4 goes 
back to [246]. 

The main reference for Appendix D is the paper by Douglas [273]; see also 
[30, 299]. There have been many generalizations of the Douglas paper. We only 
mention a particular direction of extension, namely [639, 684]; see also [402]. The 
application in Proposition 1.5.11 in Chapter 1 has the same flavor, but is obtained 
by reduction to the case in this appendix; see [390]. 
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